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�ter2Abstra
tThe 
lique graph H = K(G) of G is the interse
tion graph of the
olle
tion of maximal 
liques of G. In this 
ase, G is a 
lique-inverse graph of H. By examining K(G), we des
ribe some suÆ
ient
onditions for the number of maximal 
liques of G to be boundedby O(jV (G)j). These 
onditions are then applied to analyze the
omplexity of re
ognizing 
lique-inverse graphs of various 
lasses ofgraphs.Keywords: 
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tion graphs1 Introdu
tionSpe
ial graph 
lasses have been investigated with growing interest sin
e thepubli
ation of the book by Golumbi
 in 1980 [10℄. Several 
omputer s
i-en
e and other real word appli
ations have required the introdu
tion of new
lasses and related algorithmi
 problems. It is worth remarking that there
ent book by Brandst�adt, Le, and Spinrad [3℄ 
ompiles results on almosttwo hundred 
lasses, whereas an information system on graph 
lass in
lu-sions, whi
h 
an be a
essed at http://www.informatik.uni-rosto
k.de/� gdb/isg
i/Isg
i.html, deals with more than three hundred 
lasses.Interse
tion graph 
lasses play an important role in this universe, sin
ethey have real appli
ations to areas as biology, 
omputing, matrix analysis,and statisti
s. A 
omplete guide on interse
tion graph theory is the alsore
ent book by M
Kee and M
Morris [15℄. Let F = fS1; : : : ; Sng be anyfamily of sets. The interse
tion graph 
(F) of F is the graph having F asvertex set, with Si adja
ent to Sj if and only if i 6= j and Si \ Sj 6= �.When the sets of F are entities whi
h refer to a given graph G, we mayregard the interse
tion graph of F as the result of the appli
ation of somefun
tion or operator on G. For instan
e, if F is the 
olle
tion of maximal
liques of G, then 
(F) is the 
lique graph K(G) of G. The notation Krefers to the 
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graph of G, the interse
tion graph of the edges of G. A sour
e on graphoperators is the book by Prisner [17℄, whi
h 
onsiders most of the operatorsever 
ited in the literature.One important problem on graph operators is 
hara
terizing images.In other words: given a 
lass F of graphs and an operator op, des
ribethe image op(F), that is, the 
lass 
onsisting of the graphs H su
h thatH = op(G) for some G 2 F . With respe
t to the 
lique graph operator,this problem has been solved for many 
lasses, for instan
e [2, 4, 11, 12, 22℄.Images of other operators have also been studied, see [17, 15℄. However,mu
h less is known about the related problem of 
hara
terizing inverseimages: given F and op, whi
h are the graphs G su
h that op(G) 2 F?This work is a study on the inverse image of the 
lique graph operator.The inverse image of a 
lass F by K is 
alled the 
lass of 
lique-inversegraphs of F , and is denoted by K�1(F). Formally, G 2 K�1(F) if andonly if K(G) 2 F . In what follows, we present an overview of the resultsof this work.Let G be a 
onne
ted graph su
h that jV (G)j = n, and let �(G) be thenumber of maximal 
liques of G. It is known that �(G) may rea
h the value3n=3 [16℄. Therefore, the 
ardinality of the vertex set of the 
lique graphK(G) may be exponential on n, sin
e by de�nition it is equal to �(G). Inthe present work, it is shown (Se
tion 3) that if K(G) has either bounded
lique number, bounded maximum degree, or bounded 
hromati
 number,then jV (K(G))j is O(n). Moreover, if K(G) 
ontains an indu
ed subgraphH whi
h is either a 
hordless 
y
le, a 
hordless path, or an independentset, then jV (H)j is O(n).The above results are used to analyze the 
omplexity of re
ognizing some
lasses of 
lique-inverse graphs. Let r and d be positive 
onstants. Re
og-nizing K�1(F) 
an be done in polynomial time when F is one of the follow-ing 
lasses: Kr�free graphs, graphs with maximum degree d, and planargraphs (Se
tion 3). On the other hand (Se
tion 4), it is NP-hard for 
lique-inverse graphs of (
o-)
hordal graphs, split graphs, 
o-bipartite graphs, 
o-
hordal-bipartite graphs, (
o-)interval graphs, (
o-)
omparability graphs,permutation graphs, blo
k-
utpoint graphs, AT-free graphs, k-
olorablegraphs (k � 3), and graphs with independen
e number s (s � 1).Graphs with a polynomially bounded number of maximal 
liques havebeen previously 
onsidered in [1℄ and [18℄. In the latter work, it has beenproved that if a graph 
ontains no indu
ed subgraph isomorphi
 to the
omplement of p disjoint edges, then G 
ontains at most n2(p�1) maximal
liques. Clique-inverse graphs were the subje
ts of [14℄ and [19℄. They arealso 
alled roots (relative to the 
lique operator), see e.g. [17℄. Clique-inversegraphs of 
omplete graphs are 
alled 
lique-
omplete. A 
hara
terizationof the minimal 
lique-
omplete graphs with no universal vertex (a vertexwhi
h is adja
ent to every other vertex of the graph) has been formulated



in [14℄. It 
orresponds to a des
ription of minimal graphs whose maximal
liques do not satisfy the Helly property. In the same work, it is shown thatre
ognizing 
lique-
omplete graphs is a Co-NP-
omplete problem. Char-a
terizations for 
lique-inverse graphs of K3�free and K4�free graphs interms of forbidden indu
ed subgraphs are presented in [21℄. Clique-inversegraphs of bipartite graphs, 
hordal bipartite graphs, and trees have alsobeen 
hara
terized [20℄.2 Notation and de�nitionsLet G be a �nite undire
ted graph with no loops or multiple edges. Denotethe vertex set of G by V (G), and the edge set by E(G). Assume thatG is 
onne
ted and jV (G)j = n. A subgraph H of G is a graph whereV (H) � V (G) and E(H) � E(G). For a set X of verti
es of G, denote byG[X ℄ the subgraph of G indu
ed by X . Let G represent the 
omplementof G.Denote by �(G) the maximum degree of a vertex of G. Denote by Ckand Pk, respe
tively, a 
hordless 
y
le and a 
hordless path with k verti
es.If G 
ontains no 
y
les, then G is a tree. If G 
ontains no indu
ed Ck fork � 4, then G is a 
hordal graph. If G is 
hordal, then G is a 
o-
hordalgraph. If G and G are 
hordal, then G is a split graph.A 
lique is a subset of verti
es of G su
h that there is an edge betweenany two of these verti
es. A maximal 
lique is one not properly 
ontainedin any other. Denote by �(G) the number of maximal 
liques of G. The
lique number of G, denoted by !(G), is the size of a maximum 
lique of G.Denote by Kr the 
lique with r verti
es. If G is 
hordal and every edge ofit belongs to exa
tly one maximal 
lique, then G is a blo
k-
utpoint graph.An independent set is a subset of verti
es of G indu
ing a subgraph withno edges. Denote by Ik an independent set with k verti
es. A maximal in-dependent set is one not properly 
ontained in any other. The independen
enumber of G, denoted by �(G), is the size of a maximum independent setof G. If �(G) � k, G is said to be k-independent.A 
olor is an independent set of G. The 
hromati
 number of G, denotedby �(G), is the minimum number of 
olors needed to 
over jV (G)j. If�(G) � k, G is said to be k-
olorable. If �(G) � 2, G is bipartite. IfG is bipartite and 
ontains no indu
ed C2k for k � 3, then G is 
hordalbipartite. If G is bipartite (
hordal bipartite), then G is 
o-bipartite (
o-
hordal-bipartite).If G 
an be drawn on the plane with no 
rossing edges, then G is aplanar graph. An interval graph is the interse
tion graph of a family ofintervals on the real line. If G is an interval graph, then G is a 
o-intervalgraph. If the edges of G 
an be oriented so that the existen
e of the orientededges (x; y) and (y; z) implies the existen
e of the oriented edge (x; z), then



G is said to be a 
omparability graph. If G is a 
omparability graph, thenG is a 
o-
omparability graph. If both G and G are 
omparability graphs,then G is said to be a permutation graph. An asteroidal triple in a graph Gis an independent set fx1; x2; x3g � V (G) su
h that there is a path from xito xj avoiding the neighborhood of xk. A graph G is AT-free if it 
ontainsno asteroidal triples.The 
lique graph K(G) of G is the interse
tion graph of the 
olle
tion ofmaximal 
liques of G. If H = K(G) for some graph G, we say that H is a
lique graph, and G a 
lique-inverse graph of H . Given a 
lass F of graphs,K�1(F) is the 
lass of graphs whose 
lique graphs are members of F , andit is 
alled the 
lass of 
lique-inverse graphs of F . Clearly, if H is not a
lique graph, then K�1(fHg) = �. Denote by CLIQUE the 
lass of 
liquegraphs. Then, for any 
lass F of graphs, K�1(F) = K�1(F \ CLIQUE ).3 Clique graphs with linear sizeWe start this se
tion by analyzing some 
ases in whi
h K(G) has bounded
lique number or bounded maximum degree.Lemma 1 Let G be a graph. If !(K(G)) is bounded by a 
onstant, thenjV (K(G))j is O(n).Proof. Assume that !(K(G)) � r, for some positive 
onstant r. Observethat any vertex v of G may belong to at most r maximal 
liques, otherwisethe 
liques 
ontaining v would 
orrespond to a 
lique of size at least r+1 inK(G), a 
ontradi
tion. Therefore, �(G) � rn, that is, jV (K(G))j is indeedO(n).Corollary 2 Let G be a graph. If �(K(G)) is bounded by a 
onstant, thenjV (K(G))j is O(n).Proof. Assume that �(K(G)) � d, for some positive 
onstant d. Clearly,!(K(G)) � �(K(G)) + 1 = d + 1. Therefore, by Lemma 1, jV (K(G))j isO(n). More pre
isely, jV (K(G))j � (d+ 1)n.Next lemma states that if K(G) 
ontains a 
ertain type of indu
edsubgraph S, then the size of S is O(n).Lemma 3 Let G be a 
onne
ted graph. Let H be an indu
ed subgraph ofK(G) su
h that jV (H)j = k. If H is isomorphi
 either to Pk, Ck, or Ik,then k = O(n).Proof. Write V (H) = fM1;M2; : : : ;Mkg (ea
h vertex of H 
orrespondsto a maximal 
lique of G). Let us divide the proof in the three possible
ases. Assume without loss of generality that k � 3.



Case 1: H is isomorphi
 to Pk. Assume w.l.o.g. that H is the 
hordlesspathM1M2 : : :Mk. In this 
ase,Mi\Mj 6= � for j�i = 1 andMi\Mj = �for j � i > 1 (1 � i < j � k). Let vi 2 Mi \Mi+1(1 � i � k � 1). Then,the vi's are pairwise distin
t, otherwise two non-
onse
utive 
liques wouldinterse
t, a 
ontradi
tion. Therefore, k � 1 � n, that is, k = O(n).Case 2: H is isomorphi
 to Ck. Assume w.l.o.g. that H is the 
hordless
y
leM1M2 : : :MkM1. Then the subgraph of K(G) indu
ed by the verti
esM1; : : : ;Mk�1 is isomorphi
 to Pk�1. Therefore, by Case 1, k � 1 is O(n),that is, k = O(n).Case 3: H is isomorphi
 to Ik . In this 
ase, observe that ea
h vertexv 2 V (G) may belong to at most one maximal 
lique fromM1;M2; : : : ;Mk,sin
e Mi \Mj = � for 1 � i < j � k. Ea
h Mi must 
ontain at least twoverti
es, sin
e G is 
onne
ted. Thus, k may rea
h at most the value n=2,that is, k = O(n).Corollary 4 Let G be a graph. If K(G) is isomorphi
 to a 
hordless pathor 
y
le, then jV (K(G))j is O(n).Corollary 5 Let G be a graph. If �(K(G)) is bounded by a 
onstant, thenjV (K(G))j is O(n).Proof. Assume that �(K(G)) = 
 � k, for some positive 
onstant k.Ea
h 
olor of K(G) is an edgeless subgraph Hi of K(G). By Lemma 3,jV (Hi)j = O(n). Thus, jV (K(G))j =P
i=1 jV (Hi)j = O(n).4 Families of 
lique-inverse graphs with poly-nomial time re
ognition algorithmsLet G be a 
onne
ted graph su
h that !(K(G)) � d, for some positive
onstant d. Then, it is 
lear that G 2 K�1(Kr �FREE ), where r = d+1.The next result says that this 
lass 
an be re
ognized in polynomial time.Theorem 6 Let r be a positive 
onstant. Then there is a polynomial-timere
ognition algorithm for the 
lass K�1(Kr � FREE ).Proof. If G 2 K�1(Kr � FREE ), then !(K(G)) � r � 1. By Lemma 1,jV (K(G))j is O(n). More pre
isely, jV (K(G))j � (r � 1)n, that is, G hasat most (r � 1)n maximal 
liques. Given a graph G, one 
an test whetherG has at most (r � 1)n maximal 
liques in O(n2m) time by applying to Gthe algorithm in [23℄, whi
h generates all the maximal independent sets ofa graph with delay O(nm), where m = jE(G)j. If G has more than (r�1)n



maximal 
liques, then the answer to the question \G 2 K�1(Kr�FREE )?"is 
learly \no". Otherwise, 
onstru
t K(G) by taking the maximal 
liquesgenerated by the algorithm. This task takes O(nm) time, sin
e G hasat most (r � 1)n maximal 
liques, and ea
h interse
tion test between two
liques takes O(m) time. Finally, test whether !(K(G)) � r � 1 in O(nr)time. The entire pro
edure answers the question \G 2 K�1(Kr�FREE )?"in polynomial time.Corollary 7 The 
lasses K�1(TRIANGLE � FREE ), K�1(BIPARTITE ),K�1(CHORDAL BIPARTITE ), and K�1(TREE ) admit polynomial-timere
ognition algorithms.Proof. If G belongs to some of these 
lasses, then !(K(G)) � 3. There-fore, apply Theorem 6 for r = 3.Corollary 8 Let d be a positive 
onstant. Then there is a polynomial-timere
ognition algorithm for the 
lass K�1(MAXIMUM DEGREE d).Proof. If �(K(G)) = d, then !(K(G)) � d+2. Therefore, apply Theorem6 for r = d+ 2.Corollary 9 There is a polynomial-time re
ognition algorithm for the 
lassK�1(PLANAR).Proof. If G 2 K�1(PLANAR), then �(K(G)) � 4. Therefore, by Lemma5, jV (K(G))j is O(n). More pre
isely, jV (K(G))j � 2n, that is, G hasat most 2n maximal 
liques. Given a graph G, apply the same te
hniquedes
ribed in Theorem 6. Test �rst whether G has at most 2n maximal
liques in O(n2m) time. If the answer is \yes", 
onstru
t K(G) in O(nm)time and test whether it is planar in O(n) time. The entire pro
edurede
ides whether G 2 K�1(PLANAR) in O(n2m) time.5 Families of 
lique-inverse graphs whose re
og-nition is NP-hardIn this se
tion, we des
ribe NP-hard 
ases of re
ognizing 
lique-inversegraphs of various 
lasses. We start by analyzing the re
ognition ofK�1(CHORDAL). In [4℄, this 
lass is referred as the 
lass of 
lique-
hordalgraphs.In what follows, let � be the problem of re
ognizingK�1(COMPLETE ),whi
h is known to be Co-NP-
omplete [14℄.



Theorem 10 Re
ognizing K�1(CHORDAL) is a Co-NP-
omplete prob-lem.Proof. LetG be a graph. A 
erti�
ate showing thatG =2 K�1(CHORDAL),that is, K(G) does not belong to CHORDAL, is a set M1; : : : ;Mk of maxi-mal 
liques of G indu
ing Ck (k � 4) in K(G) (re
all that maximal 
liquesof G are verti
es of K(G), and vi
e-versa). By Lemma 3, k = O(n). There-fore, one 
an verify this 
erti�
ate in polynomial time, that is, re
ognizingK�1(CHORDAL) is in Co-NP. In the sequel, 
onstru
t a redu
tion from�. Given a graph H , instan
e for �, 
onstru
t in polynomial time on thesize of H a new graph G, instan
e for the re
ognition of K�1(CHORDAL),as follows: G is formed by two 
opies H1 and H2 of H where every vertexof H1 is adja
ent to all the verti
es of H2. Let us show that K(H) is nota 
lique if and only if K(G) is not 
hordal. If K(H) is not a 
lique, thereexist M 0 and M 00 maximal 
liques of H su
h that M 0 \ M 00 = �. LetM 01;M 001 2 H1 and M 02;M 002 2 H2 su
h that M 01;M 02 
orrespond to M 0 andM 001 ;M 002 
orrespond to M 00. Observe that M 01 [M 02, M 01 [M 002 , M 001 [M 02,and M 001 [M 002 are maximal 
liques of G indu
ing C4 in K(G). Therefore,K(G) is not 
hordal. On the other hand, if K(H) is a 
lique, then K(G)is also a 
lique, that is, K(G) is 
hordal.Corollary 11 Re
ognizing K�1(SPLIT ) is a Co-NP-
omplete problem.Proof. Let G be a graph. A 
erti�
ate showing that K(G) is not a splitgraph is a set of maximal 
liques of G indu
ing in K(G) one of the graphsC4, C5, and 2K2, whi
h are the forbidden subgraphs for split graphs [5℄.In any 
ase, the number of maximal 
liques in the 
erti�
ate is �xed, andthus one 
an verify the 
erti�
ate in polynomial time, that is, re
ognizingK�1(SPLIT ) is in Co-NP. The detailed redu
tion of the proof is similar tothat of Theorem 10.Corollary 12 Re
ognizing K�1(INTERVAL) is a Co-NP-
omplete prob-lem.Proof. Let G be a graph. A 
erti�
ate showing that K(G) is not aninterval graph is a set fM1;M2; : : : ;Mkg of maximal 
liques of G indu
inginK(G) some of the subgraphs depi
ted in Figure 1, whi
h are the forbiddensubgraphs for interval graphs [13℄. Observe that I and II have �xed size,III is the graph Ck, and IV,V 
ontain Pk�2 as an indu
ed subgraph (ifk > 2). In any 
ase, by Lemma 3, k is O(n). Therefore, one 
an verify the
erti�
ate in polynomial time, that is, re
ognizing K�1(INTERVAL) is inCo-NP. The redu
tion is again similar to Theorem 10.As another 
orollary of Theorem 10, one 
an prove that re
ognizing the
lass K�1(BLOCK � CUTPOINT ) is a Co-NP-
omplete problem.
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ognizing K�1(CO � INTERVAL) is a NP-hard problem.Proof. Let H be an instan
e for �, and 
onstru
t an instan
e G forthe re
ognition of K�1(CO � INTERVAL) as follows: G is formed by two
opies H1 and H2 of H and an additional vertex u su
h that every vertexof H1 is adja
ent to u and to all the verti
es of H2. Let us show that K(H)is not a 
lique if and only if K(G) is not an interval graph. If K(H) isnot a 
lique, then there exist M 0 and M 00 maximal 
liques of H su
h thatM 0 \M 00 = �. Let M 01;M 001 2 H1 and M 02;M 002 2 H2 su
h that M 01;M 02
orrespond to M 0, and M 001 ;M 002 
orrespond to M 00. Observe that M 01[M 02,M 01 [M 002 , M 001 [ M 02, M 001 [M 002 , fug [M 01, and fug [ M 001 are maximal
liques of G indu
ing in K(G) the graph C6. Sin
e C6 belongs to Gallai'sfamily [6℄, K(G) is not a 
omparability graph. Therefore, K(G) is not a
o-
omparability graph. Sin
e every interval graph is a 
o-
omparabilitygraph [9℄, K(G) is not an interval graph. Conversely, if K(H) is a 
lique,then K(G) is also a 
lique. Therefore, K(G) is a graph with no edges, andthus an interval graph.Corollary 14 Re
ognizing K�1(COMPARABILITY ) is a NP-hard prob-lem.Proof. Let H be an instan
e for �, and 
onstru
t G, instan
e for the



re
ognition of K�1(COMPARABILITY ), in the same way as in Theorem13. We already know that if K(H) is not a 
lique, then K(G) is not a
omparability graph. On the other hand, if K(H) is a 
lique, then K(G)is also a 
lique, and thus a 
omparability graph.Theorem 15 Re
ognizing K�1(CO � COMPARABILITY ) is a NP-hardproblem.Proof. Let H be an instan
e for �, and 
onstru
t G, instan
e for there
ognition of K�1(CO � COMPARABILITY ), as follows:V (G) = V (H) [ fw; r; sg [ fxuv j u; v are not adja
ent in Hg;E(G) = E(H) [ fw; rg [ fr; sg [ffu; xuvg; fv; xuvg; fw; xuvg; fu;wg; fv; wg j u; v are not adja
ent in Hg:Let us show now that K(H) is not a 
lique if and only if K(G) is not a 
om-parability graph. If K(H) is not a 
lique, then there are two disjoint maxi-mal 
liquesM1 andM2 in H . Therefore, there are u 2M1 and v 2M2 su
hthat u is not adja
ent to v. Observe that M1;M2; fu;w; xuvg; fv; w; xuvg;fw; rg, and fr; sg are maximal 
liques of G indu
ing in K(G) the followinggraph T : a 
lique fv1; v2; v3g and an independent set fw1; w2; w3g where wiis adja
ent to vj if j = i. Therefore, K(G) 
ontains T as an indu
ed sub-graph. Sin
e T belongs to Gallai's family [6℄, K(G) is not a 
omparabilitygraph. Conversely, assume that K(H) is a 
lique. Observe that the maxi-mal 
liques of G 
an be partitioned in four 
olle
tions: (i) MH , 
onsistingof the maximal 
liques of G whi
h are identi
al to those of H ; (ii)Mw, 
on-sisting of the sets of the form f fu;w; xuvg j u; v are not neighbors in Hg;(iii) the 
lique Mwr = fw; rg; (iv) the 
lique Mrs = fr; sg. Cliques in MHindu
e in K(G) an independent set, sin
e K(H) is a 
lique. Cliques inMw[fMwrg share vertex w, and thus also indu
e in K(G) an independentset. Therefore, the edges of K(G) 
an be partitioned in four sets:A: edges of the form fM;M 0gwhereM 2MH ,M 0 2 Mw,M\M 0 = �;B: edges of the form fM;Mwrg for M 2 MH ;C: edges of the form fM;Mrsg for M 2MH ;D: edges of the form fM 0;Mrsg for M 0 2Mw.Observe that there exist the edges fM;Mwrg 2 B and fM;Mrsg 2 Cfor every 
lique M 2 MH . There also exists the edge fM 0;Mrsg for every
lique M 0 2 Mw. It is ne
essary to show that K(G) is a 
omparabilitygraph. Set an orientation to its edges as follows: for edges in A, fromM 2 MH to M 0 2 Mw; for edges in B, from M 2 MH to Mwr; for edgesin C and D, to Mrs. In order to verify that this is indeed a transitiveorientation, just observe that if there exist oriented edges (M;M 0) of Aand (M 0;Mrs) of D, then there also exists the oriented edge (M;Mrs) ofC. Therefore, K(G) is a 
omparability graph.



By using Theorem 15, one 
an prove that re
ognizingK�1(AT � FREE )is a Co-NP-
omplete problem, and re
ognizing K�1(PERMUTATION ) isa NP-hard problem. It is also possible to show that re
ognizing the fami-liesK�1(CO � CHORDAL), K�1(CO � CHORDAL� BIPARTITE ), andK�1(CO � BIPARTITE ) are NP-hard problems.The next theorem deals with the 
hromati
 number of K(G). As ex-pe
ted, to de
ide whether �(K(G)) � 3 is a NP-
omplete problem.Theorem 16 Re
ognizing K�1(3�COLORABLE) is a NP-
omplete prob-lem.Proof. Let G be a graph. A 
erti�
ate showing that �(K(G)) � 3
onsists of the set of maximal 
liques of G together with a mapping thatasso
iates ea
h maximal 
lique to a 
olor in su
h a way that: (i) themapping uses at most three 
olors; (ii) inter
epting 
liques re
eive dis-tin
t 
olors. By Lemma 5, jV (K(G))j = �(G) = O(n). More pre
isely,�(G) � 32n. Therefore, this 
erti�
ate 
an be veri�ed in polynomial time,that is, re
ognizingK�1(3�COLORABLE) is in NP. In order to prove theNP-hardness, let us extend the transformation from 3-SAT to 3-COLOR,des
ribed in [8℄. Let C = fC1; C2; : : : ; Cpg be a set of 
lauses on thevariables x1; x2; : : : ; xn. Assume that every 
lause 
ontains exa
tly threedistin
t literals. Write Ci = (ai _ bi _ 
i), where fai; bi; 
ig is 
ontained infx1; x2; : : : ; xn; x1; x2; : : : ; xng. Constru
t a graph H su
h that �(H) � 3if and only if C is satis�able, as follows:V (H) = fv1; v2; v3g [ fxi; xij1 � i � ng [ fyij j1 � i � p; 1 � j � 6g;E(H) = ffv1; v2g; fv2; v3g; fv1; v3gg[ ffxi; xigj1 � i � ng[ ffv3; xig; fv3; xigj1 � i � ng[ ffai; yi1g; fbi; yi2g; f
i; yi3gj1 � i � pg[ ffv2; yi6g; fv3; yi6gj1 � i � pg[ ffyi1; yi2g; fyi1; yi4g; fyi2; yi4gj1 � i � pg[ ffyi3; yi5g; fyi3; yi6g; fyi5; yi6gj1 � i � pg[ ffyi4; yi5gj1 � i � pg:Now, let us 
onstru
t a 
lique-inverse graph G of H . De�ne V (G) in thefollowing way:V (G) = fuij1 � i � p+ 1g[ fw1; w2g[ fwi3; qi; qij1 � i � ng[ fzij j1 � i � p; 1 � j � 7g.In order to de�ne E(G), let Ri (1 � i � n) be the subset of verti
es of Gde�ned as follows: if yjk is adja
ent to xi in H (for k, j, and i su
h that1 � k � p, j 2 f1; 2; 3g, and 1 � i � n), then zjk 2 Ri. Analogously, letSi (1 � i � n) be as follows: if yjk is adja
ent to xi in H , then zjk 2 Ri.Now, de�ne E(G) in the following way:



E(G) = ffui; ujgj1 � i < j � p+ 1g [ fw1; up+1g[ ffw2; uigj1 � i � pg[ ffwi3; qigj1 � i � ng[ ffwi3; qigj1 � i � ng[ ffwi3; wj3gj1 � i < j � ng[ ffwi3; ujgj1 � i � n; 1 � j � pg[ ffzi6; uigj1 � i � pg[ ffzi1; zi3g; fzi2; zi3g; fzi3; zi4gj1 � i � pg[ ffzi4; zi6g; fzi5; zi6gj1 � i � pg[ ffwi3; rg; fqi; rgj1 � i � n; r 2 Rig[ ffwi3; sg; fqi; sgj1 � i � n; s 2 Sig[ ffr1; r2gjr1; r2 2 Ri; 1 � i � ng[ ffs1; s2gjs1; s2 2 Si; 1 � i � ng:Observe that there is a dire
t 
orresponden
e between maximal 
liques ofG and verti
es of H , in su
h a way that two 
liques interse
t if and only ifthe 
orresponding verti
es are adja
ent:maximal 
liques of G verti
es of Hfw1; up+1g v1fw2; u1; : : : ; up+1g v2fw13; : : : ; wn3; u1; : : : ; up+1g v3fzi6; uig yi6fzi5; zi6g yi5fzi3; zi6g yi3fzi4; zi5g yi4fzi2; zi4g yi2fzi1; zi4g yi1fqi; wi3g [ Ri xifqi; wi3g [ Si xiThe above table shows that H = K(G). Therefore, C is satis�able if andonly if �(H) � 3 if and only if �(K(G)) � 3. In other words, given a set C of
lauses, we have 
onstru
ted in polynomial time on the size of C a graph Gsu
h that C is satis�able if and only if the 
lique graph of G has 
hromati
number at most three. Thus, re
ognizing K�1(3 � COLORABLE ) is aNP-
omplete problem.Theorem 17 Let s be a positive integer. Then the problem of re
ognizingthe 
lass K�1(s� INDEPENDENT ) is NP-
omplete.Proof. Let G be a graph. A 
erti�
ate showing that �(K(G)) � s 
onsistsof a set fM1; : : : ;Msg of pairwise disjoint maximal 
liques of G. By Lemma3, s rea
hes at most the value n=2. Therefore, this 
erti�
ate 
an be veri�edin polynomial time, that is, re
ognizingK�1(s�INDEPENDENT ) is in NP.



The proof of the NP-hardness uses the same idea employed in Theorem 16,by extending the transformation of 3-SAT into STABLE SET des
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