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olle
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liques of G. Givena family F of graphs, the 
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lique graphs belong to F . In this work, we de-s
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indu
ed by X, that is, the vertex set of G[X℄ is X and two verti
esare adja
ent in it if they are so in G.A 
lique is a subset of verti
es indu
ing a 
omplete subgraph ofG, while a maximal 
lique is one not properly 
ontained in any other.The 
lique number !(G) of G is the largest order of a 
lique in G.A 
hord 
 is an edge linking two non-
onse
utive verti
es in a
y
le. Denote by Ck a 
y
le with k verti
es. A graph is 
hordal if it
ontains no indu
ed subgraph isomorphi
 to Ck for k � 4.A graph is bipartite if its vertex set 
an be partitioned into twosets U and W su
h that every edge in E(G) links a vertex of U toa vertex of W . A graph is 
hordal bipartite if it is bipartite and
ontains no indu
ed subgraph isomorphi
 to C2k for k � 3.The 
lique graph K(G) of G is the interse
tion graph of the 
ol-le
tion of maximal 
liques of G. If H = K(G), we say that G is a
lique-inverse graph of H. Given a family F of graphs, the family of
lique-inverse graphs of F is de�ned asK�1(F) = fGjK(G) 2 Fg:In [6℄, Hedetniemi and Slater presented 
hara
terizations for 
liquegraphs of triangle-free graphs, bipartite graphs, and trees:Theorem 1 [6℄ Let G be a graph. Then G 2 K(F) if and only ifK(G) 2 F and any two distin
t maximal 
liques of G have at mostone vertex in 
ommon, where F is one of the following families:triangle-free graphs, bipartite graphs, or trees.Let Ik be the family of graphs with the following property: anytwo distin
t maximal 
liques of a graph in Ik have at most k verti
esin 
ommon. Then Hedetniemi and Slater's result 
an be rewrittenas K(F) = K�1(F) \ I1;where F is one of the families 
ited in the above theorem. Althoughthe problem of 
hara
terizing 
lique graphs of 
ertain families hasbeen studied for several 
ases, e.g. [1, 2, 5, 6, 7, 11, 15℄, mu
h less isknown about the 
orresponding inverse problem, whi
h 
an be statedas follows: given a family F of graphs, 
hara
terize K�1(F), 
alled



the family of 
lique-inverse graphs of F . In this work, 
hara
teri-zations are des
ribed for 
lique-inverse graphs of bipartite graphs,
hordal bipartite graphs, and trees. The 
hara
terizations lead topolynomial time algorithms for solving the 
orresponding re
ogni-tion problems.Clique-inverse graphs were the subje
ts of [9℄ and [12℄. Theyare also 
alled roots (relative to the 
lique operator), see e.g. [10℄.Clique-inverse graphs of 
omplete graphs are 
alled 
lique-
omplete.A 
hara
terization of the minimal 
lique-
omplete graphs with nouniversal vertex (a vertex adja
ent to all other verti
es of the graph)has been formulated in [9℄. It 
orresponds to a des
ription of theminimal 
lique-
omplete graphs whose maximal 
liques do not satisfythe Helly property. In [13℄, 
hara
terizations for 
lique-inverse graphsof triangle-free graphs and K4�free graphs are presented in terms offorbidden subgraphs.The following result is a 
hara
terization for 
lique-inverse graphsof triangle-free graphs. It will be used later:Theorem 2 [13℄ G is a 
lique-inverse graph of a triangle-free graphif and only if G does not 
ontain as an indu
ed subgraph any of thefollowing graphs: K1;3, 4-fan, 4-wheel (see Figure 1).
K    4-fan 4-wheel1,3Figure 1: Forbidden subgraphs for 
lique-inverse graphs of triangle-free graphs.2 The 
hara
terizationsIn this se
tion we give 
omplete 
hara
terizations for the situationsin whi
h K(G) is bipartite, 
hordal bipartite, or a tree. We begin by



analyzing the 
ase in whi
h K(G) is bipartite. The 
hara
terizationwill be formulated in terms of a list of forbidden subgraphs.Any bipartite graph is triangle-free. Thus, K�1(BIPARTITE ) is
ontained in K�1(TRIANGLE � FREE ).Theorem 3 A graph G is a 
lique-inverse graph of a bipartite graphif and only if G does not 
ontain as an indu
ed subgraph any of thefollowing: K1;3, 4-fan, 4-wheel, and C2k+5 (for all k � 0).Proof. ()): Assume by 
ontradi
tion that G is a 
lique-inversegraph of a bipartite graph and G 
ontains S = C2k+5 as an indu
edsubgraph. Write S = u0u1 : : : upu0, where p = 2k+4, k � 0. Clearly,there exists a 
olle
tion M = fM0;M1; : : : ;Mpg of maximal 
liquesof G su
h that ea
h edge ei = fui; ui+1g of S lies in exa
tly one ofthe 
liques inM, say ei lies inMi (indi
es are taken 
ir
ularly in therange 0 : : : p). Note that ui+1 2 Mi \Mi+1, that is, Mi and Mi+1interse
t. Thus, M0M1 : : :MpM0 is an odd 
y
le in K(G). This is a
ontradi
tion, sin
e K(G) is bipartite. On the other hand, by Theo-rem 2, if G 
ontains either a 4-wheel, a 4-fan, or K1;3 as an indu
edsubgraph, then K(G) 
ontains a triangle, another 
ontradi
tion.((): Assume by 
ontradi
tion that G does not 
ontain any of thegraphs listed in the statement of the theorem as an indu
ed subgraph,and that G is not a 
lique-inverse graph of a bipartite graph. Then,there exists a 
hordless odd 
y
le C = M0M1 : : :M2pM0 in K(G),where p � 1 and ea
h Mi is a distin
t maximal 
lique of G. ChooseC for whi
h p is minimum. There are two possible 
ases:Case 1: p = 1. Then, K(G) 
ontains a triangle. This implies, byTheorem 2, that G 
ontains either a 4-wheel, a 4-fan, or K1;3 as anindu
ed subgraph, a 
ontradi
tion.Case 2: p > 1. This situation is depi
ted in Figure 2 (for p = 2).Let ui 2 Mi \Mi+1, where indi
es are taken 
ir
ularly in the range0 : : : 2p. Note that ea
h ui belongs to no maximal 
liques of G otherthanMi andMi+1. Otherwise, if ui also belongs to a maximal 
liqueM distin
t fromMi andMi+1, then K(G) 
ontains a triangle, a 
on-tradi
tion - sin
e the 
y
le C =M0M1 : : :M2pM0 in K(G) has beentaken for p > 1 minimum. Thus, the 
y
le CG = u0u2 : : : u2pu0 inG is 
hordless, sin
e the existen
e of a 
hord linking non-
onse
utiveverti
es uk and uj in CG would imply the existen
e of a new maxi-mal 
lique M 
ontaining uk and uj , distin
t from the 
liques in the



multiset fMk;Mk+1;Mj ;Mj+1g. Thus, CG is a 
hordless odd 
y
lewith 2p + 1 � 5 verti
es, whi
h 
ontradi
ts the assumption that Gdoes not 
ontain C2k+5, k � 0, as an indu
ed subgraph.
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Figure 2: Case 2 of Theorem 3, for p = 2.In order to 
hara
terize 
lique-inverse graphs of 
hordal bipartitegraphs, we employ an additional de�nition. Let C = v0v1 : : : vkv0(k � 3) be a 
y
le in a graph G. We say that C admits an evendivision if there exists a vertex w 2 GnC whi
h is adja
ent to fourdistin
t verti
es vi; vi+1; vj ; vj+1 of C su
h that j � (i + 1) is even,that is, the path vi+1vi+2 : : : vj has an even number of edges. Theindi
es are taken 
ir
ularly in the range 0 : : : k. See Figure 3.
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Figure 3: The 
y
le v1v2v3v4v5v6v1 admits an even division.



The next theorem 
hara
terizes K�1(CHORDAL BIPARTITE)in terms of K�1(BIPARTITE ):Theorem 4 A graph G is a 
lique-inverse graph of a 
hordal bipar-tite graph if and only if G 2 K�1(BIPARTITE ) and every 
hordlesseven 
y
le of G with at least six verti
es admits an even division.Proof. ()): Assume that G is a 
lique-inverse graph of a 
hordalbipartite graph, that is, K(G) is 
hordal bipartite. Clearly, G 2K�1(BIPARTITE ). Now, let C = v0v1 : : : v2k�1v0 be a 
hordlesseven 
y
le of G with k � 3. Let Mi be a maximal 
lique of G
ontaining the edge fvi; vi+1g, where indi
es are taken 
ir
ularly inthe range 1 : : : 2k�1. It is 
lear thatM0M1 : : :M2k�1M0 is a 
y
le inK(G), sin
e vi 2 Mi�1 \Mi. Assume by 
ontradi
tion that C doesnot admit an even division. Then Mi \Mj = � for non-
onse
utiveindi
es i and j su
h that j�(i+1) is even. Observe thatMi\Mj = �also holds for non-
onse
utive i and j su
h that j�(i+1) is odd, sin
eotherwise K(G) would 
ontain an odd 
y
le, 
ontradi
ting K(G) tobe bipartite. It follows that M0M1 : : : M2k�1M0 is 
hordless, k � 3.This 
ontradi
ts the fa
t that K(G) is 
hordal bipartite.((): Assume that G 2 K�1(BIPARTITE ) and every 
hordlesseven 
y
le of G with at least six verti
es admits an even division.Then, K(G) is bipartite. Now, let us show that K(G) does not
ontain an indu
ed subgraph isomorphi
 to C2k, for k � 3. Assumeby 
ontradi
tion that C = M0M1 : : : M2k�1M0 is a 
hordless 
y
lein K(G) for k � 3. Then, there exists a 
y
le CG = v0v1 : : : v2k�1v0in G su
h that the edge fvi; vi+1g lies in the maximal 
lique Mi,0 � i � 2k � 1, where i is taken 
ir
ularly in the range 0 : : : 2k � 1.By the assumption, CG admits an even division. Therefore, let w 2GnC adja
ent to four distin
t verti
es vi; vi+1; vj ; vj+1 of C su
h thatj�(i+1) is even. Observe that vi belongs to no maximal 
liques otherthan Mi�1 and Mi, for otherwise K(G) would 
ontain a triangle.Sin
e w, vi, and vi+1 belong to a same maximal 
lique, it follows thatw belongs to at least one of the 
liques Mi�1 and Mi. Analogously,w belongs to at least one of the 
liques Mj�1 and Mj . Thus, some
lique of the set fMi�1;Mig interse
ts at least one 
lique of the setfMj�1;Mjg. Sin
e j � (i + 1) > 0, it follows that there exist twointerse
ting maximal 
liques with non-
onse
utive indi
es in the 
y
le



C = M0M1 : : :M2k�1M0. This is a 
ontradi
tion, sin
e C has beenassumed to be 
hordless.To 
on
lude this se
tion, let us examine the family K�1(TREE ).The following de�nition will be employed: a domino is a graph whereevery vertex belongs to at most two distin
t maximal 
liques [8℄.Theorem 5 A graph G is a 
lique-inverse graph of a tree if and onlyif G is a 
hordal domino.Proof. ()): Assume by 
ontradi
tion that G is a 
lique-inversegraph of a tree and G is not 
hordal, and let v0v1 : : : vkv0 be a 
hord-less 
y
le in G with k � 3. Then there exist k + 1 distin
t maximal
liques M0;M1; : : : ;Mk in G su
h that the edge fvi; vi+1g lies in MiandMi interse
ts Mi+1, where the indi
es are taken 
ir
ularly in therange 0 : : : k. This implies that M0M1 : : :MkM0 is a 
y
le in K(G).But this is a 
ontradi
tion, sin
e K(G) is a assumed to be a tree.Assume now that G is a 
lique-inverse graph of a tree and G
ontains a vertex v belonging to more than two maximal 
liques ofG. Then it follows that the maximal 
liques of G 
ontaining v indu
ea 
lique of size stri
tly greater than two in K(G). This is another
ontradi
tion, sin
e K(G) is assumed to be a tree.((): Assume by 
ontradi
tion that G is a 
hordal domino andK(G)is not a tree. Let M0M1 : : :MkM0, k � 2, be a 
y
le in K(G). Thereare two possible 
ases.Case 1: k = 2.Let R =M0\M1\M2. It is 
lear that R = �, sin
e every vertexof G belongs to at most two maximal 
liques. Let v01 2 M0 \M1,v02 2 M0 \M2, and v12 2 M1 \M2. Observe that v01 , v02 , and v12indu
e a triangle in G. Therefore, there exists a maximal 
lique Min G 
ontaining v01 , v02 , and v12 . Clearly, M 6= M0, sin
e v12 2 Mand v12 =2M0. Analogously, M 6=M1. This implies that v01 belongsto M0, M1, and M , 
ontradi
ting the fa
t that every vertex of Gbelongs to at most two maximal 
liques.Case 2: k > 2.Let vi 2Mi \Mi+1, where 0 � i � k and indi
es taken 
ir
ularlyin the range 0 : : : k. Then, C = v0v1 : : : vkv0 is a 
y
le in G. The vi'sare distin
t, for otherwise, if vi = vj for i 6= j, then vi would belong to



all the 
liques in the multiset fMi;Mi+1;Mj ;Mj+1g, whi
h 
ontainsat least three distin
t elements. Sin
e G is 
hordal, C has a 
hordjoining vr and v(r+2) mod k, for some r in the range 0 : : : k. Thus, vr,vr+1, and vr+2 indu
e a triangle in G. This implies that there existsa maximal 
lique M in G 
ontaining these three verti
es. Clearly,M 6=Mr, sin
e vr+1 2M and vr+1 =2Mr. Analogously, M 6= Mr+1.Thus, vr belongs toMr,Mr+1, andM . This 
ontradi
ts the fa
t thatevery vertex of G belongs to at most two distin
t maximal 
liques.Corollary 6 Let G be a graph. Then, G is a 
lique-inverse graph ofa tree if and only if G does not 
ontain as an indu
ed subgraph anyof the following graphs: K1;3, 4-fan, 4-wheel, Ck (for all k � 4).Proof. If G 2 K�1(TREE), then G is a 
lique-inverse graph of atriangle-free graph. Therefore, by Theorem 2, G does not 
ontainas an indu
ed subgraph any of the following graphs: K1;3, 4-fan,4-wheel. Moreover, by Theorem 5, G is 
hordal, and thus the �rstpart follows. Conversely, if G does not 
ontain K1;3, 4-fan, 4-wheel,or Ck (k � 4) as an indu
ed subgraph, then G is 
hordal. Moreover,by Theorem 2, K(G) 
ontains no triangle, whi
h implies that ea
hvertex of G 
an belong to at most two distin
t maximal 
liques, thatis, G is a domino. Thus, by Theorem 5, G is a 
lique-inverse graphof a tree.3 AlgorithmsWe start this se
tion by observing that if K(G) has bounded 
liquenumber, then jV (K(G))j is O(n), that is, the number of maximal
liques of G is linearly bounded.Lemma 7 [14℄ Let G be a 
onne
ted graph. If !(K(G)) � r for apositive 
onstant r, then jV (K(G))j � rn.Proof. Observe that any vertex v of G may belong to at most rmaximal 
liques, sin
e otherwise the 
liques of G 
ontaining v would
orrespond to a 
lique of size at least r+1 in K(G), a 
ontradi
tion.



Therefore, the number of maximal 
liques of G is at most rn, thatis, jV (K(G))j � rn.A 
onsequen
e of the above lemma is the fa
t that 
lique-inversegraphs of bipartite graphs have few maximal 
liques.Corollary 8 Let G be a 
onne
ted graph. If K(G) is bipartite thenG 
ontains at most 2n maximal 
liques.By using the above observations, we des
ribe below polynomial-time re
ognition algorithms for the families fo
used in this work.Let G be a graph. In order to de
ide whether or not K(G) isbipartite, �rst 
he
k whether G 
ontains at most 2n maximal 
liquesby applying the algorithm in [16℄ to G, whi
h generates all the max-imal 
liques of G with delay O(nm), where m = jE(G)j. This tasktakes O(n2m) time. If G has more than 2n maximal 
liques, thenthe answer to the question `Is G in K�1(BIPARTITE )?' is 
learly`no'. Otherwise, 
onstru
t K(G) by taking the maximal 
liques gen-erated by the algorithm. This task takes O(nm) time, sin
e G hasat most 2n maximal 
liques, and ea
h interse
tion test between two
liques takes O(m) time. Finally, verify whether K(G) is bipartitein O(m) time (re
all that jV (K(G))j is O(n)). Therefore, the en-tire pro
edure answers the question `Is G in K�1(BIPARTITE )?' inpolynomial time.In order to de
ide whether K(G) is 
hordal bipartite, apply asimilar algorithm. The graphK(G) 
an be 
onstru
ted in polynomialtime. In addition, K(G) 
an be re
ognized as a 
hordal bipartitegraph also in polynomial time [4℄.Finally, one may use the 
hara
terization of Theorem 5 to verifywhetherK(G) is a tree. Che
king 
hordality and re
ognizing whetherG is a domino 
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