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The most dangerous phrase in the language is, "We’ve always done it this way".

(Grace Hopper)
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Resumo

Técnicas de transmissão de pulso ultrassônico (Ultrasonic Pulse Transmission – UPT) são

essenciais para a caracterização não invasiva de formações rochosas na indústria do petróleo.

Embora os ensaios de UPT em laboratório forneçam informações valiosas, desafios como a

preparação de amostras e a precisão de medição persistem, especialmente para amostras

rochosas com geometrias complexas ou superfícies irregulares. Como alternativa aos

ensaios laboratoriais convencionais, simulações numéricas baseadas em modelos de rocha

digital obtidos por microtomografia computadorizada de raios-X em escala microscópica

(�CT) permitem realizar essa caracterização de forma não destrutiva e repetível. Contudo,

os solvers de elementos finitos convencionais exigem a montagem explícita, em formato

esparso, da matriz de rigidez global. Essa estratégia torna proibitiva a avaliação de modelos

de larga escala devido ao consumo de memória e ao tempo de simulação. Esta tese propõe

um solver eficiente e massivamente paralelo de elementos finitos no domínio do tempo,

focado exclusivamente na fase sólida, para simulações de UPT em amostras de rocha

digital de larga escala obtidas por �CT. As principais contribuições deste trabalho são: (i)

uma formulação elemento por elemento sem matriz (matrix-free) que elimina a montagem

explícita da matriz de rigidez global, reduzindo o consumo de memória em relação às

abordagens convencionais; e (ii) uma implementação em CUDA massivamente paralela,

capaz de lidar com modelos com mais de 108 graus de liberdade em uma única GPU,

alcançando speedups de até 147:57� em relação a uma implementação de referência em

CPU. O solver proposto foi validado com soluções analíticas e com dados experimentais de

ensaios de UPT em laboratório em diferentes meios porosos, como arenitos e carbonatos.

As velocidades das ondas compressionais (P) e cisalhantes (S) obtidas nas simulações são

utilizadas para inferir diretamente os módulos elásticos efetivos. Esta pesquisa representa

um avanço concreto no estado da arte ao viabilizar simulações massivamente paralelas

de elementos finitos no domínio do tempo, com impacto direto em aplicações de física de

rocha digital, ciência dos materiais e engenharia de petróleo.

Palavras-chave: física de rocha digital, transmissão de pulso ultrassônico, simulação de

ondas elásticas, MEF baseado em imagem, método sem matriz, computação em GPU,

paralelização massiva.



Abstract

Ultrasonic pulse transmission (UPT) techniques are essential for the non-invasive charac-

terization of rock formations in the petroleum industry. Although laboratory UPT tests

provide valuable information, challenges such as sample preparation and measurement

accuracy persist, especially for rock samples with complex geometries or irregular sur-

faces. As an alternative to conventional laboratory testing, numerical simulations based

on digital rock models obtained from micro-scale X-ray computed tomography (�CT)

allow this characterization to be performed non-destructively and reproducibly. However,

conventional finite element solvers require explicit assembly of the global stiffness matrix

in sparse format. This strategy renders the evaluation of large models prohibitive due to

memory usage and simulation time. This thesis proposes an efficient, massively parallel

finite element solver in the time domain, focused exclusively on the solid phase, for UPT

simulations in large digital rock samples obtained by �CT. The main contributions of

this work are: (i) a matrix-free element-by-element formulation that eliminates explicit

global stiffness matrix assembly, reducing memory consumption compared to conventional

approaches; and (ii) a massively parallel CUDA implementation capable of handling models

with more than 108 degrees of freedom on a single GPU, achieving speedups of up to

147:57� over a single-core CPU reference. The proposed solver was validated against

analytical solutions and experimental data from laboratory UPT tests on various porous

media such as sandstones and carbonates. The predicted P- and S-wave velocities are used

to directly infer effective elastic moduli. This research represents a concrete advancement

in the state of the art by enabling massively parallel time domain finite element simulations,

with direct impact on applications in digital rock physics, materials science, and petroleum

engineering.

Keywords: Digital rock physics, ultrasonic pulse transmission, elastic wave simulation,

image-based FEM, matrix-free method, GPU computing, massive parallelization.
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1 Introduction

Ultrasonic Pulse Transmission (UPT) techniques represent an important non-invasive tool

in the petroleum industry to explore and characterize rock formations. These techniques

have proven to be valuable for analyzing rock samples under laboratory conditions [1].

The samples can be measured under dry and reservoir pressure conditions. Under dry

conditions, UPT can be used to measure the velocity and attenuation of ultrasonic waves in

rock samples. These measurements are intrinsically linked to the e�ective elastic properties

of rocks [2] and can therefore serve as proxies for inferring key petrophysical parameters

such as porosity and permeability. Furthermore, under reservoir pressure conditions, UPT

can be used to monitor dynamic changes in rock properties caused by �uid injection or

production (4D seismic) [3].

UPT works by sending a pulse of ultrasonic waves into the rock sample and measuring

the time the pulse takes to travel through the sample and achieve the transducer [4,

5]. The velocity of ultrasonic waves is generally inversely related to rock porosity, so

higher velocities tend to indicate lower porosity. Sometimes, UPT tests can be challenging

due to various factors, including sample preparation and measurement accuracy. Sample

preparation becomes particularly demanding for rocks with complex geometries or irregular

surfaces. This process requires careful grinding and polishing to guarantee uniform contact

with the transducers. Moreover, achieving precise measurements of ultrasonic velocities

is subject to several sources of uncertainty, including transducer coupling, signal noise,

and sample heterogeneities such as microcracks. In this context, numerical simulation

can emerge as a valuable tool to address the challenges associated with laboratory-based

UPT tests. By simulating the propagation of ultrasonic waves through digital rock models,

researchers can gain insights into the complex relationships between acoustic properties,

rock microstructure, and stress conditions. Additionally, numerical simulations can also

provide valuable information about the sensitivity of ultrasonic measurements to various

factors, such as transducer placement, sample geometry, and �uid saturation. This work

is focused on measuring the rock velocities in digital dry rock samples using UPT and



1 Introduction 13

numerical simulations on domestic Graphics Processing Units (GPUs).

During the late 20th century, the non-destructive imaging technique of micro-scale

X-ray computed tomography (� CT or microCT) became essential to understand the

internal structures of rock samples or other materials [6]. The� CT can be used to create

3D images of the materials at a microscopic scale. This imaging process commonly follows

a systematic work�ow, as in Figure 1, encompassing multiple essential steps. Starting with

sample preparation, the procedure advances through image acquisition, reconstruction,

and segmentation. This interconnected series of steps, in the petroleum industry, is part

of a relatively new �eld called Digital Rock Physics (DRP).

Figure 1: Digital sample acquisition using� CT work�ow: sample preparation, image
acquisition with individual radiographic projections, reconstructing the volume, and
segmentation.

Within DRP, a limited number of studies focus on the simulation of UPT to esti-

mate e�ective elastic properties. The review by Saenger [7] discusses di�erent numerical

approaches to determine those e�ective elastic values. Many of the studies found in the

literature rely on the Finite Di�erence Method (FDM) to simulate wave propagation

in porous media, notably Saenger, Krüger, and Shapiro [8] and Saenger, Krüger, and

Shapiro [9], complemented by related studies [10, 11, 12, 13]. These previous studies

were limited to small model sizes due to the high computational demands in memory

and CPU time. In the study by Andrä et al. [14], simulations of size 7243 and 10243

were subdivided or coarsened to achieve the reported results. Simulations of this scale

demand high-performance computing infrastructure that is not available to the broader

research community. To overcome these restrictions in similar scenarios, strategies have

been used to increase performance, such as matrix-free methods [15, 16], which involve

solving numerical problems without explicitly storing the entire sparse matrix. Further-

more, parallel computing techniques have been harnessed, enabling multiple processors to

collaborate simultaneously. These methodologies have found application across various
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computational methods on personal computers. On this basis, we aim to develop an

e�cient time-domain image-based �nite element solver to perform the UPT simulation

in a digital rock to estimate e�ective elastic properties. Subsequently, we use matrix-free

and parallel computing strategies from our previous studies, such as Lopes et al. [17] and

Bez et al. [18], as well as [19, 20, 21]. These strategies are capable of simulating physical

phenomena using digital images with more than 108 degrees of freedom by using only

domestic GPUs.

More recent studies show that this research direction remains active. Faisal et al.

[22] validated numerical elastic-moduli estimates against acoustic experiments on multi-

resolution CT-scanned carbonate samples. Bucher, Zyserman, and Monachesi [23] and

Campos and Gracie [24] extended FEM-based dynamic wave propagation to coupled

porous-�uid media, reporting convergence rates for their implementations. Ichimura et

al. [25] demonstrated GPU-accelerated voxel FEM for large-scale explicit elastic wave

propagation, which corresponds to a similar computational setting addressed in this work.

1.1 Context and Motivation

Numerical simulations in dry rock environments serve as a crucial initial step toward

conducting analyses at reservoir pressure conditions with �uids. This preliminary stage

gives useful information on the structural and mechanical properties of the rock formation

and provides the basis for the subsequent simulations that include �uid dynamics. Such a

progressive approach ensures a comprehensive and accurate representation of real-world

scenarios, aiding in the optimization of well performance and the assessment of potential

reservoir challenges.

In Lopes et al. [19], the improved performance in GPU simulations was limited to

static analyses. To advance in the development of e�ective material properties, the next

step involves simulating these materials under dynamic conditions, as demonstrated in

this study. Motivated by this gap, our focus sharpens towards the development of an

e�cient time-domain image-based �nite element solver for UPT simulations in digital dry

rocks. Inspired by the state of the art of matrix-free and parallel computing strategies, we

aspire to make this technology accessible to every researcher, rendering it feasible even on

domestic GPUs for simulations with degrees of freedom exceeding 108.
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1.2 Goals

This work aims to develop an e�cient time-domain image-based �nite element solver to

perform the UPT test on large rock images acquired via� CT. Certainly, incorporating

parallel computing using GPU into the implementation is a crucial aspect, particularly for

enhancing the e�ciency of complex porous media simulations that model only the solid

phase. As the GPU memory is relatively smaller than the CPU, matrix-free methods such

as Element-by-Element (EbE) approach will also be employed. These techniques aim to

minimize memory usage and facilitate the handling of large-scale models.

The speci�c goals of this study include:

1. Development of a robust algorithm that generates a structured �nite element mesh

of the solid phase of porous media and performs the UPT test on the CPU. This

algorithm incorporates optimization schemes to increase the computational e�ciency

of the dynamic solver based on NVIDIA's Compute Uni�ed Device Architecture

(CUDA) without compromising accuracy. The tool was designed with an emphasis

on usability, requiring minimal computational expertise to con�gure and run. This

design choice allows researchers to spend more time analyzing simulations than on

the technical aspects of the tool.

2. Validate the proposed solver against known analytical solutions, experimental data,

or established numerical benchmarks to assess the accuracy and reliability of the

developed solver. Perform sensitivity analyses to explore how variations in ultrasonic

pulse and time step parameters in�uence the calculated elastic properties. This will

provide insights into the behavior of porous media models and help identify critical

factors in�uencing predictions.

3. Apply the developed solver to real-world case studies involving diverse porous media.

This includes� CT images of sandstones and carbonates. Compare the e�ective wave

velocities estimated by the proposed dynamic solver against those obtained by the

static image-based �nite element solver [19]. Highlight the strengths and weaknesses

of the proposed solver.

4. Develop and implement multiple solver modes that progressively exploit parallel

computing resources: a serial CPU baseline (C, single-thread), a shared-memory

parallel CPU version using OpenMP, and two CUDA GPU solvers. The �rst GPU

solver uses a global Degree of Freedom Map (DOFMAP), while the second utilizes an
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element-wise strategy to avoid storing the full DOFMAP, reducing memory pressure

for large-scale models. Both GPU implementations follow a host-orchestrated, device-

dominant execution model, in which DOF mapping, lumped mass computation, and

the full leapfrog time-marching loop are executed on the GPU, minimizing CPU-GPU

data transfers.

5. Benchmark the parallel implementation against the serial version to quantify the

speed-up achieved through parallelization. This comparison will provide insights

and identify any potential bottlenecks in the e�ectiveness of parallel computing in

the context of the proposed time-domain image-based Finite Element Method.

By achieving these goals, this research aims to contribute to the advancement of e�cient

and accurate computational tools for predicting elastic properties in large porous media

models, with potential applications in geosciences, materials science, and engineering.

1.3 Organization

In what follows, we present in Chapter 2 the literature review about elastic properties in

porous media, ultrasonic pulse transmission technique, and digital rock physics. Chapter 3

describes the mathematical formulation used for modeling the ultrasonic pulse transmission

in time domain through image-based �nite element. Then, in Chapter 4, we show the

proposal algorithms and describe the implementations. In Chapter 5, we present the

benchmarks, validations, and results for real cases. Finally, in Chapter 6 we present our

conclusions and propose future works.



2 Literature Review

2.1 Elastic Properties of Porous Media

Elastic properties are key parameters used to characterize the mechanical behavior of porous

media, including rocks. From a macroscopic perspective, diverse factors in�uence the

elastic e�ective properties of porous media, including porosity, mineralogical composition,

pore geometry, and �uid saturation. Notably, among these factors, porosity and pore

geometry are the most critical factors that control the elastic behavior of porous media

[26], which is the main cause of variation in e�ective properties within a speci�c porosity

lies in changes in pore geometry.

When studying the e�ective properties of random heterogeneous media, like porous

materials, researchers have the option to utilize variational approaches and approximations,

as discussed in [27]. Additionally, the paper review by Torquato [28] sheds light on

signi�cant advancements in determining and calculating improved bounds for the e�ective

properties of random heterogeneous media, with a particular emphasis on elasticity.

Regarding experimental tests for the determination of e�ective elastic properties of

porous media, we have to de�ne two categories based on how they acquire them: static

and dynamic. The static computations of e�ective elastic properties are obtained from

experiments focused on sample deformation under loading. In contrast, dynamic elastic

properties are derived from measurements of longitudinal waves, shear waves, and sample

density. The research conducted by [29] involving 174 laboratory measurements of igneous

and metamorphic rocks' static and dynamic elastic properties indicated that dynamic

values were generally greater than static values and exhibited a strong linear correlation

suitable for regression analysis.

A linear correlation between static and dynamic elastic properties has been reported for

certain rock types, notably by B. Belikov and Rysova [30], Nur and Wang [31], and Brotons

et al. [32], among others [33, 34, 35, 36]. On the other hand, non-linear relationships have
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also been proposed, e.g., by Lacy [37] and Najibi et al. [38], together with [33, 36, 39, 40].

Regardless of the approach adopted, Davarpanah, Ván, and Vásárhelyi [41] attributed

the discrepancies between static and dynamic values to grain boundaries and microcracks.

Finally, another possible explanation for the discrepancies is the order of strain magnitude.

The strain magnitude for static measurements is 10�2 , whereas the strain magnitude due

to elastic wave propagation is 10�7 , as suggested by Mavko, Mukerji, and Dvorkin [2].

A comprehensive review contrasting static and dynamic numerical methodologies for

computing e�ective elastic properties of porous media is provided by Saenger [7]. The

author demonstrates that static FEM approaches, through the application of distinct

boundary conditions (Dirichlet for upper bounds and Neumann for lower bounds), bracket

the e�ective elastic moduli, while dynamic wave velocity transmission methods yield

e�ective properties representative of speci�c frequency regimes. Both methodologies are

complementary: static approaches are best suited for establishing rigorous bounds, whereas

dynamic simulations provide a closer analogue to laboratory ultrasonic measurements.

Their numerical discrepancy can be traced to the same strain-magnitude e�ect observed in

experiments, since static computations operate at �nite deformation levels while dynamic

simulations correspond to in�nitesimally small elastic perturbations.

In this thesis, we aim to explore the literature gaps of static and dynamic elastic prop-

erties in numerical simulations. Acknowledging porosity and pore geometry, we recognize

the necessity for a more detailed examination of speci�c pore structure characteristics

using digital images of rock samples and numerical simulations. Additionally, we explore

the examination of factors in�uencing dynamics analysis, such as the frequency range in

measurements.

2.2 Ultrasonic Pulse Transmission Technique

The porous medium can be characterized by both its Young's modulusE and Poisson's

ratio � , as well as by P-wave velocity (VP ) and S-wave velocity (VS). The relationship

between these properties is explained in Appendix A. In geotechnical and civil engineering,

various experimental techniques are available to measure the P- and S-waves of porous

media in �elds or laboratories, such as ultrasonic measurements. For small rock samples,

ultrasonic techniques (Figure 2) are highly bene�cial as they are non-invasive, adaptable,

and pro�cient in providing reliable measurements of P- and S-wave velocities of porous

media.
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An initial reference for laboratory and �eld tests in rock mechanics can be found in

[42]. Following that, the American Society for Testing and Materials (ASTM) 1984 [4]

and the International Society for Rock Mechanics (ISRM) 1981 [5] established standards

for performing UPT testing on rock samples. Over the last decade, ISRM 2015 [43]

upgraded the guidelines for predicting dynamic elastic constants based on laboratory test

results. Speci�cally, this updated suggested method re�ned the experimental procedures for

characterizing transverse isotropy in rock cores, standardizing sensor coupling techniques

and frequency selection to minimize wave dispersion during ultrasonic pulse transmission.

The UPT, as in Figure 2, consists of measuring the travel time of P- or S-waves through

a sample of lengthL. This method employs a pair of transducers (transmitter�receiver)

to measure the time elapsed between wave emission and arrival. In certain contexts, an

oscilloscope can provide a visual representation of the waveform. Finally, the velocity of

P- and S-waves can be calculated using the equationsVP = L=tP and VS = L=tS, where

tP and tS denote the travel times for P- and S-waves, respectively.

Figure 2: Laboratory setup for ultrasonic pulse transmission showing transmitter and
receiver transducers, time measurement display on oscilloscope, and calculation of seismic
wave velocities through a rock sample.

Over time, numerous researchers have published articles examining the correlation

between wave velocity and elastic properties in a wide range of rock samples. Early studies

established this relationship for igneous and sedimentary rocks, notably by Birch [44] and

Deere and Miller [45], together with related contributions [46, 47, 48]. This empirical basis

was later extended to anisotropic and metamorphic rocks by Barruol and Kern [49] and

Kern [50], as well as [51, 52]. More recently, similar correlations have been applied to the

engineering classi�cation of building stones, as demonstrated by Kahraman [53] and Yasar

and Erdogan [54], alongside [55, 56, 57]. Researchers have also been exploring new ways

to use the capabilities of UPT techniques for determining rock properties. Some of these

methodologies consist of the utilization of alternative instruments and methodologies that

can provide supplementary insights into the characteristics of rocks in di�erent contexts.
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In their study, Pimienta et al. [58] conducted experiments using a pressure vessel in

dry and �uid-saturated conditions to measure simultaneously ultrasonic wave velocity and

electrical resistivity in rocks. On the other hand, researchers such as [59, 60, 61, 62] have

made use of methods including micro-scale X-ray computed tomography (� CT) and ultra-

sonic testing to comprehend the material microstructure better and establish relationships

between wave propagation and pore geometry. In this context, a signi�cant application

of � CT related to wave propagation lies in the generation of digital representations of

rock samples, followed by numerical simulations. The use of high-resolution imaging and

numerical simulations is commonly known as Digital Rock Physics and holds a crucial

role in �elds such as the oil and gas industry, geology, and reservoir engineering.

This thesis intends to showcase that the use of DRP is an important tool for calculating

the e�ective elastic properties of porous media, and that computer simulation allows for a

better understanding of material porosity and structure.

2.3 Digital Rock Physics and Ultrasonic Pulse Transmission

DRP is a �eld that integrates digital imaging and computational modeling to analyze

and interpret rock properties at a microscopic level. The DRP process comprises various

steps, which may di�er depending on the study's goals. However, the process includes rock

sampling, sample digitization, image segmentation, rock geometry modeling, and physical

property simulation for many applications. An example of these steps can be observed in

the work�ow of Figure 3, which presents the approach to measuring the P- and S-waves

of porous media using DRP and experimental tests. It is important to emphasize that,

despite the experimental determination being described in only one step, the experimental

process presents various challenges such as signal attenuation, signal scattering, coupling

issues, surface roughness, temperature sensitivity, frequency selection, calibration issues,

interference, among others.

During the 1980s, there was a growing interest in sample digitization using� CT for

studying di�erent materials. In particular, Flannery et al. [6] conducted pioneering work

on the microtomography technique in sandstone at 8 keV to distinguish slight di�erences

in density and to selectively map the spatial distribution. Over the years, scientists and

researchers have made signi�cant progress in developing advanced techniques for digitizing

samples [63, 64, 65] and simulating porous media [66, 67, 14]. These achievements played

a critical role in enhancing our comprehension of the microstructure of porous media and
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Figure 3: Work�ow showing the integration of digital rock physics and laboratory testing:
from sample digitization via � CT imaging, image processing and segmentation, numerical
simulation of ultrasonic wave propagation, to experimental velocity determination.

its impact on the comprehension of elastic properties.

The evolution of knowledge in DRP and UPT can be traced back to the pioneering work

of researchers such as Saenger and Bohlen [68]. Their study simulated wave propagation

in an anisotropic and viscoelastic medium using the FDM. The work enabled the modeling

of complex media with high-contrast discontinuities. In [9], the e�ective elastic properties

of a Fontainebleau sandstone were calculated using wave propagation and the results were

compared with a static �nite-element approach. The DRP approach used to compute

the e�ective elastic properties of porous media is similar to the experimental strategy

depicted in Figure 2 and was explained in [10, 8, 11, 12, 13]. In the numerical model, the

solid regions are assigned the elastic properties of the grain material, while free boundary

conditions are applied to the porous regions. The simulation is performed by propagating

a P- or S-wave parallel to the transducer pair. Regarding the pulse shape, Andrä et al.

[14] used a Gaussian pulse and Periodic Boundary Conditions (PBCs), ensuring a smooth

and continuous signal. These same waveforms and boundary conditions will also be

implemented in the present work.

Studies such as Andrä et al. [14] were conducted to investigate the e�ectiveness of
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DRP in wave propagation. These studies compared experimental results in sandstone with

numerical outcomes. One of the most signi�cant �ndings of these studies was that DRP

produced rock-physics patterns that were highly consistent with laboratory observations

on a large scale. This suggests that DRP is a promising tool for accurately predicting the

e�ective elastic properties of porous media. On the other hand, the study was limited

in the dynamic elasticity analysis to images of 400³ voxels. Larger images were reduced

through resampling to a coarsened sample due to limitation of computational resources.

It has been shown by Faisal et al. [22] that numerical and experimental results can also

be compared in the case of carbonates. However, there were limitations in the size of

wave propagation models to 648³ voxels even using High-Performance Computing (HPC).

In Saenger, Krüger, and Shapiro [8], the large-scale computer CRAY T3E with MPI

implementation was employed primarily due to RAM and CPU usage constraints. The

maximum model analyzed in their study is limited to 400³ voxels. This means that

researchers and engineers had to develop simulation strategies using parallel computing

techniques [13]. Nevertheless, there is still a signi�cant need for improved algorithms that

can generate more e�cient simulations by handling larger models in reduced time.

In this study, we employed several strategies to determine the e�ective elastic properties

of digital porous media by utilizing the UPT technique with the FEM. The �rst distinctive

approach in this work is the modeling of only the solid phase using the image-based method.

This approach, successfully employed in Vianna et al. [16], allows for greater model control

and reduced memory consumption, making it feasible for large-scale simulations. Moreover,

this type of problem is highly e�cient and can be applied in both serial and parallel

computing environments. Additionally, the implementation of this work will make use of

matrix-free techniques such as EbE and Node-by-Node (NbN) methods [17, 19]. The EbE

and NbN methods change the process of storing a large sparse matrix, by the process of

computing a matrix-vector product at each step of the solution using an element map and

a node map, respectively. These techniques allow further reduction for both memory usage

reduction in serial and parallel environments and non-concurrency in parallel settings.

The results of the present study are valuable for several applications, including oil and gas

exploration, geothermal energy, and civil engineering.



3 Mathematical Modeling

The investigation of P- and S-waves, also known as primary and secondary waves, facilitates

our comprehension of material properties in porous media. P-waves transmit variations in

pressure, while S-waves trigger displacements perpendicular to the direction of propagation.

By analyzing di�erences in P- and S-wave velocities using the FEM,� CT images, and

UPT, it is possible to uncover information about porosity, �uid saturation, and spatial

distribution [2]. This powerful combination of methods is signi�cant for applications

such as aquifers, oil �elds, sedimentary rocks, and several other geological and industrial

scenarios [31, 2].

3.1 Theory of Wave Propagation in Elastic Media

In this section, we will explore the underlying principles of wave propagation in elastic media,

speci�cally P- and S-waves. These waves result from mechanical disturbances and govern

these complex dynamic phenomena. The underlying mathematical and physical principles

is presented as a foundation for further analysis. Understanding the characteristics and

behavior of P- and S-waves is essential for investigations in porous media.

The P-wave is similar to how acoustic waves travel through �uids. The wave moves

through the material's interior with a phase velocity represented byVP (Figure 4) and

is characterized by particle motion that results in pure dilatation. This means that

the particles in the rock are compressed and expanded in the direction of the wave's

propagation. Because of this motion, the P-wave is the fastest seismic wave and the �rst

to arrive at an observation point. On the other hand, the S-wave involves shear motions of

particles perpendicular to their direction of propagation, as shown in Figure 5. Similar to

the P-wave, the S-wave travels through space, but its phase velocityVS is generally lower

than VP . The S-wave can be further divided into two components: the SV-wave and the

SH-wave. The H and V represent horizontal and vertical directions, respectively, referring

to the particle motion's orientation in Cartesian coordinates [2]. It is worth mentioning
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that when encountering a free surface or an interface between two materials, a partial

transition between P-waves and S-waves, and vice versa, may occur.

Figure 4: Plane P-wave with particle motion parallel to the direction of propagation. The
wave causes compressional deformation as it travels through the medium.

Figure 5: Plane S-wave with particle motion perpendicular to the direction of propagation.
The transverse motion causes shear deformation in the medium, typically arriving after
P-waves with lower phase velocity.

One of the mathematical models used to describe the behavior of a continuous medium

under the in�uence of external forces is the Cauchy equation of motion. The equation is

based on the principles of conservation of linear momentum and angular momentum to

establish a relationship between the forces acting on a body and the resulting motion of

that body [69, 70]. In an in�nite elastic domain 
 the Cauchy equation of motion can be

expressed as follows:

� ij;j + �b i = �•u i ; (3.1)

where� ij is the Cauchy stress tensor,� is the mass density,bi expressing the body forces

per unit mass,ui are the components of the displacement �eld, and•u i are the second
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partial derivative of displacement �eld to time, indicating the acceleration of the material

points. Notably, no assumptions regarding material behavior have been made up to this

point.

Assuming that the material is considered linear elastic with small deformations, the

generalized Hooke's law can be used to express the stress in terms of the strains:

� ij = C ijkl � kl ; (3.2)

where Cijkl is the sti�ness tensor, and �kl is the in�nitesimal strain tensor by

� ij =
1
2

(u i;j + u j;i ) : (3.3)

Further, using the constitutive Equation 3.2, the compatibility Equation 3.3, the

natural symmetry of the Cauchy stress tensor, and the symmetry of the strain tensor we

can rewrite the Cauchy stress tensor as

� ij = �� ij � kk + 2�� ij ; (3.4)

where� and � are Lamé's �rst and second elasticity constants, and� ij is the Kronecker

delta.

For the linear elastic homogeneous isotropic medium, and assuming zero body forces

(bi = 0) as is typical for high-frequency wave propagation, the Cauchy equation of motion

reduces to the Navier equations,

(� + �)u j;ij + �u i;jj = �•u i ; (3.5)

where, for isotropic linear elasticity,

� =
�E

(1 + �)(1 � 2�)
; � =

E
2(1 + �)

; (3.6)

whereE is the Young's modulus and� is the Poisson's ratio. As described, the Navier

equations are essential for performing numerical simulations in this work and will be

further explored in the next sections.

It is also possible to de�ne the P- and S-wave velocities by using the Equation 3.5 for
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a continuous elastic medium by taking the divergence and rotational, rearranging, and

substituting terms that involve repeated indices [2] reducing the equation to

ui;ijj =
1

V 2
P

•u i;i ; VP =

s
� + 2�

�
; (3.7)

where ui denotes the components of the displacement �eld,

! i;jj =
1

V 2
S

•! i ; VS =
r

�
�

; (3.8)

! i =
1
2

" ijk uk;j ; (3.9)

where ! i is the rotation of the displacement �eld and" ijk is the permutation symbol.

However, for highly heterogeneous porous media derived from� CT imaging, simple

analytical formulas are insu�cient to capture the true dynamic response. While e�ective

medium theories exist, the complex microstructural geometry makes it challenging to

accurately derive wave velocities mathematically without idealized assumptions. Instead,

this work relies on the Navier equation (Equation 3.5) to perform numerical simulations

of UPT on the exact micro-geometry, thereby estimating these e�ective wave velocities

accurately.

3.2 Finite Element Method

The FEM applied in this work is highly suitable for performing elastodynamic simulations

in the time domain. It is well known that the �exibility of the FEM makes it a popular

choice for modeling complex geometries in porous media under dynamic conditions [71].

To handle the massive scale of e�ective properties problems, where meshes frequently

reach millions of degrees of freedom (DOF), the traditional FEM approach would require a

prohibitive amount of computational memory to store the data. Thus, using the strategies

introduced by advanced image-based methods, we implement highly e�cient solvers focused

on the elimination of global matrix assembly (assembly-free), which enables reduction in

memory usage and facilitates parallelization on GPU architectures.
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3.2.1 Formulation

The foundation of our numerical approach relies on the transformation of the continu-

ous strong form of the governing partial di�erential equations into an equivalent weak

formulation. The classic �nite element literature provides a thorough explanation of these

basic variational procedures [72, 70]. Speci�cally, the weak form of the Navier equation

(Equation 3.5) is obtained by multiplying the equation by a test (weighting) function,

denoted�u i , and integrating over the domain 
, yielding the integral weak formulation,

expressed as

Z



�u i ((� + �)u j;ij + �u i;jj � �•u i )d
 = 0 : (3.10)

In FEM, the domain is divided into smaller parts called elements. Piece-wise polynomial

functions are used to approximate the displacement inside each element and, following

the Galerkin method adopted in this work, the same functions are used as the weighting

functions �u i . In the present work, tri-linear shape functions are adopted, consistent

with the eight-node hexahedral (voxel) element formulation detailed in Section 3.4. By

incorporating boundary conditions and performing numerical integration over each element,

a system of linear algebraic equations for nodal displacements can be derived. This results

in the �nal FEM form of the equation of motion for the entire domain,

Ku + M•u = F (3.11)

or

•u = M �1 (F � Ku) ; (3.12)

where u and •u are the global displacement and acceleration vectors, respectively. The

global sti�ness and mass matrices are K and M, while the global nodal forces vector is F.

These are de�ned as

K =
NelemX

e=1

Z


 e

B T CB d
 ; (3.13)

M =
NelemX

e=1

Z


 e

�N T N d
 ; (3.14)
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F =
NelemX

e=1

Z

� e

N T t d� ; (3.15)

C =

2

6
6
6
6
6
6
6
6
6
6
4

� + 2� � � 0 0 0

� � + 2� � 0 0 0

� � � + 2� 0 0 0

0 0 0 � 0 0

0 0 0 0 � 0

0 0 0 0 0 �

3

7
7
7
7
7
7
7
7
7
7
5

: (3.16)

In the above equations, the summation includes the assembly ofNelem elements in the

domain. The matrix N is the tri-linear shape functions, B is the strain-displacement matrix

containing the spatial derivatives of N, 
 e and � e are the volume and boundary of element

e, t is the boundary traction vector, and C is the elasticity matrix for a homogeneous

isotropic material in 3D.

3.2.2 Assembly-Free and Stiffness-Displacement Product

The explicit assembly and storage of the global sti�ness matrix K represent limiting factors

that frequently render the simulation of large-scale RVEs unfeasible, quickly exhausting

the available computational memory [70]. The matrix K is traditionally obtained by

assembling the contributions of the local sti�ness matrix ke of each elemente, such that:

K =
NelemX

e=1

A T
e keA e ; (3.17)

with

ke =
Z


 e

B T
e CeB e d
 ; (3.18)

where Ae is the Boolean connectivity matrix that maps the global degrees of freedom

to the local ones, Be is the element strain-displacement matrix, and Ce is the element

elasticity matrix.

To mitigate this memory bottleneck, the present implementation adopts a strategy

based on the EbE technique, a consolidated paradigm for bypassing storage constraints

in large-scale FEM computations, as seen in Vianna et al. [16] and Lopes et al. [73,
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19]. In this context, the present thesis utilizes an assembly-free strategy to compute the

sti�ness-displacement product v = Ku de�ned in Equation 3.11. Leveraging the algebraic

properties of the assembly operator, the global product is rewritten and evaluated strictly

as the superposition of local products:

v =
NelemX

e=1

A T
e (k eue) ; (3.19)

where ue = A eu represents the gather operation of the local displacement vector from the

global vector. In Section 3.4, further considerations regarding the optimization of this

mapping procedure will be addressed.

Instead of allocating the global data structure for K, the algorithm iterates directly

over each �nite element of the domain. During this execution, the local internal force

vector ve = k eue is evaluated and mapped to the corresponding global degrees of freedom

on-the-�y through the scatter operation represented by ATe . These internal forces are

accumulated directly into the global vector v (programmatically represented asKU). This

approach overcome the massive memory allocation inherent to structuring global sparse

matrices.

Consequently, the localized nature of the matrix-vector computation provides an ideal

mathematical framework for massively parallel execution using CUDA. Addressing the

limitations of existing implementations, this work introduces a novel, purpose-built CUDA

kernel dedicated to the assembly-free evaluation of the sti�ness-displacement product in

dynamics problems. Through this formulation, the local matrix-vector multiplications are

performed completely on-the-�y, and data dependencies during the scatter operation are

resolved using atomic additions. By using the parallelism of the GPU, this approach speeds

up the solver's execution, while also avoiding the memory problems that are common in

traditional storage methods.

3.2.3 Lumped Mass Matrix and Inversion

In addition, to ensure the computational e�ciency necessary to simulate large-scale models,

this work uses lumped mass matrices [72] as opposed to the consistent mass matrices from

Equation 3.14. The lumped mass matrices decouple the equations of motion by yielding a

diagonal system, making them particularly well-suited for reducing memory usage and

computational cost in FEM models. Speci�cally, the lumped mass matrix can be written
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as

M lumped =
NelemX

e=1

� ij

Z


 e

�N d
 : (3.20)

Applying the integration de�ned in Equation 3.20 to a tri-linear hexahedral �nite

element (voxel) you obtain an exact analytical solution. Assuming the density of the

element � e is uniform across the element andVe is its volume, the mass of the element

is distributed evenly among its eight nodes. To align with the previously established

assembly-free EbE strategy, these local diagonal contributions are linked to the global

DOF through the Boolean connectivity matrices Ae. It follows, then, that the global

lumped mass matrix can be written, using the identity matrix I, as

M lumped =
NelemX

e=1

A T
e

�
� eVe

8
I
�

A e : (3.21)

It is worth noting that while lumped mass matrices may sacri�ce some accuracy

compared to consistent mass matrices, they o�er practical advantages. Although both

formulations exhibit O(n) storage complexity, wheren is the total number of degrees of

freedom. The lumped mass matrix requires less memory because only its diagonal entries

are stored. More importantly, its inversion reduces to a simple element-wise operation,

avoiding the solution of a coupled linear system.

This trade-o� between accuracy and e�ciency depends on frequency. Dispersion

analyses of the semi-discretized wave equation show that the two mass formulations

bias the numerical phase velocity in opposite directions: the consistent mass matrix

overestimates the frequency of the higher, while the lumped mass matrix underestimates

them by a similar amount [74, 75]. Marfurt [76] quanti�ed this e�ect for scalar and

elastic wave propagation, showing that mass lumping a�ects accuracy mainly in the

short-wavelength range, i.e., when few grid points are available per wavelength, and that

this e�ect is reduced once the spatial dispersion criterion of Section 3.3.2 is met. Since the

source spectrum adopted in this work satis�esNmin � 30, the additional dispersion error

introduced by mass lumping is expected to remain within the accuracy already set by the

spatial discretization, in exchange for the memory and computational savings described

above.

The solver implemented re�ects the logic presented in Algorithm 1: the mass of

each voxel is computed by the product of the material density and the element volume.
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Subsequently, the mass fractions are assigned to the mapped DOFs of the element using the

parallelism of the GPU. Finally, the matrix inversion is resolved by computing the reciprocal

of each non-zero diagonal element, maximizing computational throughput through GPU

parallelization.

Algorithm 1 Lumped Mass Assembly
Input: DOFMAP, image, materialInfo, �L
Output: M �1

1: V  �L 3 . Compute voxel volume
2: w  1

8 . Compute node weight
3: for k  0 to n materials � 1 do . Compute mass for each material
4: voxelMass[k]  materialInfo[k] � V
5: end for
6: for e  0 to n elem � 1 do . Compute lumped mass matrix
7: if image[e] 6= poro then
8: me  voxelMass[image[e]] � w
9: for i  0 to 7 do . Iterate over 8 nodes

10: d  DOFMAP[e � 8 + i]
11: M[d]  M[d] + m e

12: end for
13: end if
14: end for
15: for i  0 to n nodes � 1 do . Invert non-zero entries of M
16: if M[i] 6= 0 then
17: M �1 [i]  1:0

M[i]
18: end if
19: end for

3.3 Stability and Accuracy of the Numerical Scheme

To ensure the reliability of the elastodynamic simulations, the numerical scheme must

satisfy two fundamental criteria: temporal stability and spatial accuracy. While the

stability condition prevents the numerical solution from diverging over time, the accuracy

criterion ensures that the spatial discretization is �ne enough to represent the physical

phenomena without signi�cant distortion. The following subsections detail the Leap-Frog

method's stability limits and the requirements for suppressing numerical dispersion.

3.3.1 Explicit Method and the Critical Time Step

The Leap-Frog explicit method, closely related to the Verlet scheme [77], is a numerical

integration technique used to solve ordinary di�erential equations (ODEs). It is widely
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employed in various �elds, including structural mechanics and earthquake engineering,

to describe the motion response of structures subjected to dynamic loads. The Leap-

Frog scheme works by dividing time into discrete steps and estimating the velocity and

displacement at each time step. It uses a straightforward midpoint rule to estimate the

velocity and displacement at half-step intervals, making it computationally e�cient as

compared to an implicit Newmark method. At each increment, the stable algorithm does

not require complex iterations to update the velocity and displacement using force-induced

acceleration. The equations for velocity and displacement, respectively, can be written as

_u(t + �t=2) = _u(t � �t=2) + •u(t)�t ; (3.22)

u(t + �t) = u(t) + _u(t + �t=2)�t ; (3.23)

where •u(t) is the acceleration at timet, _u(t) is the velocity, u(t) is the displacement, and

�t is the time step size.

The Newmark method is a more accurate numerical integration technique than the

Leap-Frog scheme for problems with strong nonlinearities or large excitations. On the

other hand, the explicit method is particularly well-suited to linear elastodynamics models

due to the Leap-Frog scheme being a symplectic integration method. This implies that it

can conserve the energy of the system over extended periods.

Furthermore, it is necessary to �nd a certain critical time step for the stability of the

Leap-Frog scheme. According to O'Sullivan and Bray [78], the critical time step in a linear

undamped system is the relationship given by:

�t � �t cr =
2

! max
; (3.24)

where � tcr is the critical time step and ! max is the highest frequency in the smallest

element. This condition ensures that the numerical solution does not propagate too quickly,

avoiding instabilities and providing a stable and accurate numerical solution.

In wave propagation problem [69], for a regular mesh composed of 2D square elements

and assuming small deformations of elements is possible to use the CFL condition [79],

also known as the Courant�Friedrichs�Lewy condition, to compute the critical time step:



3.3 Stability and Accuracy of the Numerical Scheme 33

�t � �t cr =
�L
VP

; (3.25)

CFL �
VP �t
�L

� 1 ; (3.26)

where � L is the square element size andVP is the velocity of the propagation wave in the

media.

When analyzing a model with a regular mesh and multiple materials in three dimensions,

since all elements share the same size �L, the critical time step depends solely on the

material-speci�c wave velocity VP (Equation 3.26). Therefore, it is more e�cient to

evaluate � tcr once for each material present in the model instead of once for each element

of the mesh, and the global time step adopted in the simulation is set as the minimum

among these material-speci�c critical values.

3.3.2 Spatial Dispersion Criterion

While the CFL condition (Equation 3.26) ensures temporal stability by preventing infor-

mation from traveling more than one element per time step, it does not guarantee the

faithful representation of the wave's spatial pro�le. An insu�cient number of grid points

per wavelength causes numerical dispersion: the simulated wave travels at an arti�cially

altered phase velocity, introducing systematic errors in the e�ective-velocity estimates

extracted from the sensor signals.

Based on the accuracy assessment conducted by Bohlen and Saenger [80] for staggered-

grid �nite-di�erence methods, which can be analogously applied to voxel-based FEM, the

spatial dispersion condition sets a limit on the maximum size of the elements:

�L �
� min

Nmin
=

VS; min

f max Nmin
; (3.27)

where� min = VS; min =fmax is the minimum wavelength, governed by the slowest wave speed

VS; min and the maximum frequency componentf max of the source pulse (see Appendix C),

and Nmin is the minimum number of grid points per wavelength required for acceptable

accuracy. For planar free surfaces aligned with the grid,Nmin � 15�30 is typically su�cient

[80]. For irregular pore�grain interfaces of the type present in� CT-derived rock images,

adopting Nmin � 30 is recommended to reliably suppress dispersion artifacts.
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In this work, the source peak frequencyf 0 and the time step � t are chosen such

that both the CFL stability criterion (Equation 3.26) and the spatial dispersion criterion

(Equation 3.27) are simultaneously satis�ed, ensuring that the computed e�ective velocities

are free from signi�cant dispersion-induced bias.

3.4 Image-Based Finite Element Modeling

FEM is a numerical technique composed of two key processes: modeling and simulation.

These processes are divided into multiple steps, including problem de�nition, discretization,

formulation of governing equations, assembly, solution, and post-processing. It is important

to recognize that any alterations made within these steps can have an impact on the

expected results of FEM. In order to e�ectively model and simulate the UPT using FEM,

it is imperative to consider certain critical observations and adjustments.

In this work, similar to the works of Vianna et al. [16] and Lopes et al. [19], only one

phase of the porous medium (solid or pores) will be modeled using FEM. As the interest

of this work is to perform the UPT, only the solid part (heterogeneous medium composed

of multiple materials) is modeled in dry rock condition. This choice helps reduce the

amount of stored data and computation costs in di�erent parts of the algorithm. The

interface between the solid part and the pores will be treated as free surfaces with Neumann

boundary conditions. Moreover, each solid element will be considered homogeneous and

isotropic. Regarding the domain discretization, we will adopt the image-based strategy

[16], wherein each pixel or voxel in the� CT image corresponds to a respective FEM

element, quadrilateral element in 2D and a hexahedral element in 3D. Since the mapping

of the �nite element with the image is straightforward, there is no need for the use of any

mesh generation algorithms or the storage of node coordinate values. As all elements have

the same geometry, it is also possible to analytically precompute and store (see Appendix

B) only one sti�ness and mass matrix per material. Then again, reducing storage and

setup costs compared to structured mesh approaches. For a regular hexahedral element

(voxel) with side length � L and three displacement degrees of freedom per node, the local

sti�ness matrix k e is a 24� 24 symmetric matrix. Its entries depend solely on the Lamé

parameters� and � of the material (Equation 3.6) and on the element volumeVe = � L3,

and are obtained by analytical integration of the product BT CB over the element domain,

as detailed in Appendix B.
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3.4.1 Element and Node Mapping

The process of numbering elements and nodes after reading a� CT image involves following

a speci�c order. This order is determined by a top-to-bottom, left-to-right approach as

seen in Figure 6 for a 2D image. This means that the numbering starts at the �rst element

from the top left corner and proceeds to the bottom right corner of the image at the last

solid element. By following this systematic approach, each node and element is accurately

labeled with a unique number, making it easier to access and compute the contributions

of each element.

Figure 6: Example of element and node mapping in image-based porous media.

The three-dimensional image domain map for each element at grid position (ex ; ey; ez)

is assigned a linear index

e = ex + n x ey + n x ny ez

ex = e mod nx

ey =
�

e mod (nxny)
nx

�

ez =
�

e
nxny

�
;

(3.28)

wheree is the element index,nx ; ny and nz are the domain dimensions in thex-, y- and

z-directions. The operatora mod bdenotes the remainder of the integer division ofa by b,

while b�c denotes the �oor function, which returns the greatest integer less than or equal

to its argument.



3.4 Image-Based Finite Element Modeling 36

For the node, the equation is given by:

node = ix + (n x + 1) i y + (n x + 1)(n y + 1) i z

i x = e mod (nx + 1)

i y =
�

e mod ((nx + 1)(n y + 1))
(nx + 1)

�

i z =
�

e
(nx + 1)(n y + 1)

�
:

(3.29)

where (i x ; i y; i z) are the discrete grid coordinates corresponding to the global node index

node.

Equations 3.28 and 3.29 enable an individualized mapping of both elements and nodes.

This feature is fundamental to the parallel computing strategies employed in this thesis, as

it ensures that each node or element possesses the necessary local information to perform

FEM independently. This data self-su�ciency forms the foundation for the various solvers

implemented in this work. Regarding node mapping, this thesis presents two distinct

approaches that dictate the total number of DOF within the models: Direct Node Mapping

and Active Node Mapping. Considerations regarding the amount of memory saved with

the two approaches will be reported in Section 4.2.

3.4.2 Direct Node Mapping

The implementation of the Direct Node Mapping (DNM) represents the most conservative

strategy in terms of computational feasibility for image-based simulations. By using the

algebraic relations de�ned in Equation 3.28, the global connectivity can be determined

algorithmically on-the-�y solely from the linear index of the element. This approach

not only eliminates the need to store an explicit connectivity vector, but also improves

performance on parallel computing architectures (such as GPUs), where the primary

bottleneck is often memory access rather than arithmetic operations. However, for complex

porous geometries, nodes are unnecessarily introduced within pore regions, leading to an

increase in the number of DOFs and, consequently, in the overall memory requirements of

the model.
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Figure 7: Schematic representation of the local numbering of nodes in a 3D voxel element.

Based on the grid position (ex ; ey; ez) of an elemente, the eight nodes that de�ne the

element are identi�ed according to the topology shown in Figure 7. The mapping follows

the rule de�ned by the system of equations

Nw = e + e y + ez(nx + n y + 1)

Sw = Nw + n x + 1

Se = Nw + n x + 2

Ne = Nw + 1

Nwb = Nw + (n x + 1)(n y + 1)

Swb = Sw + (n x + 1)(n y + 1)

Seb = Se + (nx + 1)(n y + 1)

Neb = Ne + (n x + 1)(n y + 1) :

(3.30)

The element nodes are named according to their relative position in the local coordinate

system, where Nw, Ne, Sw, and Se denote the North-West, North-East, South-West, and

South-East nodes on the front face, respectively, while the su�x b (back) indicates the

corresponding nodes located on the back face of the element along the z-direction,
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nnodes = (n x + 1)(n y + 1)(n z + 1)

DOFtotal = n nodes � DOF node; where DOFnode =

8
<

:

2; for 2D images

3; for 3D images.

(3.31)

3.4.3 Active Node Mapping

The Active Node Mapping (ANM) algorithm plays a fundamental role in the preprocessing

phase in the simulations presented in this thesis. In contrast to DNM, in which all nodes

are considered, this algorithm employs a selective strategy based on the spatial distribution

of material phases (solid vs. pore). This approach is essential for reducing the total number

of DOF in porous media models. The strategy consists in evaluating nodal connectivity

and label the nodes as: active or inactive. A node is classi�ed as active if it is associated

with at least one solid element. Conversely, inactive nodes are those exclusively adjacent

to pore elements. This methodology aligns with the approach proposed by Vianna et al.

[16]. The �nal output of this algorithm is a mapping vector containing only the nodes

required for the FEM assembly, as illustrated in Figure 8. Currently, this is an iterative

serial process shown in the Figure 9 and has not been parallelized.

Figure 8: Example of active node mapping in image-based porous media: (a) direct node
mapping; (b) active node mapping; and (c) vector with active nodes mapped.

The procedure operates iteratively over the complete set of nodes, denoted by nnodes,

and performs three critical steps for each node: (i) reconstruction of topological coordinates,



3.4 Image-Based Finite Element Modeling 39

(ii) material classi�cation based on neighborhood information, and (iii) application of

periodic boundary conditions.

(i) Topological Reconstruction and Neighborhood Identi�cation: Iterating

through all the nodes of the model, the algorithm �rst decomposes using Equation 3.29

the global node index (node) into discrete coordinates (i x ; i y; i z) corresponding to thex, y,

and z directions. This decomposition enables the identi�cation of adjacent elements that

share the node under consideration. The algorithm computes the linear indices of up to

eight neighboring elements (NE, NW, SE, and SW quadrants, both on the front and back

slices), while properly handling domain boundary cases.

(ii) Material Classi�cation (Solid vs. Pore): The decision to include a node

in the active mapping is based on the physical properties of its adjacent elements. A

logical inclusion criterion is employed: a node is classi�ed as active (belonging to the solid

phase) if, and only if, at least one of its neighboring elements is identi�ed as solid material.

Nodes surrounded exclusively by pore voxels are marked as inactive, thereby reducing the

dimensionality of the global system.

(iii) Periodicity and Indexing Treatment: To ensure physical continuity in Rep-

resentative Volume Element (RVE) simulations, the algorithm enforces Periodic Boundary

Conditions (Section 3.4.4).

At the end of the procedure, the total number of DOF in the system is de�ned as the

product of the number of unique solid nodes (nsolid) and the number of degrees of freedom

per node (DOFnode),

nsolid � n nodes

DOFsolid = n solid � DOF node; where DOFnode =

8
<

:

2; for 2D images

3; for 3D images.

(3.32)
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Figure 9: Flowchart of the Active Node Mapping algorithm, including periodic boundary
condition (PBC) mapping.
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3.4.4 Periodic Boundary Conditions

In image-based analysis, the Representative Volume Element (RVE) [81] is a volume

selected from the image data that captures the statistically relevant microstructural

heterogeneities of a porous medium. The RVE must be su�ciently large to include

the diversity of grains, inclusions, and pores while remaining computationally tractable.

In static computational homogenization, the boundary conditions a�ect the computed

e�ective elastic properties. This e�ect is well documented by [82, 83, 84]; Figure 10

illustrates the convergence of static e�ective properties for di�erent boundary conditions.

In particular, Nguyen et al. [85] showed that periodic boundary conditions can improve

the convergence of static homogenized properties compared with Dirichlet and Neumann

conditions.

Figure 10: Static convergence of e�ective properties: (a) di�erent volume sizes of interest;
(b) convergence of e�ective properties according to boundary conditions. Source: Adapted
from Nguyen et al. [85].

For wave propagation, representativeness is additionally frequency dependent. The

dynamic e�ective response is valid when there is a separation between the characteristic

microstructural length lmicro , the computational volume sizeL, and the shortest wavelength

contained in the excitation� min , such that lmicro � L � � min [86, 12]. Under this condition,

convergence of measuredVP and VS as L increases indicates that �nite-size e�ects are

controlled. If this condition is not satis�ed, scattering and dispersion can make the

apparent properties frequency dependent [12, 10].

The PBC allows simulating the RVE within a repeating periodic region. The volume

of interest is replicated in�nitely in the periodic directions, as illustrated in Figure 11 on

the left, thereby reducing transverse edge e�ects. In this work, PBCs are applied only to
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