
� ���������
	������������� � ���������� � � � �! #"$� % &
' (*)+��� � ,�-������/.102�
� �  3�4�5�+-��6-���78��.�9:(

;<	���� =>��-���,?� ��� � �6-�-�( ����@A��(A�

B�CEDFDHGJILKNMPOJQPR�STG�UVGJDHKFIWMPSTR�DHXZYZ[�G\KWC]S^M_MPR_`$IFRbaPIWMP[8McSZGd`febDhgLi�IWMPSTX^MPOjQkRlG\[nm�Rb[�oZXTKWMPOjQPR
SZMqp�rTC]sbG\IFDHCES^MPSTG�t^GJSTGJIWMkuTtvu]XZ[�CErZG\rZDFG$w\Rb[8R�IFG\x�XTCEDFCyKWRlo^MPIHwJCzMku�o^MPIWM�MlRPYTKWG\rZOjQPRqSZRlKF{]KFXZuER
STG|UVGJDHKFIFG}GJ[~m�RP[8oZX�KNMPOJQPRZ�

� IHCEGJr�KWMPSZRbI\�$�quEG��TMPrZSZIHG�`$uEMPDHKFCErZR�SZG�mcMPILskMPuE�ZR
m�Rkg�RbIHCEG\r�KWMPSZRbIFMT����C][8RPrZG�SZG}��CE[8M�U4MPILKWCErTD

�lC]KFGJIFePC��ZB�GJ�JG\[1YZIHR8SZG��P�P�b�T�
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��XZCEDltvC]uEC]o GlSZG�U GJu]uER8�TMPr�KFRbD

BqCEDHDFGJILKNMPOJQPR SZG U GJDLKWIFMPSZR DFXZYZ[�G\KFCES^M MPR
`�IHRbabIFMP[6M<SZG ` ebDLghi5IFMPSZX^MPOJQPR>GJ[ m�Rb[�oZX�g
KNMPOJQPR�S^M plrZC]sPGJIHDFCESZMPSZG t^GJSZG\IWMPu�tvu]XZ[8C]rZGJrTDFG
wJRb[�R IFG\x�XZCEDHC]KWR o^MPIFw\CzMPu o^MPIFM M RbYTKFGJr�g
OjQPR SZR KF{]KFXZuER SZG�U GJDLKWIHG�GJ[ m�RP[8oZX�KNMPOJQPRZ�

��oZIFR skMPS^M�o RbIJ�

`$IFRA@h�$��uEG �TMPrTSZIFG}`$uzMPDLKWC]rZR�SZG�mcMPIHskMPu]�ZR�BDCLmdghpqtvtFE `$IFGJDHCESZG\r�KWG�G

`$IFRH@ MT�d��CE[�RbrZGqSZG|��C][6M�U MPIHKFCErZD&B8CLmdghp�t t

`$IFRA@h�dmJI\uECER8KqCErZC]wJCEXTD ��G sbGJDlSZG5�qu]YZXZx�XZG\IFx�XZGLB"CLmdg�pqt t

`$IHRA@h�NM�STX^MPIFSTR6plwN�ZR�M"OcMPIHY Rb�JM.B"PQM�`vghp�t t

`$IFRA@h� i�GJIFMPuESZR"R_RbYZDHRbr U4MkKFGJXZDSB�B�m mdghp�t$U+i

�lC]KFGJIFePC��ZB�GJ�JG\[1YZIHR8SZG��P�P�b�T�
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M$DHKWM I6[8MPC]D}XT[6MVwJRbrZx�XZC]DHKWM4GJ[ [�CErZ�^M
s�CES^MVGP�fwJRb[�R KFR�S^MkD|MPD�RbXTKFIWMPD\�vr^QPRVKWG\IFCzM
w\RbrZDHGJabXZC]SZR�MPu]wjMPrTO�� g uzM�DFRb�\CErZ�TRZ��i�RbDHKWMPIFCEM}SZGqMPabIFMPSZGJw\GJI\��oZIHCE[�GJC]IFRZ��M�BqGJXZD\�Zo RbI DHGJ[�oZIFG
[�G6SZMPI|KWR�S^MPD|MPD1w\RbrZSZC]O���GJD1x�XZG*G\X oZIFG\wJC]DFR:o^MPIFM4IFGJMPuEC]�jMPI}[�GJXZD1RPY��HG\KFC]sbRPDJ�*PfMP[1Y1IJ[
aPRbDHKWMPIFCEM�SZG5MPaPIWMPSZG\wJG\I��|[�CErZ�^M @ MP[8{]uECEMT�bx�XZG�r^QPR�KWGJrT�ZR�S��Ts�CESZM1SZG�x�XZG I�M1[�GJu]�ZRbIdx�XTG
G\X*o R�SZG\IFCEM5KFGJIJ� � YTIFCEabMPSZR}o G\uzM�STGJSZC]wjMPOJQPR|GlwjMPIHCErZ�TR|x�XZGqDHGJ[�oZIFGlKWCysbGJIFMP[ wJRP[8C]abRZ��o GJuzM
G\SZXZwJMPOjQPR�x�XZG}[8G�SZG\IWMP[ G}o RbIcKFGJIFG\[ [�G�GJrZDHCEr^MPSTR6M1KWG\I_wjMPI �kKWG\IJ�

i�RbDHKWMPIFCEM�STG1MPabIFMPSZG\wJGJIlKNMP[|Y I\[~MPRbDl[8G\XZDqRbIHCEG\r�KWMPSZRbIHGJD\� ��uEG �TMPrTSZIFG|`�uEMPDHKFCErZR�G���Cyg
[�RbrZG�U4MPIHKFCErZD\�Zo GJuzM1RPo RbILKWXZrTCES^MPSTG�x�XZG5[8G�STGJIWMk[ �$� IHGjMPu]CE�jMkOjQPR1STGJDHKWM�SZCEDHDFGJILKNMPOJQPR8@ RbC
[|XZC]KFRS@ MPwJC]uECyKNMPS^M SZG s�CESZR5MPR�Y Rb[ MP[1YZC]GJr�KWG SZGcKWIFMPY^MPu]�ZRqx�XZG [�GcoZIHRbo RbIFw\CERbr^MkIWMP[V� �qu I\[
STCEDFDHRZ�_SZXZIFMPr�KWG+G\DHKWG4o G\IF{ER�SZR x�XZG KWIWMkY^MPuE�ZMP[8RPD!�HXTr�KFRbDJ��MPoZIHGJrZSTCqG:MP[8MPSZXTIFGJw\C�[|XZC]KFRZ�
i�RbDLKNMPIHCzM6SZG�MkabIWMPSTGJwJG\I�KNMP[|Y I\[ MPR
oTIFRA@ G\DFDFRPI}mJIJuEC]R*�qu]YZXZx�XZG\IFx�XZGP� x�XZG�wJRPr�KFIFC]YZXZCEX:STCyg
IHG\KWMP[8G\r�KWG5G5SZG @ RbIF[8M|skMPuEC]RbDWM|G\[>o^MPILKWG�S^M�IFGJMPuEC]�jMPOJQPR1SZG\DHKWG5KWIFMPY^MPu]�ZRZ�

PfMP[1Y1IJ[ SZG\sPR|MPaPIWMPSZG\wJG\I�M5m���` Md� E m�R�RbIHSZGJrZMPOjQPR�STG �qo GJI @ G\CEO\R�MP[�GJr�KWR�SZG_` GJDHDFR�MPu
STG �l{]sPGJu���XZo GJIHCERbI G o G\uERlMPo RbCER#"^rZMPrZwJG\CEIHRZ� x�XTGN@ RbC�[|XZC]KFR��TKWC]ubo^MPIFMlM_IFGJMPuEC]�jMPOJQPR SZRbD [�GJXZD
G\DHKFXZSZRbD\�

M$X STG\sbR!XZ[ MPabIFMPSZG\wJCE[�GJr�KFR G\DFo GJw\CzMPu�o^MkIWM2[8C]rZ�^M GJDHo RbDFMT� R_GJr^MkKWMT��x�XZG I�XZ[6M
o GJDHDFR�M SZR�w\GP�fY R�M��vGJDHo G\IHKWMT�vC]r�KFGJu]CEabG\r�KFG�G6x�XZG6[�GJIHGJw\G6[1XZCyKWR DFXTwJGJDHDFRZ� � YZIFC]a�MPSZR o GJuzM
w\Rb[�o^MPrZ�ZCEMT� o GJu]RbDq[�Rb[�GJr�KWRPDS@ GJu]CE�JG\DqG�o GJuEM6GJrZRPIF[�G1SZCEDHo RPDFCEOJQPR*x�XZG�DHGJ[�oZIFG|KFGJ[ o^MPIWM
[�G5M$�HXZSZMPI_GJ[ KFXZSZR�x�XZG @ MkOJRZ�

M$r%"^[V�lx�XTGJIFR MPaPIWMPSZG\wJG\I
MAKWR�SZRbD*x�XZG:w\Rbr�KWIHCEYZXZ{]IWMP[ G+[�G:M$�HXTS^MPIWMk[ SZG�MkuEabXZ[8M
@ RPIF[8M1r^M�oTIFGJoZMPIWMPOJQPR�SZGJDLKNM�SZCEDHDFG\IHKNMkOjQPRZ� U XTC]KWR�RbYTIFCEabMPSZR�&

C]C
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��XZCEDltvC]uEC]o GlSZG�U GJu]uER8�TMPr�KFRbD
BqGJ�\GJ[1YTIFR Bb�k�b�b�

� IHCEGJr�KWMPSZRbIHGJDJ����uEG �TMPrTSZIFG}`$uzMPDLKWC]rZR�SZG�mcMPIHskMPu]�ZR�G���CE[�RbrZGqSZG}� C][6M�U MPIHKFCErZD
`$IHRbabIWMk[6M1SZG}` ebDLghi5IFMPSZX^MPOJQPR�GJ[~m�RP[8oZX�KNMPOJQPR

U G KNMP�TGJXZIH{EDHKFCEwJMPD IHGJoZIHGJDHGJr�KNMP[ XZ[8M�CE[�o RPIHKNMkr�KFG @ GJIHIWMP[�GJr�KNM5o^MPIFM�RbYTKWG\rZOjQkR|SZG_DFRPuEX�g
O ��G\D�SZG1x�X^MPu]CES^MkSZG|G1G\[ KFGJ[�o R6s�C � sPGJu oZMPIWM6oTIFRbYZu]GJ[8MPDqw\Rb[�oZXTKNMkwJCERPr^MPuE[�GJr�KFG�C]r�KFIWMkK � g
sPGJC]DJ� ` GJDHx�XTCEDWMkDfSZG\[8RPrZDHKFIWMPIFMP[ x�XZGdM �ZCEYZIHCESZC]�jMPOJQPRcSZG\DHKFGJDv[.I\KFR�STRbD�wJRb[ RbXTKFIWMPD�K I\wJrZC]wjMPD
KFGJ[>R�o RkKWGJrTwJCzMku�SZG�[�GJu]�ZRbIFMPI R8STGJDFG\[8o GJrT�ZR6G}IFRbYTXZDHKFGJ�|STRbD�[�GJDH[8RPDJ�,RlG\wJGJr�KFGJ[�GJr�KWGk�
@ RPC�oZIFRbo RbDLKNM_XZ[6M sbG\IFDFQPRq�Z{]YZIFC]S^M S^M_[8G KNMP�ZG\XZIF{]DHKFCEwjMli Rl���T`+x�XZGdCErZw\RbIFo RbIWMcK IJwJrTCEwjMkDfSZG
[�CErTGJIWMkOjQPR�SZG�S^MPSZRPDJ�TwN�ZMP[6MkS^M�i R_����` ghU4B|��� MPoZu]CEwjMkOjQPR�SZGJDLKWG�[.I\KWR�SZR�MkR1oZIFRPYZuEG\[6M
STG}G\[8oZMPwJRPKWMP[�GJr�KWR�SZG5wJRPr �HXZr�KWRbDlMPu]wjMPrTOJRbX IFG\DFXZuyKNMPSTRbD_oZIFRb[�CEDHDFRbIHGJD\�

�lGJDHKWM/STCEDFDHGJILKNMPOJQPRZ��RPY��HG\KFC]sbRPX�g�DHG MjskMPu]CzMPI�R/STGJDFG\[8o GJrT�ZR STR [.I\KFR�SZR/i R_���T`vgLU B
oZMPIWM RbXTKFIFRbD}oZIFRPYZuEG\[6MPD5SZG � KWC][8C]�jMPOJQPR m�Rb[1YTCEr^MkKFebIFCEMT�8BqRbCED5oZIHRbYZu]GJ[8MPD @ RbIWMk[ MPY RPILg
SZMPSZRbD\�1R+oZIHRbYZuEG\[6M
S^M [6M ��C][8C]�jMPOJQPR
S^M STC]sbG\IFDHCES^MPSTG6G�R4oZIHRbYZuEG\[6M SZG8IFGJoTuECEwJMPOjQkR SZG
DHGJILs�C]SZRbIHGJD_o^MPIFM|KWIWMkrZDF[�CEDHDWQPR"?A@�BDC�EGFIH�JKC�wJRPr%" �jsbG\u�� � D IFGJDHXZu]KWMPSZRbD STGJ[�RbrZDHKFIWMPIFMP[<x�XTG}R
[.I\KFR�STRLIqwJMPo^MP��SZG�MkuEwjMkrZOjMPId[�GJuE�TRbIFG\D�DFRPuEXZO ��G\D�x�XZGqR�i R_���T` RbIHCEabC]r^MPuZG\[ KWGJ[�o RbD�SZG
G���GJwJXTOjQPR8DFCEaPrZC "^wJMkKWCyskMP[8G\r�KWG�[�GJrZRPIFGJD\�

�<G\sPRbuEXZOJQPRVS^MVKFGJwJrTRbuERbaPCzM*SZG�wJRb[�oZXTKWMPOjQkR o^MkIWMPu]GJuzM*G�SZC]DHKWIHCEYZXT{ES^M6KFGJ[ oZIHRbo RPIFwJC]Rkg
rZMPSZR�XZ[ DFGJrTDF{]sPGJu MPXT[8G\r�KFR�SZG�o R�SZG\I wJRb[�oZXTKWMPwJC]Rbr^MPu SZC]DFo RbrZ{]sPGJu o^MPIWM�MkoZuEC]wjMPO ��G\DJ� � X�g
KFIWM6w\Rbr�KWIHCEYZXZC]OjQPR8CE[�o RPIHKNMkr�KFG�STGJDHKWM*SZCEDHDFG\IHKNMkOjQPR I1M*MjsPMkuECzMkOjQPR�SZG|C][8oTuEGJ[�GJr�KWMPO���GJDlo^M g
IFMPuEG\uzMPD�SZR�[�I KWR�SZR�i R_���T`vgLU B|��t RPIWMP[ SZG\DFG\r�sPRbu]s�C]S^MPD�sPGJIFD ��G\Dco^MPIFMPuEG\uzMPD�S^M}[8G KNMP�TGJX�g
IH{EDLKWCEwJM4�Z{]YZIFC]S^M o^MkIWM+RbD1STRbCED�oZIFRbYTuEGJ[8MPD�[8G\rZwJC]Rbr^MPSZRPD|G
RbD1IHGJDHXZu]KWMPSZRbD1G���o G\IFCE[�GJr�KWMPCED
G s�CESZG\rZwJCEMPIWMP[3MVGJDFwJMPuzMkYZCEu]CES^MPSTG�SZR+[.I\KWR�SZRVGJ[3IFG\uzMPOJQPR � x�XZMPr�KWCESZMPSZG6STG6oZIHR�w\GJDFDFMPSZRkg
IHGJD XTKFCEu]CE�jMkSZRbDJ��GJDHo G\wJCEMPuE[�GJr�KWG�x�X^MkrZSZR�XZ[8M1GJDHKFIWMkK IJabCEM1SZCEr3LP[8C]wjM}SZG�Y^MPuEMPrZwJGJMP[�GJr�KWR�SZG
wJMPIFabM"I5IHGjMPu]CE�jMkS^MT�

C]CEC
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��XZCEDltvC]uEC]o GlSZG�U GJu]uER8�TMPr�KFRbD
BqGJw\GJ[1Y GJI Bb�P�b�b�

� S�s�C]DFRbIHDJ���qu]G �TMPrZSTIFG}`$uzMPDLKWCErTR�SZG�mcMPIHskMPu]�ZR�MPrZS4��CE[�RbrZG�STG���C][6M�U4MkIHKWC]rZD
B�GJo^MPILKW[�GJr�Kj� m�Rb[�oZXTKFGJI���w\CEGJrTwJG

U G KNMP�TGJXZIHCEDHKFCEw\D�MkIFG5MP[�RbrZa|KF�ZG5[8RPDHK C][8o RbIHKWMPr�K�KFR�Rbu]DJ@ RbIcDHRbu]s�C]rZa�wJRb[�oZXTKWMkKWC]Rbr^MPu]u	�
C]r�KWIWMkw\KNMkYZuEG oZIHRbYZuEG\[8D�G�
�w\CEGJr�KFu	�b� `$IFG s�C]RbXZD8IFGJDHGjMPIHwN��IFG\DFXZuyKWD6STGJ[�RbrZDHKFIWMkKFGJS KF�^MkK�KW�ZG
����YZIHCESZC]�jMkKFCERbr RA@ KW�TGJDFG|[8G KW�ZR�SZD�_CyKW�+RkKW�ZG\I�KWG\wN�ZrZC]x�XTGJD��^MPDlKW�ZG|o RPKFGJr�KWCEMPu�KWR*C][8oTIFR sbG
KF�ZGJC]I�o GJI @ RPIF[8MPrZwJG1MPrZS�IFRbYTXZDHKFrZGJDHDJ�"R_GJwJG\r�KWu	�P� M*����YTIFCES:sPGJIFDHCERbr�RA@dKW�TG�[8G KNMP�ZG\XZIFC]DHKFCEw
i R_���T`�KW�^MkK CErZw\RbIFo RbIWM KWGJD M5SZMkKNM�[�CErZC]rZaqoTIFR�wJGJDHDJ��wjMPu]uEG\S�B�U ghi R_���T` ����MPD�oZIFRbo RbDHGJS �
P �TG MkoZoZuEC]wjMkKFCERbr!RA@}KW�ZC]D*[8G KW�ZR�S�KWR KF�ZG ��G\KV`fMPw���CErZa!`$IFRbYZu]GJ[ MPwN�ZC]G\sbG\S oZIHRb[�CEDFC]rZa
IHGJDHXZu]KFDJ�

� rZG�RA@dKW�ZG�abRbMPuED�RH@ KF�ZCED�� RbI�����MPD�KWR G sPMkuEX^MkKFG1KW�ZG�o GJI @ RbIF[8MPrZw\G�RA@cB�U gLi Rl���T`
C]r4KW�TG1wJRbr�KFG ��K�RA@�RPKF�ZGJI�m�Rb[1YZC]r^MkKFRbIFCEMPu � oTKWC][8C]�jMkKFCERbr oZIHRbYZuEG\[8D\�SP���R oZIHRbYZu]GJ[�D�� GJIHG
w\RbrZDHCESZG\IFGJS ��KW�ZG�[8M ��CE[1XZ[ SZCysbGJIHDFCyK��+oZIHRbYZuEG\[ MPrTS�KF�ZG�oZIFRPYZuEG\[ RA@ DFG\IHsPGJI}IFGJoTuECEwJMkKWC]Rbr
@ RPI1IFG\uECzMkYZuEG�[1XZuyKWC]wjMPDLK|KWIFMPrZDH[8C]DFDFC]Rbr � P �TG
IFGJDHXZu]KFD1SZG\[8RbrTDHKWIFMkKWG\S KW�^M K1KW�ZG
[�G\KF�ZR�S CED
wJMPo^MPYTuEG4RH@}MPwN�ZCEG s�CErZa Y G\KHKWG\I*DFRbu]XTKWC]RbrZD�KW�^Mkr KW�ZG4RbIFC]abCEr^Mkuli R_���T` �,C�r�MkSZSZC]KFCERbr ��KW�ZG
G���GJwJX�KWCERPrVKFCE[�GJD_MPIHG�DFCEaPrZC "^wJMPr�KWu��*IFG\SZXZw\GJS �

P �ZG�G\sPRbuEXTKFCERbr�RA@ o^MPIFMPuEu]GJu^MPrTS8SZC]DHKFIFCEYTXTKWG\S8w\Rb[8oTXTKWC]rZa�KWGJwN�TrZRbuERPa���oZIFR s�CESTGJS*M5abIHGjMkK
C]rZwJIHGjMPDHG+CEr!wJRb[�oZXTKWMkKWC]Rbr^MPu o R���G\I MjsPMkCEuzMkYZuEG*KFR MPoZoZu]CEwJMkKWC]RbrZDJ����rZRPKW�TGJI*w\Rbr�KWIFC]YZXTKFCERbr
RH@ KF�ZCED�� RbI��4CED�KW�TG�G\skMPuEXZMkKWC]Rbr:RA@ o^MPIWMkuEuEG\ufC][8oTuEGJ[�GJr�KWMkKWC]RbrZDlRA@cB�U gLi Rl���T`f� `fMPIWMkuEuEG\u
sPGJIHDFCERPrZD|RA@ KW�ZG�����YZIFC]S [8G KNMP�TGJXZIHCEDHKFCEw�� GJIHG6SZG sbGJu]Rbo GJS @ RbI5Y RPKW� oZIFRPYZuEG\[8D5[�GJr�KWC]RbrZGJS
GJMPIFu]CEG\IJ�.Mv�To GJIHCE[�GJr�KNMkudIHGJDHXZu]KFD}G s�CESZG\rZwJG\SAKW�ZG�[�G\KW�TR�S�� D5DFwJMPuzMPYTCEuECyK��4C]r IHGJuEMkKWC]Rbr+KWR KW�ZG
r�XZ[|Y G\I�RA@loZIFR�wJG\DFDFRPIFD�XZDFG\S �dGJDFo GJw\CzMPu]u	���_�ZGJr M:S���r^MP[�CEw8uER�MkS Y^MPuzMkrZwJC]rZa+DHKFIWMkKFGJa��ACED
C][8oTuEGJ[�GJr�KFGJS �

C]s
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� R m � ��CEDLKNM"R_GJDHKFIFCyKNM1SZG�mcMPrZSTCES^MkKFRbD
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D ��G\D�oZMPIWMPu]GJuEMPDcS^M�[8G KNMP�TGJXZIH{EDHKFCEwJM1�Z{EYZIHCES^M�i R_���T`vgLU B|� � Y �HG\KWCyskM g�DHG5M skMPu]CzMPI�R�STGJDFG\[�g
o GJrT�ZR SZGJDLKNMPD*sPGJIHD ��GJD
o^MPIFMPuEG\uzMPD�G+SZG\[8RPrZDHKFIWMPI
M GJDFwJMPuzMkYZCEu]CES^MPSTG SZRA[�I KWR�SZR x�X^MPrZSTR
G���GJwJX�KNMPSZR8GJ[>Mk[1YZCEG\r�KWGJD_w\Rb[8oTXTKNMPw\CERbrZMPCED o^MPIWMkuEGJu]RbDcG5SZC]DHKWIHCEYZXT{ESZRbD\�

� IFG\DHKNMkr�KFG5SZGJDLKWG5KWIWMkY^MPuE�TR�GJDHK ��RPIFa�MPrTCE�jMkSZR�S^M�DFGJaPXZCEr�KWG @ RbIH[6M��

��R:mcMkoZ{]KFXZuER4��� MV[8G KNMP�TGJXZIH{EDHKFCEwJM i R_���T` I8SZGJDHwJIFCyKNMVG6XZ[8MVYTIFG\sPG*CEr�KFIFR�SZX�g
OJQPR+MkRbD�w\RbrZw\GJC]KFRbD}SZG6[�CErZG\IWMPOJQPR SZG6SZMPSZRbD I�@ RbIHrZGJw\CES^M�� M$[3DHGJabXTCES^MT�fMPoZIHGJDHGJr�KNM g DFG
M
[�G\KWMP�ZG\XZIF{]DHKWC]wjM1�Z{]YZIFC]S^M�i Rl���T`vgLU4B|�

��R mcMPoZ{]KFXZuER ���SI�MPoZIHGJDHGJr�KNMPSZM M SZG "ZrZCEOJQPR2SZR `$IHRbYZuEG\[6M SZM!U M ��CE[�CE�jMkOjQPR
SZM BqC]sPGJIFDHCES^MkSZGP� RlGJMPuEC]�jM g DFG4XT[6MAIHG\s�CEDFQPR S^M C][8oZu]GJ[�GJr�KNMkOjQPR SZR!i R_���T` oZIHRbo RPDHKWR
G\[ � ������G�oZIFRbo ��G g�DHG6M CE[�oZu]GJ[�GJr�KNMPOJQPR*SZR+i R_����` ghU4B|� R_GJDHXZu]KWMPSZRbD5wJRP[8oZX�KNMPw\CERbr^MkCED
DFQPR�SZCEDHwJXTKFCESZRbD_M "^[ SZG5wJRb[�o^MPIFMPI RbD SZRbC]D [�I KWR�SZRbD\�

� mcMPoT{]KWXTuER �SIcSZGJSTCEwjMkSZR5MPR�oZIHRbYZu]GJ[8M�SZGcIHGJoZu]CEwJMPOjQPRqSZGcDFG\IHs�CESTRbIFG\D o^MPIFMqKWIWMkrZDLg
[�CEDHDWQPR ?A@�BDC EGFIH�JKC$w\Rbr%" �jsPGJu��d��X^M}STG "^rZC]OjQPR IlMPoZIFG\DFG\r�KWMPS^M|Gk��GJ[ DFG\abXZC]S^MT��MPD�CE[�oZuEG\[8G\r�g
KWMPO���GJD�STR4i R_���T`�oZIFRbo RbDLKWR GJ[ �������$G�SZR i R_����` ghU4B DWQPR SZG\DFw\IFC]KWMPDJ�LPvMP[|Y I\[ DWQkR
MkoZIFG\DFGJr�KWMPSZRbD$RbDvIFGJDHXZu]KWMPSZRbDfwJRb[�oZXTKWMPwJC]Rbr^MPC]DJ� s�CEDWMkrZSZR5Mqw\Rb[8oZMPIWMPOJQPRqSTRbD SZRbC]Dv[.I\KFR�SZRPDJ�

��RVmcMPoZ{yKWXZu]R ��� DWQPR MPoTIFGJDHGJr�KNMkS^MPD5MPDqsPGJIHD ��GJD5o^MPIFMPuEG\uzMPDlSZRVi Rl���T`vgLU4B|� Mv��g
o GJIHCE[�GJr�KWRPD1wJRb[�oZXTKWMPwJC]Rbr^MPC]D|DFQPR:IFGJMPuEC]�jMPSZRPD1o^MPIFM+wJRb[�o^MPIFMPI�MPD|sPGJIHD ��GJD�DFGJx)(ZG\rZwJCEMPCED�G
oZMPIWMPu]GJuEMPDcSZG\DFGJr�sPRbu]s�CESZMPD�oZMPIWM�RbD_SZRbC]D oZIFRPYZuEG\[6MPDcMPY RPIFS^MPSTRbDJ�

tvCEr^MkuE[�GJr�KWGk� MkD8w\RbrZwJu]XZD ��GJD�RbY�KWCESZMPD�M�oZMPIHKFCEI�SZRbD�IFG\DFXZuyKNMPSTRbD�MPuEwJMPrZOjMkSZRbD�DWQkR
IHGJuEMkKNMPSZMPD_rZR*mcMkoZ{]KFXZuER��T� �qu I\[>SZCEDHDFRZ�^DFQPR6DHXZabG\IFCESZMPDqMkuEabXZ[8MPDco RbDHDF{]sPGJC]D�SZC]IFG\O���GJDlo^MPIWM
@ X�KWXZIFMPD_o G\DFx�XZCEDFMPDlIFGJuEMPwJC]Rbr^MPSZMPD MPRbDcKFGJ[8MPDlMPY RbIFS^MkSZRbDJ�
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��GJDLKWG5wjMkoZ{]KFXZuERZ��SZG\DFwJIHG\sPG g�DHG|M|sPGJIHDWQPR��Z{]YZIFC]S^M|S^M1[�G\KWMP�ZGJXTIF{EDLKWC]wjM�i Rl���T`2x�XTG
C]rZwJRPIFo RbIWM6K IJwJrTCEwjMkD}STG�[�CErTGJIWMkOjQPR*STG�SZMPSZRbD\� oTIFRbo RbDHKWM
GJ[ ��� �T� � �T� ���#���8C�rZC]wJCEMPuE[�GJr�KWGk�
rZM ��G\OjQPR ����b��M sbG\IFDFQPR RbIHCEabC]r^MPulS^M2[8G KNMP�ZG\XZIF{]DHKFCEwjM i Rl���T` DHGJI � MPoZIHGJDHGJr�KNMPSZMT� �
DHGJabXTCEIJ� r^M6��GJOJQPR ��� ��� MPuEabXTrZD�w\RbrZw\GJC]KFRbDlDFRbYZIHG|[�CErZG\IWMPOJQPR�SZG|S^MkSZRbDqDHGJIFQPR*IFG s�CEDHKFRbDJ���qM
��GJOjQkR���� ���TDFG\I ��MPoTIFGJDHGJr�KNMkSZR�R�i R_����` �Z{]YZIFC]SZRZ��wN�^MP[8MPSZR�i R_���T`vgLU B|�Z�lGJDHKWM���GJOJQPRZ�
MkD�SZC @ GJIFG\r�KWGJD�GJDHKFIWMkK IJabCEMPDdSZG�CE[�oZu]GJ[�GJr�KNMPOJQPR5SZR1[.I\KFR�SZR}�Z{]YZIFC]SZRZ��MjsPMkuECzMkS^MPD�GJ[ ��� �T�����T�
� ������KNMP[1Y1IJ[ DFGJIFQPR�SZGJDHwJIHC]KNMkDJ�

�
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� [�G\KWMP�ZG\XZIF{]DHKWC]wjM�i Rl���T`f�vRbIFC]abCEr^MkuE[�GJr�KWG�oZIFRPo RbDLKNM:GJ[ ��,!����NI XZ[ [.I\KFR�SZR
oZMPIWMVRbYTKWG\rZOjQkR+SZG6DHRbuEXTO���GJD|STG6Y R�M x�X^MPu]CES^MkSZG�o^MPIWMVoZIFRPYZuEG\[6MPD}SZG � KFCE[�CE�JMPOjQPRVm�RP[�g
YTCEr^MkKFebIFCEMT��B�GJDFSTG�DHX^M*wJIHCzMPOJQPRZ� GJDHKWM*[8G KNMP�TGJXZIH{EDHKFCEwJM�KWG\[ DHCESZR*X�KWCEu]CE�JMPS^MT� wJRP[ wJRPrZDFC]SZG g
I �jsbGJu�DFXZw\GJDFDHRZ�dr^M+RbYTKFGJrZOJQPR:SZG
Y R�MPD1DHRbuEXZO ��G\D1GJ[3oZIHRbYZuEG\[6MkD|CEr�KFIWMkK � sPGJC]D1SZG*SZCysbG\IFDWMkD
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�quEaPRbIFCyKW[�RbD1abXZu]RbDFRPDJ��G\[ abGJIFMPu�� wJRbrTDHKWIHR�G\[ DFRbu]XZO���GJD�C]KFGJIFMkKWCysPMk[8G\r�KFGP� � GJu]G g
[�GJr�KFR G\DFwJRPuE�ZC]SZR o^MPIWM DFG\I5CErZw\RbIFo RbIWMkSZR��VDHRbuEXZOJQPR GJ[ wJMPS^M C]KWG\IWMPOJQPR I�DFGJ[�oZIHG8Mkx�XTGJuEG
x�XZG:u]G\skM MPRA[6MPC]RbI�CErZw\IFGJ[�GJr�KFR o RbDHDF{ysbGJu�r^M x�X^MPu]CES^MPSTG4S^M DHRbuEXZOJQPRZ� ��o G\DWMPI*STGP�lGJ[
[|XZC]KWMPDlsPGJ�\GJDJ��G\DHKWM6GJDLKWIWM K IJaPCzM8u]G\skMPI�M6Y R�MPDqDHRbuEXTO���GJDJ� GJ[~abG\IWMPu � rZQPR
MkKFCErZabG\[>DFRbu]XZO���GJD
ekKWCE[8MPD\��U I KWR�SZRbD5wJRb[�oZu]G\KNMk[8G\r�KFG�MPuEGJMkKWePIFCERPDJ� rTRbD5x�XZMPCED5M
GJDHwJRbu]�^M
SZRVGJuEG\[8G\r�KWRVM
DFGJI
C]rZwJRPIFo RbIWMPSTR �qDHRbuEXTOjQPR:I,@ GJCyKNM�MPuEGJMkKWRbIHCzMP[�GJr�KFGP� MPo GJDWMkIvSZG�MPuEwJMPrZOjMkIFGJ[nDHRbuEXZO ��G\DvSZG Y^MPC �ZM
x�X^MkuECESZMPSZG|[.IJSTCzMT� o R�SZG\[ DHGJI�G���GJwJX�KNMPSZRPD�wJRbrZDHGJw\XTKWCysPMkD�sbGJ�\GJD�Gk� wJRb[ CEDLKWRZ� SZCysbGJIHDFC "^wjMPI
MkD DHRbuEXZO ��G\D RPYTKWC]S^MPDJ� � i R_����`Ao R�SZGlDFG\I G\r�KFGJrZSTCESZR�wJRb[�R�DHGJrZSTR1XZ[ [.I\KWR�SZR5x�XZGqG\DHK �
G\[>XZ[ o Rbr�KWR�CEr�KWG\IF[�GJSZC �PIFC]R1SZG\DHKWG\DqSZRPCED G ��KFIFGJ[�RbD\� oTIFR�wJXZIFMPrZSZR�r^QPR�DFG\IlKWQPR�IFG\DHKWIHC]KFC]sbR
x�X^Mkr�KFR RbD8[�I KWR�SZRbD�abXZu]RbDFRbD�G4rTGJ[ KNQPR SZGJD @ R�wJMPSZR x�X^Mkr�KFR [.I\KWR�SZRbD�w\Rb[8oTuEG\KWMP[�GJr�KWG
MkuEGjM KWebIHCERbD\�

� i Rl���T`�I�XZ[ oTIFR�wJGJDHDFR�C]KFGJIFMkKWCysbRZ��rZR1x�X^MPu GJ[<wjMPS^M1CyKWG\IWMPOJQPRDI�abG\IWMPS^M�XZ[6M
DHRbuEXTOjQPR o^MPIWMVR4oZIHRbYZu]GJ[8MT� mcMPS^MVC]KFGJIWMkOjQPR o RbDHDFXZCdSZX^MkD|G\KWMPo^MPD\��M oTIFCE[�GJC]IWM
wN�^MP[8MPS^M
� �	��� �
� � 1������  ��7�>31 G M RPXTKWIFM2wN�ZMP[6MkS^M�� �	� � ����-A��� ����� 1 ���36L� ��M @ MPDFG:SZG
w\RbrZDLKWIFXTOjQPRZ��XZ[8M�DFRbu]XZOjQkR}w\Rb[�oZuEG KNM I_abGJIFMPS^MT��M$DHKNM5DFRPuEXZOJQPR5r^QPR I rZGJw\GJDFDFMPIFCEMP[�GJr�KWGlXZ[
ekKWCE[�RVuER�wjMPu$Gk� o RPI�C]DFDFRT� M @ MkDFG6STG6YZXZDHwjM+u]R�wJMPu I6IHGjMPu]CE�jMkS^MT� x�XZMPrZSZR:M s�CE�JC]rZ�^MPrTOjM SZM
DHRbuEXTOjQPR+w\RbrZDLKWIFXT{ES^M I6o G\IFwJRPIFIFC]S^M G\[#YTXZDFwJM+o RbI�[8G\uE�ZRPIFGJD�DFRbu]XZO���GJD\�+�qD�C]KFGJIWMkO���GJD|STR
i R_���T`4DHG IHGJo G\KFGJ[nMkK Idx�XZGdXZ[ w\IFCyK IJIHCER_SZG�o^MPIFMPS^M_DFG �FM�MkKFCErZaPCESZRZ� M$[ abG\IWMPu � IdX�KWCEu]CE�JMPSZR
w\Rb[�R*wJIHC]K I\IFC]R6SZG1oZMPIWMPSZM6XZ[ r��T[8G\IFR "T��R
SZG|C]KWG\IWMPO ��G\DJ� XZ[ skMPu]RbIlSZG1DFRPuEXZOJQPR
MPuysbR6RPX
XT[ KWGJ[�o R|uEC][8CyKWG SZGqoZIHR�w\GJDHDWMP[�GJr�KWRT�$� [�GJu]�ZRbI$DFRPuEXZOJQPR|G\rZwJRbr�KFIWMPS^M IqIHG\KWRPIFr^MPSZM}w\Rb[8R
IHGJDHXZu]KWMPSZRZ�

��tvCEaPXZIWM���� � MkoZIFG\DFGJr�KWM5R�oTDFGJXTSZRkg�w\e�STCEabR�STR5i R_����`f�P�!sPMkIFC �jsPGJu
melhor � sol

�
X�KWCEu]CE�JMPS^Mqo^MkIWM5MPIF[8MP�\GJr^MPI�M�[�GJu]�ZRbI DHRbuEXZOJQPR5GJrZw\Rbr�KWIFMPS^M}MkK I R5[�Rb[8G\r�KWRZ��I_CErTCEwJCEMPuEC]�jMPSZM
rZM u]CErZ�ZM ��w\Rb[ XT[ wJRbr$�HXZr�KWR sPMk�JCERT�1��R uEMPOJR
S^MkD}u]CErZ�ZMPD5�
M �T��x�XZG�KWGJIH[8C]r^M*x�X^MPrZSTR
R/wJIHC]K IJIFC]R�SZG o^MPIWMkS^M MkSZRPKNMkSZR I4MkKFCErZaPCESZRZ�$DFQPR/G ��GJw\XTKNMPSZMPD*MPD�C]KFGJIFMPO���GJD�SZR i R_����`f�
��M�u]CErZ�ZM �T� M"@ MkDFG5SZG}wJRbrZDLKWIHXZOjQPR.I}G ��GJw\XTKNMPSZM8G}M�DHRbuEXTOjQPR�abG\IWMPS^M

sol
I5GJrZwJMP[8C]rZ�^MPSZM

oZMPIWM
M @ MPDHG�SZG1YZXTDFwjM uER�wjMku�� IFGjMkuECE�JMPS^M�r^M*uEC]rZ�^M �Z�5� MjskMPuECEMPOjQkR8S^M
DHRbuEXZOJQPR
MPu]wjMPrTOjMPS^M
I|wJRb[�o^MPIFMPS^M6w\Rb[ M
MjskMPu]CzMPOJQPR8SZM*[8G\uE�ZRbIlDFRPuEXZOJQPR MkK I�R
[8RP[8G\r�KFR*r^M6u]CErZ�ZM �6GP� wjMPDHR
DHG �FM�rZGJw\GJDFD �PIFC]RZ� M�[�GJu]�ZRbI DFRPuEXZOJQPR�I�MkKFX^MPuEC]�jMPSZM1r^M�u]CErZ�ZM����c�qM�uEC]rZ�^M.#T��"^r^MkuE[�GJr�KWGk� M
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[�GJu]�ZRbIcDHRbuEXTOjQPR�GJrTwJRbr�KWIFMPS^M"I5IFG\KFRbIFrZMPS^MT�
���������
	�����
����������������� α �� �

melhor ! sol← ∅ "#�� ���
���$��%
&��

sol← '�(*)�+�, -�+�,�.
/102)�3
4�526 (�/ � α �7"8 �
sol← 9
5:)*61(�,�;*/<61(�= � sol �7">�� ? �@�
A (�= � sol � > ��A (�= � melhor ! sol � �
����B<�C��
melhor ! sol← sol "D � E � ? �

F�� %���GIHKJMLNPO7J7LQSR�OUT�V1JWV�R�VYXKV NLZX\[KO]L\N^Q "_�� �������2�1�`� melhor ! sol "
tvCEabXTIWM�����b��`$DFG\XZSZRkg wJe�SZCEabR�S^M�[�G\KWMP�ZGJXTIF{EDLKWC]wjM�i R_����`

�qM.@ MkDFG}SZG|w\RbrZDHKFIFXZOJQPRZ� XZ[8M�DHRbuEXZOJQPR.I}KFRPKNMPu][8G\r�KWG5wJRbrTDHKWIHXZ{ESZMT� GJuEG\[8G\r�KWR6o RbI
G\uEG\[8G\r�KFRZ� ��XZo RPrZ�^M8x�XZG}R�oZIFRbYTuEGJ[8M�GJ[>x�XZG\DHKNQkR*DFG �FM�XZ[>oTIFRbYZu]GJ[8M�SZG�[�CErTCE[�CE�jMkOjQPRZ�
��XZo RPrZ�^M4KNMk[1Y I\[#x�XZG*M:M skMPu]CzMPOJQPRVSZG
XZ[8M4DFRbu]XZOjQkR

s
DFG �FM+[�GJSTCES^M4o RbI�XZ[6M @ XZrZOjQkR

f(s)
� M$[ XZ[ oZIHRbYZu]GJ[8M4SZG [8C]rZCE[�CE�JMPOjQkRZ�fSTGJDFG �FM g�DHG RbYTKWG\I�XZ[8M+DFRbu]XZOjQPR

s∗
��KNMPu x�XTG

f(s∗) ≤ f(s) ∀s ∈ S
��RbrZSZG

S
I�R|wJRbr �HXTr�KFR�SZGqKFR�S^MkD MPDcDHRbuEXZO ��G\D s�C �jsPGJCED�SZR�oZIFRPYZuEG\[6MT�

C�rTCEwJCEMPuE[�GJr�KFGP��KWR�SZRbDcRbD G\uEG\[8G\r�KFRbDcSZR�w\Rbr �HXZr�KFR
E = {1, 2, ..., n}

��x�XZG�wJRbr�K IJ[ KFR�SZRPDcRbD
o RbDHDF{]sPGJC]D G\uEGJ[�GJr�KFRbD�SZG�XT[6M�DFRPuEXZOJQPRZ��DWQPR�MjskMPuECEMPSZRbD STGqMPw\RbIFSTR�w\Rb[ XZ[8M @ XTrZOjQPR}abXZu]RbDWM

c(x)
� x�XZG
MjskMPu]CzM M w\Rbr�KWIFC]YZXZC]OjQPR SZR+GJu]GJ[�GJr�KWR

x
� x�X^MPu]CES^MkSZG8SZM4DFRbu]XZOjQkR4DFG\rZSZR+w\RbrZDhg

KFIFXZ{]S^MT� � D�GJu]GJ[�GJr�KWRbD�w\Rb[ [�GJu]�ZRbIqM skMPu]CzMPOJQPRZ� RbX:DFG �FMT� MPx�XZG\uEGJD�x�XZG�x�X^MPrTSZR CErZDHGJIFC]SZRbD
rZM6DFRbu]XZOjQkR6uEG skMP[~MPRbD�[8G\rZRbIFG\D�MPXT[8G\r�KFRbDqG\[ DHGJX:w\XZDHKFRZ� @ RbIH[6Mk[>XZ[6M�uEC]DHKNM�wN�^MP[8MPS^M
� ��������!"�������� ������� � � ����� �
�<��1 �ba � ! ��c �

� SZG "^rZCEOJQPR SZG x�X^MPr�KWRbD6GJuEG\[8G\r�KWRbD.@ MPIWQPR o^MPILKWG4SZMA� R m I+w\Rbr�KWIFRPuzMPS^M�o GJuER
oZMPI+LP[�G\KFIFR

α
�^x�XZG I}R�oTIFCErTwJCEoZMPu o^MPIILP[�G\KWIHR�SZR*i R_���T` � i5G\IWMPu][8G\r�KFGP�^G\DHKWG I5XZDWMkSZR6SZG

STX^MPD�@ RbIH[6MkDJ�f�qM�oZIHCE[�GJCEIFMT� GJu]GcSZG "ZrZG XZ[?r��T[8G\IFR�C]r�KFGJC]IFR "��TR�STGcGJu]GJ[�GJr�KWRbDvx�XTG_M�� R m
STG\sbG�o RbDFDHXZCEI\�5�qM*RbX�KWIWM�� GJu]GLI�XZDFMPSZR
o^MPIFM6GJDLKNMPY GJu]GJw\GJI�XZ[ uECE[�C]KFG�SZG�wJXTDHKWRT� SZGD@ RbIH[6M
x�XZG�RbD�G\uEG\[8G\r�KFRbD�x�XZG8@ MPIWQkR
o^MPIHKFG�S^M � R m?w\RbIFIHGJDFo RbrZSZMP[ �Px�XZG\uEGJD�w\Rb[ w\Rbr�KWIFC]YZXZC]OjQPR
MkR4wJXTDHKWR4S^M DHRbuEXZOJQPR4C]r0@ GJIHCERbI5M GJDHKFG6u]CE[�C]KWG�dH� M$[ abG\IWMPu �	I8XZDWMPSTR4XZ[

α ∈ [0, 1]
�vG�RbD

G\uEG\[8G\r�KFRbD_CEr�KWG\abIWMkr�KFGJD_S^M�� R m�DFQPR�MPx�XZGJu]GJDlwJRb[
c(x) ∈ [cmin, cmin + α(cmax − cmin)]

�
DHGJrZSTR
x�XTG

cmax
G

cmin
w\RbIFIHGJDHo RbrTSZGJ[ �PD�MjskMPu]CzMPO ��G\D SZRbDqG\uEG\[8G\r�KFRbDqSTG|[8MPCERbI G�[8G\rZRbI

egfihkjml�nPoqp rts�hvu�wxo�y�z{rmh|l}p r~h|lK� �{hq�{�Ml��m��o���o�n�rmz{rmh�rm���xo�n���s�rUjgo���nP�x���xs��{w���o}lq�2����nPrMw���o}l���s�rMz�r7n
jgo�h�jgo�����wx�{y�s����m��oql�o�jms�nP�xo|p�l�nPo�z�s
�m��o�nxs�u
rMwx�{o�w�lqr7n^��r~z{�{hq���xr��
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w\Rbr�KWIHCEYZXZC]OjQPRT�kIHGJDFo GJw KWCysPMk[8G\r�KFG�� �v��RPKFG�x�XZGP�PwJRb[
α
[6MPC]DfoTIFej��CE[�R�SZG

0
�kR�[�I KWR�SZR_KWGJrTSZG

M1DHGJI [8MPCED abXZu]RbDFRZ��G�wJRP[
α
[8MPCED oZIFej��CE[�R1SZG

1
�TR�[.I\KFR�SZR1KFGJrZSTG5M1DFGJI [8MPC]DcMPu]GjMkKFebIFC]RZ�

B�GJr�KWIHG
RbD|G\uEGJ[�GJr�KFRbD|S^M4� Rcmq� MPo GJr^MkD1XZ[ I*DFG\uEG\wJCERPr^MPSZR o^MPIWM CEr�KWG\abIWMPI|M4DFRPuEXZOJQPRZ�vG
G\DHKWM�G\DFwJRPuE�^M"I @ GJCyKNM�SZG @ RbIF[8M�MPu]GjMkKFebIFCEMT�

� oZIFR�wJG\SZCE[�GJr�KWR}SZG�MjsPMkuECzMkOjQPR5SZRbDdGJu]GJ[�GJr�KWRPD�MPC]rZS^M5r^QPR}oZIFG\DFG\r�KFGJDcrZM�DFRPuEXZOJQPRZ�
M aPGJIWMkOjQPR SZM � Rcm>G�M GJDFw\RbuE�ZM SZG+XZ[ GJuEG\[8G\r�KWR o^MkIWM DFG\I*CEr�KFGJabIFMPSZR � DHRbuEXZOJQPRZ�_DFG
IHGJo G\KFGJ[ M K I1x�XZG1XT[6M6DHRbuEXTOjQPR*DHG �FM*w\Rb[8oTuEG\KWMP[�GJr�KWG�wJRbrZDLKWIHXZ{ES^M��5��RPKFG|x�XZG�R i Rl���T`
KFGJ[ MkR [8G\DF[�R_KFGJ[�o R_MkD�wjMPIFMPw\KFGJIF{]DHKFCEwjMkD�SZG�DFGJI abXTuERbDHR E ,���	��
�=G � MPu]GjMkKFebIFC]R E � H��
���?AE�����
?G
G�MkS^MPoTKWMkKWCysbR EIH 
�H�� C�E����G � C�DHKWR_DHGdSTG\sbGdMPRPD @ MkKWRbD�STG�MPo G\r^MPD RbD�[�GJu]�ZRbIFG\D GJu]GJ[�GJr�KWRPD�DFGJIHGJ[
w\RbrZDHCESZG\IWMPSZRPDqwJRP[8R�CEr�KWG\abIWMkr�KFGJD�S^M6� R mq� SZG|M8GJDHwJRbu]�^M8STG|XZ[>SZRPDqGJu]GJ[�GJr�KWRPD�S^M8� R m
oZMPIWM}DFGJI CErZw\RbIFo RbIFMPSZR ��DFRPuEXZOJQPR�DHGJIN@ GJC]KWM�SZGQ@ RbIH[6M}MPuEGJMkKWePIFCzM�GlSZGqRPD�GJu]GJ[�GJr�KWRPDN@ RbIFM}SZM
DHRbuEXTOjQPR�DFG\IFG\[>IFGjMjskMPu]CzMPSZRPDcGJ[ wJMPS^M�o^MPDHDFRZ�^IHGJDFo GJw KWCysPMk[8G\r�KFGP�

� tvC]abXZIWM8��� �8MPoTIFGJDHGJr�KNM8R6oZDHGJXZSZR g�wJe�SZC]abR6S^M"@ MPDFG�SZG|w\RbrZDLKWIFXTOjQPR*STR i R_����`f�
�?skMPIFC � sPGJu

sol
� x�XTG�MPIF[8MP�\GJr^M6R8wJRbr$�HXZr�KWR
SZG�GJuEG\[8G\r�KWRbD�SZM6DFRbu]XZOjQkR*M6DHGJIqw\RbrZDLKWIFXT{ES^MT�

I8CErZC]wJCEMPuEC]�jMPS^M*rZM uEC]rZ�^M �*wJRP[8R wJRbr �HXTr�KFR4skMP�JC]RZ�V�qM4u]CErZ�ZM4��� KWR�SZRbD�RbD|G\uEGJ[�GJr�KFRbD�STR
w\Rbr �HXZr�KFR

E
DWQkR
MjsPMkuECzMkSZRbDJ����R6uzMPO\R*S^MPD�uECErT�^MPD �*M �T� RbD�GJu]GJ[�GJr�KWRPDqDWQkR*CErZw\RbIFo RbIFMPSZRbD

CyKWG\IWMkKFC]skMP[�GJr�KWG ��DFRbu]XZOjQPR6MkK I}x�XZG|G\DHKWM8DFG�wJRb[�oZu]G\KWGk� �qM�uEC]rZ�^M �Z� M6� R mFI�wJRbrZDLKWIHXZ{ES^M
Gk�frZMVu]CErZ�^M ��� XZ[ SZG8DHGJXZD�GJu]GJ[�GJr�KWRbD I�GJDHwJRbu]�ZCESTR4MPu]GjMkKFRbIFCEMP[�GJr�KWG1oZMPIWM
DFG\I�C]r�KWGJaPIWMPSZR
��DFRbu]XZOjQkRZ� R6x�XZG�MPw\Rbr�KWG\wJG|rZM6uEC]rZ�^M��T� � D�G\uEGJ[�GJr�KFRbD�MPC]rZS^M�r^QPR8oZIFG\DFGJr�KFGJD�r^M�DFRbu]XZOjQPR
DFQPR�IFGjMjskMPu]CzMPSZRPDcr^M�uEC]rZ�^M.!���` RbI�"^[ �Tr^M�uECErT�^M #T� M�DFRbu]XZOjQkR�w\RbrZDLKWIFXT{ES^M8I5IFG KWRbIHr^MPS^MT�

p�[8M
s�C]�JCErT�^MPrZOJM
Nsol

SZG�XZ[8M*DFRbu]XZOjQkR
sol
I�XT[ wJRPrZwJG\C]KWR w\Rb[1XZ[ GJr�KWIHG�[�G g

KWMP�ZG\XZIF{]DHKWC]wjMPD\�+��X^M4SZG "^rZCEOJQPR I8Y^MPDFGJMPS^M+G\[3XT[6MVRbo G\IWMPOJQPR
O
x�XZG*DHG*IFGJMPuEC]�jM GJ[

sol
STG @ RbIF[8M�M1abGJIFMPIcXZ[8M1rZR skM�DFRbu]XZOjQPRT� � w\Rbr �HXZr�KWR�SZG�DHRbuEXTO���GJD x�XZG5o R�SZG\[ DFG\I abGJIFMPS^MPD
M�o^MPILKWC]I1SZG

sol
M KWIWMjsAIJD�SZG

O
wJRbrTDHKWCyKWXZC_M:s�CE�\CErZ�^MkrZOjM

Nsol

SZG
sol
� ��G\DHKWGVwJRPr�KFG ��KWRT�

XT[6M}DFRbu]XZOjQPR IqwJMPIWMkw\KWG\IFC]�jMPS^M5wJRP[8R�XZ[ ePKWC][8R5u]R�wJMPu^x�X^MPrZSZR|o RbDHDFXZC x�X^MPu]CES^MPSTGlC]abX^MPu^RPX
DHXZo GJIFC]RbI ��x�X^MPuEx�XZG\I_RbXTKWIFM�DHRbuEXTOjQPR�o GJILKWGJrTwJGJr�KFG1M

Nsol

�

� DFRPuEXZOJQPRqabG\IWMPSZM�r^M:@ MkDFG�STG�wJRPrZDHKFIFXZOJQPR�r^QPRqIFGJoTIFGJDHGJr�KNM���rZGJw\GJDFDFMPIFCEMP[�GJr�KWGk�bXZ[
ekKWCE[�R5uER�wjMPu � � RbY��HG\KFC]sPR|S^M @ MPDFGlDFG\abXZCEr�KFGP��M}YZXTDFwjM�uER�wjMPu � I�G��TMkKNMP[�GJr�KFGqGJrTwJRbr�KWIFMPIdXZ[6M

� fihvs�hku�w�o�y�z�rMh�l p r~h�l�� ��h��{�Ml��M��o
��lq�2����nxrmw��{l jgo��
n^��� ��s��{p�l p o�n�rmz{rmh�rm���xo�n�jmo�h
c(x) ∈ [cmax−

α(cmax − cmin), cmax]
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	�����
����� '�(*) +
, -�+�,�.*/102)�3�4
526 (�/ � α �� �
sol← ∅ "#�� ��A (
=�� + c(x) � x ∈ E "&�� ���
���$��%

8 �
LRC ← .
/ 0:)�3�4�/��1,�; � . � α �7">��
s← �<)*61/
=���(
, � =�+�( 3�/ 4��1( � LRC �7"C��
sol← sol ∪ {s} "D � �
A (
=��1+ c(x) � x ∈ E \ sol "F�� %���G � /�= 5261(
/�,�.
/	��
�=
+13�( � sol �7"_�� �������2�1�`� sol "

tvCEaPXZIWM���� ����`$DFG\XZSZRkg wJe�SZCEaPR�SZM"@ MPDHG5SZG5wJRbr�KWIHXZOjQkR8SZR8i Rl���T` RbIHCEabC]r^MPu

DHRbuEXTOjQPR�x�XTGqDFG �FM|ePKFCE[8M}SZG\r�KWIFR|SZGqDHX^M�s�CE�\CErZ�^MkrZOjMT�v`vMPIFM|CEDLKWRZ��M�s�C]�JCErT�^MPrZOJM�S^M}DFRbu]XZOjQPR
RPYTKWC]S^M|r^M @ MkDFG�SZGqwJRbrZDLKWIHXZOjQPR"I�G ��oZuERPIWMPS^M1G\[ YTXZDFwJM1SZG�MPu]abXZ[8M�DFRPuEXZOJQPR1[�GJuE�TRbI x�XZG5M
RPIFCEaPCEr^MPu GP� wjMPDHR6GJDLKNM6YTXZDFwJM6RbYTKFGJrZ�^M�DFXZw\GJDHDFRZ� G\uzM"I�IHGJo G\KFCES^M�KWRb[8MPrZSZR�wJRP[8R�o RPr�KFR6SZG
oZMPIHKFCES^MqG\DHKWM�rZR sPM�DHRbuEXTOjQPRZ� mcMPDFR�w\Rbr�KWI �PIFC]RZ�bwJRPrZwJu]XZCyg DFG�x�XZG XT[ ePKFCE[�R�u]R�wJMPu�@ RPCZMkKFCErZabC]SZR
G}MD@ MPDHG}STG}YTXZDFwJM8uER�wjMku KWG\IF[�CEr^M��

� oZDHGJXZSTRkg�w\e�SZC]abRqSZM:@ MPDFG�SZGcYZXZDHwjM�u]R�wJMPu�GJDHK ��MPoZIHGJDFG\r�KNMPSZR5r^MqtvCEabXTIWM���� �T�	M$DHKFG
IdwJRPrZDHKFC]KWXT{ESZR_SZGdXZ[ �ZrZC]wJRluzMPO\RZ� S^MPD uEC]rZ�^MPD � M �T� x�XZG�IHGjMPu]CE�JMT� r^M�u]CErZ�ZM����PM_DFXZYTDHKWCyKWXZC]OjQPR
SZM�DFRPuEXZOJQPR�w\RbIFIHGJr�KWG

sol
o RbI�XZ[8M}DHRbuEXTOjQPR}[8G\uE�ZRPI

sol′
��o GJILKWG\rZwJG\r�KFG�M

Nsol

��MkK I�x�XZG�XZ[
ekKWCE[�R1u]R�wJMPu DFG �FM8M KWCErTabCESZRT� �qM�u]CErZ�^M �T�ZGJDLKWG}ePKWC][8R1u]R�wJMPu I�IHG\KWRPIFr^MPSTRZ�

���������
	�����
����� 9
5:)
6 (�,�;*/�6 (�= � sol �� � �
����`%:����� ∃ sol′ ∈ Nsol |
��A (�= � sol′ � > ��A (
= � sol ��� %���%#��

sol← sol′ "&�� E � �*�����%:����� "8 � �������2�1�`� sol "
tvC]abXZIWM���� �T��`$DHGJXZSZR g�wJe�SZC]abR�S^MD@ MPDFG5SZG5YZXZDHwjM�uER�wjMPu SZR*i R_���T`

� DlMPu]abRbIHC]KW[�RbD�SZG5YZXZDHwjM�uER�wjMPu ��G\[ abG\IWMPu �To RbDFDHXZGJ[~Mku]KWR|wJXZDLKWR�wJRb[�oZXTKWMPwJC]Rbr^MPu �
� CE[�o RbIHKWMPr�KWG�rZRPKNMkI|x�XZG*x�X^MPrTSZR�M4DFRPuEXZOJQPR+XZDFMPS^M+wJRP[8R+o Rbr�KWR4SZG*o^MPILKWC]S^MVKFGJ[3Y R�M
x�X^MkuECESZMPSZGP�kRbX1DHG �FMT��I oZIFej��CE[8MqM�XZ[nePKFCE[�R�u]R�wJMPu�� R�G\D @ RbIHOJR�rZG\wJGJDHD �PIHCER�o^MkIWMqx�XZG M�YZXZDFwJM
u]R�wJMPucMkuEwjMkrZwJG
XZ[#ePKWC][8R4uER�wjMPu,I
IFGJSTXZ�JC]SZRZ� ` RbI�CEDHDFRZ�dM:G "^w\C!�\rZwJCEM�SZM�[�G\KWMP�ZG\XZIF{]DHKWC]wjM
i R_���T`nGJDLK � @ RbILKWGJ[�GJr�KFG*IFG\uzMPw\CERbr^MkS^M �4wJMPo^MPw\CES^MPSTG*S^M @ MPDHG*SZG
wJRPrZDHKFIFXZOJQPR:SZG
abG\IWMPI
DHRbuEXTO���GJD_SZG5Y RbM�x�X^MkuECESZMPSZGP�
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� G sbRbu]XZOjQPR}S^M�KWG\wJrZRbu]RbabCEM�SZGlMPIF[8MP�JG\r^MP[�GJr�KWR5SZGlY^MPDHGJDdSZGlS^MPSZRbD\��MPDFDHCE[ w\Rb[8R
SZM6wjMPoZMPwJC]S^MPSZG1STG1oZIFR�wJG\DFDFMP[8G\r�KWR
SZG|KFIWMPrTDWMPO ��G\DJ� o GJIH[8CyKWC]X4XZ[~wJIHGJDHwJCE[�GJr�KFR
DFCEaPrZC "^wJM g
KFC]sPR�SZR1sbRbu]XZ[�GqSZG�SZMPSZRbD G\rZwJRbr�KFIWMPSZR�G\[ Y^MkrZwJRbD STG�S^MPSZRPDcSZG�GJ[�oZIHGJDWMkD G�CErZDLKWCyKWXZC]O���GJD
STGqo GJDFx�XZC]DWMT� C�DLKWR1[�RPKFC]sbRPX6M}wJIFCEMPOjQkR�SZGlK I\wJrZC]wjMPD wjMPo^Mk�JGJD�SZG�G���KWIWMkCEI MPXTKWRP[6MkKFCEwJMP[8G\r�KWG
C]r0@ RbIH[6MPO ��G\D�CE[�oZuE{]wJCyKNMPDlrZGJDLKNMPD}Y^MPDHGJD�SZG�S^MPSZRbD\�6��uEabXZ[8MPD�SZG\DHKWMPD�C]r0@ RbIH[6MPO ��G\DJ��o RbDFDHCyg
sPGJu][8G\r�KFG6SZG\DFw\RbrZ�ZG\wJCESZMPDJ� K��J[ R4o RPKWG\rZwJCEMPu$SZG8DFGJIHGJ[3G ��KWIHGJ[8MP[�GJr�KWG �TKWG\CED}G6SZG\wJCEDHC]skMPD
G\[ oZIFR�wJG\DFDFRPDcSZG_KWRb[8MPS^M5SZGqSTGJwJC]DWQPRT� � u]CErZ�ZM}SZGlo GJDFx�XZC]DWM|GqMPoZu]CEwjMkOjQPR5x�XZGqG\DHKFXZS^M�K IJw g
rTCEwjMkD�o^MPIWM*G���KWIWMkOjQPRVMPXTKFRb[ �kKWC]wjM6SZG�C]r0@ RbIH[6MPO ��G\DqG�w\RbrZ�ZG\wJCE[�GJr�KFR M
o^MkIHKWC]IqSZG�Y^MkrZwJRbD
STG}SZMPSZRbDQI5wN�^MP[8MPS^M�U C]rZGJIFMPOjQPR�SZG}B�MkSZRbD���� �����

�qD�K IJw\rZCEwJMPD|SZG�[�CErZG\IWMPOJQPR STG8S^MkSZRbD|DHG6SZCys�CESZG\[ GJ[ SZRbC]D�aPIFXZo RbD}oZIFC]rZwJC]o^MPCED\�
MkD6oZIHGJSZCyKWC]skMPD�G MPD6SZG\DFw\IFC]KFC]skMPD\����D*oZIHGJSZCyKWC]skMPD�DFQPR XZDFMPS^MPD8o^MPIWM/DFG+oTIFG\sPGJI*XT[ skMPu]RbI
STGJDFw\RbrZ�ZG\wJC]SZR�RbX XZ[ G sbG\r�KFRZ�^wJRP[ Y^MPDHG�rZR��ZC]DHKWePIFCEw\R|SZRPD S^MPSZRbDcMPIF[8MP�JG\r^MPSZRPDJ�$�qD STGJDLg
w\IFCyKWC]skMPD @ RbIHrZGJw\GJ[ CEr=@ RbIF[8MPO���GJD$IHGJu]G\skMPr�KWG\D�DFRPYZIFG�RbD SZMPSZRbD\��w\Rb[8R}IFG\uzMPO ��G\D G\r�KWIFGlskMPuERbIHGJD
STG�M KWIFC]YZXTKFRbDJ�

� D$oTIFCErTwJCEoZMPCED KWCEo RbD STGcIFG\abIWMPD$G oZMPSZI ��GJD$G���KWIWMk{ESZRbDvGJ[ oTIFR�wJGJDHDFRbD�SZG [�CErTGJIWMkOjQPR
STG�S^MkSZRbDqDFQPRZ� IFGJaPIWMPDlSZG�MPDFDHR�w\CzMPOJQPRZ�^o^MPSTI ��GJDlSZG|DHGJx)( �JrTwJCzM�� [�R�STGJuERPDlSTG�w\uzMPDHDFC "ZwjMPOJQPRZ�
G\r�KWIFG|RbXTKWIHRbDJ�l� K IJw\rZCEwJM6XZDWMkS^M6r^M��ZCEYZIHCESZC]�jMPOJQPR�S^M6[�G\KNMk�ZGJXZIH{EDLKWCEwJM6i R_���T`�oZIHRbo RPDHKNM
G\[ ��� �T�����Z� � ��� I XZ[8MqK I\wJrZC]wjM�SZG\DFw\IFC]KFC]skM�wJRPrZ�ZGJw\CES^M�w\Rb[8R;� � �
����	7�><1��
� � 1��
	 � � ��1 �
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��
� � �����kaI� � � c �fx�XZG I8XZ[ DFXZY�g�oZIHRbYZuEG\[6M S^M KWMPIFG @ M SZG6G ��KWIFMPOjQPR4SZG6IHGJabIFMPD|SZG
MkDFDFR�wJCEMPOjQkR ���b�����

� U+mct�wJRPrZDFC]DHKWG�GJ[ C]SZGJr�KFC "^wJMPIJ� GJ[ XT[6M Y^MPDHG8SZG�S^MkSZRbD}SZG�KFIWMPrTDWMPO ��G\DJ� KWRkg
STRbD�RbD�DFXZY wJRbr$�HXZr�KWRbD�SZG�C]KFGJrZD�x�XZG1MPo^MPIHGJwJG\[ G\[ o GJu]R6[�GJrZRPD

t
KWIFMPrZDWMkO���GJDJ� wN�^MP[8MPSZRbD

w\Rbr �HXZr�KFRbD:@ IHGJx)(ZGJr�KFGJDJ�:M$DHKFG�skMPuERPI
t
I|wN�^Mk[6MPSTR � �
5 1 ���� � � ����� 1 � � DHXZo RbIHKFG|SZG}XZ[

w\Rbr �HXZr�KFR�SZGdC]KWG\rZD I�SZG "^rZCESTRqwJRP[8RlRqr �Z[�GJIHRqSZGdKWIWMkrZDWMPO ��G\DfrZMPDvx�X^MPC]DfG\DHKFG�GJDLK �qw\Rbr�KWC]SZRZ�
` RbI|G���GJ[�oZuERZ�fwJRbrTDFCESTGJIFG*M4Y^MPDHG6SZG8S^MPSZRbD|CEuEXTDHKWIFMPS^M r^M PfMPY GJuzM4����b�+mcMkS^M KWIFMPrZDFMPOjQPR
o RbDHDFXZCdXZ[ wjMP[�o R4SZG8CESZG\r�KFC "^wJMPOjQkR E

ID
G5G8XZ[ wJRbr �HXTr�KFR+SZG8GJuEG\[8G\r�KWRbD\� � w\Rbr �HXZr�KFR

{40, 50}
MPo^MkIFGJw\G�GJ[ SZX^MPD KWIWMkrZDWMPO ��G\D E��|G ��G �To RbILKNMPr�KWRT�TDFG\X DFXZo RbIHKFG I�CEaPX^MPu M

2
� � �1R

w\Rbr �HXZr�KFR
{20, 40}
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MkSZRPKNMkS^MPD�GJ[ ��� ��� ����� �����QIVR STGVoZMPSZIWQkR [8M ��CE[8MPu�� p�[ w\Rbr �HXZr�KWR @ IFG\x�(TGJr�KWG IVSTC]KWR
[8M ��CE[8MPu^x�X^MPrTSZR�rZGJrT��XT[ SZG�DHGJXZD DHXZo GJIFw\Rbr �HXZr�KFRbDcKNMP[|Y I\[ IqXZ[ w\Rbr �HXZr�KFRD@ IFGJx)(ZG\r�KWGP�
` RbI5G ��GJ[�oZu]RZ� wJRbrZDHCESZG\IWMPrTSZR R Y^MkrZwJRVSZG�S^MPSZRbD5S^M3PfMPY G\uzMV�����G�XT[ DFXZo RbILKWG�[8{]rZCE[�R
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I1XZ[~wJRbr$�HXZr�KWR*[8M ��CE[8MPu��$� �8x�XZG1G\uEG|rZQPR I�DFXZY wJRbr$�HXZr�KWR
SZG

rTGJrZ��XZ[>RbX�KWIFR�w\Rbr �HXZr�KWR"@ IFG\x)(ZGJr�KWGk�

p�[ SZRbD oZIFC][8G\CEIFRPD�MPuEabRPIFC]KF[8RPD oZIFRPo RbDLKWRbDdo^MPIFM�IHGjMPu]CE�jMkOjQPR5S^M|U+mct���G�KNMk[1Y I\[
XT[ SZRbDq[6MPC]D�C][8o RbILKNMPr�KWG\DJ� I�wJRbrZ�TGJwJC]SZR
wJRP[8R � ��� E ��� E � ��� �5BqGJDHSZG�DFG\X Mko^MPIFG\wJC][8G\r�KFRZ�
s �PIHCERbD|RbXTKWIHRbD�MPu]abRbIHC]KW[�RbD @ RbIWMk[#w\IFCzMkSZRbDJ��o RbDFDHXZCErTSZR:wjMPIFMPw\KFGJIH{EDHKFCEwJMPD1SZC]DHKWC]r�KNMPD\� M$r�KWIHG
G\uEG\D�DFG�SZGJDLKNMPwJMP[ RVB�mJC ��� !#��� tv`�aPIFR�� KW���������$G�t `$[8M ���������#����DHGJrZSTR x�XZG�GJDLKWG �ZuyKWCE[�R
IHGjMPu]CE�JM XZ[6M sPGJIFDFQPR [�R�SZC "^wJMPS^M S^M U+mct<r^M x�X^Mku5MPo G\r^MPD RbD wJRPr �HXZr�KWRbD3@ IFG\x)(ZGJr�KWG\D
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SZG�XZ[ [�e�SZXTuER*SZG�[�CErZG\IWMPOJQPR
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[8G KNMP�ZG\XZIF{]DLg
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u]CErZ�^MkD � M � � w\RbIFIHGJDFo RbrZSTG � @ MPDFG:SZG:aPGJIWMkOjQPR STR
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mcMkDFRAR wJRbr$�HXZr�KWRAG\uECyKWG � �/o RbDHDFX^MAR/[ � ��CE[�R/STG DHRbuEXZO ��G\D8o GJIH[8CyKWC]SZRZ�dM DHRbuEXZOJQPR/DFe I
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SZG "^rZG�M�x�X^MPr�KWC]S^MPSZG�SZG|o^MkSZI ��GJD
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M�DFG\IFG\[ G���KWIWMk{ESZRbD�GVR oZMPI+LP[�G\KFIFR
sup � min

IFG\oZIFG\DFGJr�KWMARADHXZo RPIHKWG [�{ErZC][8R:x�XZGVXZ[
w\Rbr �HXZr�KFR SZG\sPG+KWG\I8o^MkIWMADHGJI6w\RbrZDHCESZG\IWMPSZR9@ IFGJx)(ZG\r�KWGP� �qM u]CErZ�ZM � ��� XZ[ SZRbD6oZMPSZI ��GJD
G\rZwJRPr�KFIWMPSTRbD I/GJDHwJRbu]�ZCESTR o GJuEM�@ XTrZOjQPR����	������� ��������	
������� M$DHKWM�@ XZrTOjQPR!DFGJu]GJw\CERbr^M RbD
oZMPSZI ��GJDqGJ[ XZ[ G\DFx�XZG\[6M*SZG|IFR�SZ{E�\CER E GJ[ CErTabu!�\DJ� �	��@���
��	� � E�� G � � uEMPOJR8S^MPD�u]CErZ�^MkD ���
M4�P� w\RbIFIHGJDHo RbrTSZG �3@ MPDFG8�Z{EYZIHCES^M�� rZM x�X^MPudDWQPR G ��GJw\XTKNMkS^MPD1CyKWGJIFMPO���GJD}x�XZG6X�KWCEu]CE�JMP[ RbD
oZMPSZI ��GJD|G ��KWIFMP{ESZRPD1r^M4u]CErZ�^M ���b�*M$DLKNM @ MPDHG*o RPDFDFXTC�GJDLKWIHXTKWXZIFM:DFGJ[�GJu]�^MPr�KWG6MPR�i Rl���T`
RPIFCEaPCEr^MPu ��wJRb[ XZ[8M �ZrTCEwjM/[1XZS^MkrZOjMArZM @ MPDHG4SZG wJRbrZDLKWIHXZOjQPRT�lx�XZG IFG\wJGJY G+XZ[ o^MkSZIWQPR
w\Rb[�R4DFG\rZSZR:XZ[8M DHRbuEXTOjQPR o^MPIFw\CzMPu�C]rZCEw\CzMPu �
��RPKFG6x�XZGk� r^M4u]CErZ�^M � #T�fXZ[3RbXTKWIHR4o^MkSZIWQPR
I�DHGJuEG\wJC]Rbr^MPSZR o^MkIWM
DFG\I}XTDWMPSZR r^M oZIHe ��C][6M*CyKWGJIFMPOjQkRZ�1� [�GJuE�TRbI�DFRPuEXZOJQPR GJrZw\Rbr�KWIWMkS^M I
IHG\KFRbIFr^MkS^M�r^M�u]CErZ�ZM����b�
����
����������������������! #"%$�&�'�(!)�'�*!+-, num . it . conj . elite

�
tam . elite

�
qtd . padroes

�
sup . min

�
α /

0%1 �
melhor . sol ← ∅ 2

0�3 �
Conjunto . Elite← ∅ 2

0#4 � �65!��5 it← 1
lK�87

num . it . conj . elite 9 5;:#5
0�< �

sol← =;>%?�@ $�* @ $#A!+CB ?�D )�E�F > +%, α /G2
0�H �

sol← I E ? F > $#J!+%F >�K , sol /L2
0#M � � D E >!K '�N > $#A!+�B;O�E�B D +!$CP K ' D!@ , Conjunto . Elite

�
sol

�
tam . elite /G2

0�Q � R �S��T >!K , sol / > ��T >!K , melhor . sol /
0#U �

melhor . sol ← sol 2
0#V � W � R �
1X0 � W �Y�5;�Z5
1#1 �

Padroes← [ A = , Conjunto . Elite
�
qtd . padroes

�
sup . min /G2

1Z3 �
p← "�)!+#\�'G]�+�$�" > *�) > +�, Padroes /L2

1X4 � ���������5
1�< �

sol← =;>%?�@ $�* @ $#A!+CB ?�D )�E�F > +�$��!* >C^�D;> * > , p � α /L2
1ZH �

sol← I E ? F > $#J!+%F >�K , sol /L2
1XM � R �S��T >!K , sol / > ��T >!K , melhor . sol /
1�Q �

melhor . sol ← sol 2
1XU � W � R �
1XV �

p← "�);+#\�'G]�+!$�" > *#) > +�, Padroes /L2
3�0 � 5!�X�_A�)�' D;@ )�'C+�$#* @ $�" > ) > * > , /G2
3;1 � �������-�Z�� melhor . sol 2

tvCEabXTIWM������Z��`$DFG\XZSZRkg wJe�SZCEabR�SZR8i Rl���T` �Z{]YZIFC]SZR

� MkuEabRbIHC]KF[8R:S^MAtvCEabXTIWM ��� � I4DFG\[8G\uE�^Mkr�KFG+MPR MPuEabRPIFC]KF[8R:SZM tvCEaPXZIWM ��� ��� �
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�TrZCEwJM8SZC @ GJIFG\rZOjM�GJDLK �6r^M�uEC]rZ�^M �b� r^M6x�X^MPu M�skMPIHC �jsbG\ufXTDWMPS^M�o^MPIFM6MPIH[6MP�\GJr^MkIqM�DFRbu]XZOjQPR
w\RbrZDLKWIFXT{ES^M8I5CErZC]wJCEMPuEC]�jMPS^M}wJRb[ RbD GJu]GJ[�GJr�KWRbD_SZR�o^MkSZIWQPR

p
IFG\wJG\YZCESZR�w\Rb[8R�o^MkI+LP[�G\KFIFRZ�

��Z������� � ��������� =;>;?�@ $#* @ $#A!+�B ?ZD )�E�F > +!$C��* >C^!D�> * > , p � α /
1 �

sol← p 2
3 � ��T >!K ' @ c(x)

�
x ∈ E \ sol 2

4 � �Z���6� �X5
< �

LRC ← A!+�B ?�D );+-'C$#J��!A�, α /G2
H �

s← P ? F�+ K��;> $�� K�@�>#D +#)�' > , LRC /G2
M �

sol← sol ∪ {s} 2
Q � ��T >!K ' @ c(x)

�
x ∈ E \ sol 2

U � 5!���_ �+ K E�F > +!$#A!+X] ^-K�@#D!> , sol /L2
V � �Z���X�%���� sol 2
tfCEabXZIFM���� ����`$DFGJXTSZRkg�w\e�STCEabR�S^MD@ MPDHG}STG}w\RbrZDLKWIFXTOjQPR8MPS^MPo�KNMPS^M

C�[8oZu]GJ[�GJr�KNMkO���GJD1SZG\DHKFGV[.I\KFR�STR+�Z{EYTIFCESTR4IFG\x�XZGJIHGJ[ M+w\Rbr%"^abXTIWMPOJQPR:SZG MPu]abXZrZD
oZMPI+LP[�G\KFIFRbD\� R�r �Z[8G\IFR�SZG�CyKWGJIFMPO���GJD�S^MD@ MPDFG�SZG�aPGJIWMkOjQPR�SZR�w\Rbr �HXZr�KWR�G\uEC]KFGP��R�KWMP[8MPrZ�ZR
STR
wJRbr �HXTr�KFR
GJu]C]KWGk� R6DFXZo RbIHKFG1[�{ErZC][8R�G�M6x�X^MPr�KFCES^MPSTG1SZG1o^MkSZI ��GJD�M8DFGJIHGJ[ XTKWC]uECE�JMPSZRbD\�
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KWM��8MPrZ�ZRbDqSZG�o RPoZXZuzMkOjQPR E wJR � rZR�� � ��C���R �b�6G\uEG��8G\r�KFRbD G�����D��ZGJXTIF{EDLKWC]wjMPD�RPYTKWCysbGJIFM��
IHGJDHXZu]KWMPSZRbD8oZIFej��C���RbD E����"G�MPRbD�RbYTKWC]SZRbD�o RPI8X�� MPu]abRbIHC]K ��R:G �TMkKFRZ� o RbI I�� �cSTG @ RbI �6M
�|XZC]KFR �6MkCED�I �PoZC]S^MT� M � � �b��� �=@ RPIWM��<SZGJDHGJr�sbRPu]s�CES^MkDl�TGJXZIH{EDHKFCEwJMPDco^MPIFM1GJrZw\Rbr�KWIFMPI abIFXTo RbD
STG�G\DHKWXTS^MPr�KWG\DqwJR��>MPD_wjMPIFMPw\KFGJIH{EDHKFCEwJMPDlMPD �6MPC]DcSZCysbGJIHDWMPDlo RbDFDH{]sbG\u��^w\R �8R�r^MPw\CERbrZMPuEC]S^MPSZGk�
C]S^MPSZGk�ZG5rZ{]sPGJu�SZG5G\DFwJRPuzMPIHCES^MPSTGP�

K �PIHCERbD KWIFMPY^MPu]�ZRbD7@ RbIWM � SZGJDHGJr�sbRbuys�CESZRbDvXZDWMPrTSZR�M ��G\KWMP�ZG\XZIF{]DHKWC]wjM�i R_����`+o^MPIWM
IHGJDHRbu]sPGJI1R:`dU4B���O�RbrTD1IFG\DFXZuyKNMPSZRPD @ RbIFM�� RbYTKWC]SZRbD}o^MPIFM4CErZDLK LPrTwJCzMkD�o GJx�XZG\r^MPD�SZR+oTIFRkg
YTuEG��8M5G�� � � ������p � rZR sbR1oZIHR�w\GJSZC �8G\r�KWR|STG�wJRbrTDHKWIHXZOjQkRL@ RbC SZGJDHGJr�sbRPu]s�CESZR�G�� � ��� ��DFGJrTSZR
MjskMPu]CzMPSZR o^MPIFM CErZDLK LPrZw\CzMPD8SZG�MkK I����P�AG\uEG��8G\r�KFRbDJ� R_GJDFXTu]KNMkSZRbD*SZG��8RPrZDHKFIWMPIFM�� x�XZG:R
�.I\KFR�STR @ RbC�wJMPo^MP�
SZG MkuEwjMkrZOjMPI�DFRbu]XZO���GJD ��GJu]�ZRbIHGJD1x�XZG R/i Rl���T`?oTIFRbo RbDHKFR:G�� � � �����
M � ��������@ RbC oZIFRPo RbDLKNM�M|CErZw\RbIFo RbIFMPOjQPR}SZG�IFGJw\RbrZG��ZQkR�SZGqwJM��8C]rZ�ZRbD MPR1i R_���T` STGJDFG\r�sbRbu g
s�C]SZRqG�� � ����G R �.I\KWR�SZRlIFG\DFXZuyKNMPr�KWG @ RbC�wjMko^MP��STG�MPu]wjMPrTOjMPI �8G\uE�ZRPIFGJD IHGJDFXTu]KNMkSZRbDJ��M � ��� �����
@ RPIWM��?oZIFRPo RbDLKNMPD s �PIHCzMPDv�ZGJXZIH{EDLKWCEwJMPD$SZG w\RbrZDHKFIFXZOJQPR5G_SZG YZXZDHwjM5uER�wjMPu �kDHGJrZSZR}wJR��1YZCErZMPS^MPD



��� 	 # �����
�� ����� ��� � � , � �

oZMPIWMVabGJIFMPI�STC]sbG\IFDHRbD�MPu]abRbIFCyK ��RbD5i Rl���T`f� t^RbIFM�� XTKWC]uEC]�jMPS^MkD�CErZDLK LPrZw\CzMPD\�vw\IFCzMkS^MPD}o G\uERbD
MkXTKWRbIHGJD\�vwJR��3rTR � � ��C���R �k�b�VG\uEG��8G\r�KFRbDJ� R_GJDHXZu]KWMPSZRbD}G ��o GJIFC �8G\r�KNMPC]D�SZG��8RPrZDHKFIWMPIFM��
x�XZG MkD|GJDLKWIFMkK I\abCzMPD @ RbIWM �3wJMPo^MP�\GJD�SZG*MPuEwJMPrZOjMkI|IFG\DFXZuyKNMPSTRbD ��GJu]�ZRbIFG\D|x�XZG*RPD ��I KWR�SZRbD
oTIFRbo RbDHKFRbD_G���� �T� �������

BqGJr�KWIHG|RbD_MkuEabRbIHC]K��8RbD�MPoZIHGJDFG\r�KNMPSZRPD�G���� � ����� M��ZG\XZIF{]DHKFCEwjM *5� B @ RPC M�x�XZGk� G��
aPGJIWMku��$RbYTKFG\sPGVRPD �8G\uE�ZRbIHGJD1IHGJDHXZu]KWMPSZRbD\� ��G\DHKWM�STCEDFDHGJILKNMPOJQPRZ��GJDLKNM:�ZGJXTIF{EDLKWC]wjM @ RbC XZDWMPSZM
w\R ��R�YZMPDFG5o^MPIFM�M�C �8oTuEG���GJr�KWMPOjQPR�SZM ��G\KWMP�ZG\XZIF{]DHKWC]wjM1�Z{]YZIFC]S^M�i Rl���T`vgLU4B|�

�7	 � $ 3���9�� �"< )* �1#� ��� �

�����	��
����������������
��������������� ���������� ����!"���	
"��#$�����%
��'&������(�����	�(���*)�+'�����,�.-��/��!0�/�
1 ���2�3#$�����'
��'� ��!�����-���4 5������ �����(���"��67
�2�98��:#;�.-�!� � ��-<&,�.!��=�,�.!0�/�.�=
��'�"��-��/�9
"�>@? � �BA ���C)
#;��-/��� �D�����9�E��
�.�F��G�-����.�H��-��I��� 
�� �F��!0�/�.�H
��J���.!��K�/-��4(5��L�M� 1 ���M�.&I�/�����N��� �F����8��.-�� �
-�� �����9�/��
��.��)���� O.� -����C)'#;�.�P� 1 ���Q�����.�R�S� �K�/-/�T�/+ O��E� *�UV� W

K + H�-,�� JKC .*E JKC H�(F	� J �

K X ���9�.-����'�����K� L�!� �E����YZ>\[]����O��.-��^� ��� *�UV�_+�� �`�a� �F���9����� !0����4(5��a
�� �����/��8�����-�b9���/�9�(�
c�d'e3fg 1 ���<���/�������/�2� �K�/-����/+�O.�E�7
��<���.!��K�/-��4(5��P��� �a&��9!"��
"�'� ���h�2&������(���9�I� ���0��-��.�i�������
�����Bj ���*>

[k����O��.-��^� ����l�UV�m�,�.�������"�����/�'!����F�%
��Z�	��
���nP#;�.-��F�P� ���F����U d%o +����.!0����
"�p
����-/�q� ��
"�q� �9����� !0�/�

i ∈ N
)=+H�(����� ��E��
"�r�q��� �F�

si


��.�a�����9�.-�����
��
dij

)
j ∈ N\{i}

)
1 ����+s��/�9���96(��
"�F�"��-/�H��� �F����-/��-��.��� �����F��!0�/�.��> f 5��t��� �9� �����.!"��
��.�3�"��-��t#;��-��F��-3�tU d%o
���

K
� �����F��!0�/�.��� � � �F���9�.-���������-u
��

si

)v�.�w���yx��I)v�.�
K

� �9����� !0�/������� � �����`�����.-�� �

�����/z�!����E���PW$
��^�.� -����9
"��
�����Y<���{-�� �E��4(5��u���.�v�.�I�/-����:� �9����� !0�/�.��> f �.�9��4 |	� �v�/5��a���.!��K�/-��b�
"���
��� �9� � �9�.!"��!
�������� ���/�.-��E����� !0����� �9����� !0�/���7
� ���/�FU d%o >

[}��-��I��� 
�� �F��!~���t
��s� �.!��K�/-���4(5���+u&"�����(��
������
��"���P��+ ��!���� ��� 1 �����&�/�^�.� -����
����� ��������� � ���M�Z�	�/��!���|	� �F
�� c�d'e3fg p=�q�"�^�/-/��O.����
�����.���4 |	� �s� �.!���/-���b�
���� ��A����C)\���
c�d'e3fg -��(�����9��� ���0���C>

e �"�9��-/��O�����
��P���.����4�|I���:� ��!�����-���b9
"���:+P� �`���/+ ��!���� �a��-����i�.�K��������-/����� !0����-:O0�T�
-���!0�/�9- 1 �������\���.�9��4 |	� �\� !0�	�E��
����v�"��-/����#$�����2
��2&������(���9�I� ����/��!�8"��� ��� �98��.- 1 �"���9��
"��
��>
e ��
�+��E�`+a���I� � �I����-��t���9O.�.-��^� ���s
��u� �.!���/-���4(5��t��G�-��E���7�.��6 � ��)V�a#;�.-�!���� ��-3�"��-/�H�F&������ �



�����������
	������������� � ��� �
�

�9�I� ��� ���i��!"���7����� �98��.-:���.���4(5��sO.��-/��
"�I>

[ c�d'e3fg -�� ���/�^�.�P+v���`�7�Z�	�/��!��/5��3
�� c�d7ePfg 1 ��:�/���h�,�.-@��&	x������9�.�2�/�.-�!"��-@�
����-/z�������-��

α
��������y� x������G(��� �C> e �9
�+ ���P+2������ ��/��-\��� &����	� ���9!������E���I
��2�^�/��-/��4�|I���\��/��!�
�

��G�-����.� �����9�.-����<
��
α

��)I��������&����	� ������O.����!0����
��2�9�/��-/��4�|I��� )~
"��- �`����� ��-����.-���
"��
�2���������

�������9�.-����%
��

α 1 �����9������-�����)I��� ��+ 
�E�)� ��� �98��.-�� �%��������4�|I��� >

e �9!�� �.-��i��-/��4 5�� 
��w���.!���� �9���w
� c�d7ePfg -�� ���/�^�.�L�i���E�S8�����-�b9���/�9�(�Ll�U ��#;�.�
#;���9�/�`
"�H����O.����!0����#;�.-��F�> f � x��

m � it
�H!������ -�� �/���/���@
�u�9�/��-/��4�|I��� >�[��-������ �9-��F&����	� �


���^�/� -���4 |	� �
B1


������r���.!0�/� -
0.4m � it

�9�/��-/��4�|I��� > ?=�K�/��&����	� �M+�
��9�	�9
���
��J��� 1 �"���/-��
�9!0�/� -K�������.�u
� ��� � �F�q�/���F��!�8���)=-�� ��-�� ����!0����
����`�,�.-

ci, i = 1, . . . , 4
>��P�"�T�/-��J�����9�.-����


�9#;� -�� !0�/���'
��
K ∈ {K1, K2, K3, K4}

�/5��F�(����������
��.�<!��.� 1 �"���/-��F�9!0�/� -K�������.��>=[h�����9�.-
Ki+����/��
� �"��-��F�/�	
"���������^�/� -���4 |	� �2
�� �9!~��� -K�������

ci

>�[P�2��������-�� �
Ki

�/5��H����-������ !0�/��
��.�P!��
 ��&,� ���"!I>�#.)�.!�
��

µ = (n−m)/2
>

 ��&,� ���"!I>�#.p%$\�����.-�� �%
��
K

�"��-/�u��&����	� �
B1

i ci K
#

[1, . . . , 0.1m � it] m + µ− 0.2µ
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O�E�I J4RKQSLNEP\SHDIYXMA EdADQNeMRv[nAZCg ¡Rv[g_DRMT�R�U¬OMA�tM`KR	svIK[GIKt�EPAmU¬OMAdEGR�XMRvC�RvCjJcIKHDR{EGADC XMAdXcIKXMRvC
AZt���\SIKXMRvC6J4AZQ~Id ¡RKt¬EPAyCgANYPI9E AZ ¡A�EG\N�{I9EdADt�EPA AZt¬EP[PAZsvOMADC�I{RvC6[gADHDAZJUEGRK[PADCZ�on6I{C6EG[PIKtMCFEd\SCgCPÇ�ADC
��Sc���P����� HDRvt��KADtMHZ\SRvtcI{\SCDTR:JM[PR{EGR�HDRvQNR:XMAbEG[PIKtMCPJ�Rv[FEGAbÆÌ|�oÈ[gAaIKQN\SzaI¥ADCFE�I¥E�IK[gAZ ÎI:A��cHD\NADt�p
EPA0EdADt�EGA{�-o·Rv[PV�E	T¢A0E EP[GIKtMC Eu\NCPCgÇ�AZC*�������Î���P������T¢ADCFE�I]E�IK[gAZ ÎI¥VbCgOMfMCFE�IKtMHZ\~IKQIEuAZt�EGA E�I{\SC
HZR$EdJMQSA «MI���qbOM\NEPRvC�JM[PRKEPR�HZRvQSRKC8XMA EG[GI{tMCPJ�Rv[gEPA� ¡Rv[GI9E+XMADCgADt��vRKQN��\SXMRKCDTWHDIKXcI O E�CGI�EG\SCF ÎI�p
zZADtMXURuXM\§ ¡AD[gADt�EGAZCB[gA2U¬OMAD[g\�EdADt�EGRKCÌXUA I{JMQS\NHaIK_ZÇ�AZC8�������Î���P����� �qp
	��

xÈ ¡Rv[PtUADHD\IEuAZt�EGR XMAdCPAD[F��\S_DR½�����������P�����8HZRvtU���a�KADQ ADCgEG�b[gADQSIKHD\NRvtcIKXMR�l* ¡Rv[ E�IYXMA
sKAD[PAZtMHD\SI9EdADt�EGRdXMAy[gAZEP[GIKtMC Eu\NCPCgÇ�AZCBXMAjXcIKXURvCD�É E�EG[PIKtMC Eu\NCPCPÇ�ADC���Sc���P������T�I  ¡Rvt�EGAjV [gADCFp
J�RvtMCP�a�vADQ¨J�ADQSIY[PA�EG[GI{tMCFEd\SCgCG`KR*XMA JcI{HDRKEPADCnJ�AD[PXU\SXMRvCZ�r] E�I*IKXMIKJUE�I{_a`KR XMAZCgE�I*AZCgEG[PI{EGVZsv\~I



� ���������	��
������������������������ ��!"�#�$�&%'���)($���$���	�+*���"�	�-,.�	� /�*0�1��*0*2!3�547698;:=<?>0@ AB:
C �D/9EGFH(D��� I�I

JMIK[GI EP[GIKtUCFEd\SCPCgÇ�AZC8�����������P����� CPRvfU[PADHDIK[P[gADs�I{[P\~IyIy ¡Rvt�EGAKT�ADCgJ4AZHD\~I{Q�EdADt�EGA8A�E Cg\NEPOcIK_DÇ�ADC}A0E
U¬OMA*R�t���EuAZ[PR^XMA�[PADHZADJUEPRv[PAZC�VYsv[PIKtMXMA{�-] EuI	ADCFEG[PI{EGVZsv\~I�U¬OMAuEGA0E IKJM[gADCPAZt�E�IKXMR]f�RvtMC
[gADCgOMQNEGIKXMRvC�VbI^XM\§��\NCG`KR]XURvC [PADHZADJUEPRv[PAZC A0E sv[gOMJ�RvCDT�HDR9E I][PAaI{QS\SzDIK_a`{R^XMAYEGVZHDtM\NHaIKC XMA
[gADHZOMJ4AZ[GIK_D`KR�QNR�HDIKQ ��®Hp�Tc�Hi
	��¢k6QSV�E�XcI [PADXUOM_a`KRuXMAjHaIK[gs�IdtMI  ¡Rvt�EPAKT�ADCFEGA EdVZEPR�XUR EPA0E IKC
�{IKt�EGIKsvADtUCÌXUA EdADQNeMRv[PIK[Iw�{IKza`KRdXMR CP\NCgEPA0EuI A�XMA�[gADXMOMzZ\S[RdOMCPRdXMA�fcIKtUXcI�XcId[gADXMA{�

k EGVZHDtM\NHaI�IKf�Rv[PXMIKXcIytMAZCgEGIwXM\SCgCPAD[FE�IK_D`KR�VnI � ���������� ��!3�-���&% ���)($�������	��* T�U�OUA
CgADsvOUA I�ADCFEG[GI�EGVDsK\~I�XMAy[PADHZOMJ�AD[GI{_a`KR*QNR�HDIKQ�� nBAZCgE�I�EPVDHZtM\SHDIUTÏRvC6XcIKXMRvC6CG`KRY[gADJMQN\SHDIKXMRvCBA0E
I{QSsvOMtUCWXMRvCWt"WvCÊ\Nt¬EPAD[gtMRvCÊXcIB[PADXUA�A�HaI{XcI8O E�XMADCFEGADC¨V}[PADCgJ4RKtMCG�a�vAZQMJ�ADQ~IB[PAZEP[GIKtUCFEd\SCPCP`KR8XMA
JMIKHDRKEPADCnI{RvC6[gADHDAZJUEGRK[PADCnXUAwCPAZO]sv[POMJ�RM�nÉ¨CFEGADC6t"WvC8CP`KRYH�ecI9EuIKXMRKC8CPAZ[g��\SXMRK[PADC6XMAw[PVZJMQS\NHaI
RKO	CgAD[g��\NXMRv[PAZClXMA�[PADJMIK[PRM�

É E ����� 	�T� ¡Rv\�JM[PRKJ4RvCFEGRwO�E(h�iÌk8mUo$JcIK[GI CPRvQNOMHD\NRvtcIK[ RwJM[gRvfMQSA�E�IjXMA8CgADQSAZHD\NRvtcIK[
R EdADQNeMRv[ÊCgOMf4HZRvtZYgOMt�EPR XMRKC¨t"WvC¨\St�EPAD[FEdADXU\~�K[g\SRvC�JcIK[GI�IKsK\S[PA�E�HZR$EdRnCPAD[F��\SXMRv[gADC�XMAl[PVZJMQS\NHaI
A�EËO EuIlEP[GIKtMC Eu\NCPCP`KR �������Î���P�����"HDRvtU�c� �KADQ��¨x8C�f�RvtMC·[PAZCPOMQ§E�IKXURvC�RKfUEG\NXMRvC¹J4RK[·AZCgEPA EdVZEPR�XMR
CgAD[F��\N[GI9E&XMA EdRKEP\N�{IK_a`{R8JcIK[PI In\St��KADCgEP\Ss�I{_a`KRjXMRjXMADCgA0EdJ4AZtMeMRjXcI I{JMQS\NHaIK_D`KRnXMRyhjilknmUoWp
q	r�tMAZCgEPA JM[gRvfMQNA0EuIU�

��������� �
	��������������������������	! �"

nBADCFE�IlCPOMfUCPAD_D`KRMT�CPAZ[G�XMADCgHD[g\NE�IlI� ¡Rv[ EwOMQ~I{_a`KR¢XMRlJM[PRvfUQSA0EuIUT I{JM[PAZCPADt�EGIKXcIlA0E � �¬�
	��
? tU\SHD\SIKQ�EdADt�EPAKT¬Ij ¡OUtM_a`KR�U¬OMA6CgAD[G�jOMCGI{XcIyJcIK[PI EdR�XMADQSIK[¨RyHZOMCgEPRwXMAÌO E�I �K[g�KRv[PAÌXMAÌEG[GI{tMCFp
Ed\SCgCG`KR��������Î���P�����ÊCPAZ[G��XMAZ�ctU\SXcIU��k CPADsKOM\S[ZT¬In ¡RK[FEwOMQSIK_a`{R8VÌIKJM[PAZCPAZt¬EGIKXcI�HDR$E&fcIKCPAltMAZCgEGI
 ¡OUtM_a`KRdXMA�HDOUCgEGRU�

# ���Z�%$� � ��!"����� # $/���!"�5�$� C $*'&)�

oWIK[PI#U¬OMAbI][PAZJMQS\NHaIK_D`KR]XMA CPAZ[g��\SXMRK[PADC CgANYPI¥AZ ¡AZEP\N�{IUT�V tMADHZADCgCG�K[g\SR½ADtMHZRvt�EG[GI{[uI
I{QSR�HaIK_D`KR^XMA CPAZ[g��\SXURv[PAZCdXUAb[gVDJMQN\SHDI�U¬OMA	QNAZ�KA IKR EuAZQSeMRv[ XMADCgA0EdJ4AZtMeMR½XcI^EG[PIKtMCFEd\SCgCG`KR
�������Î���P�������¢k� ¡OMtU_a`KRuIKJM[gADCPAZt�E�IKXcIuIuCgADsvOM\N[ ¡Rv[PtMAZHDA I EdADXU\SXcI�XMRdHDOMCFEGRuXMA O�E�Id�K[g�KRv[PA
XUA EP[GIKtMC Eu\NCPCP`KR��������Î���P��������É¨t�E�`KRMT{RBRKf�YgAZEP\N�vRÌV XMAZ�ctU\S[$U¬OcIK\SC¹t"WKC�XMA��vA�E  ¡OUtMHD\NRvtcIK["HZR$EuR
CgAD[F��\NXMRv[gADCÌXMA�[PVDJUQS\SHDIwJcIK[PI`U¬OMAjCPAjIKQNHaIKtUHDAnO EuI �K[g�KRv[PA U¬OMA Eu\NtM\�Ed\SzZA6AZCgE�I� ¡OMtM_D`KRM�
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m�OMJ�RvtMecI U¬OMA O E t3W
s
CPA YPI I� ¡Rvt�EGA�XMA�O EuI�EG[PIKtMC Eu\NCPCG`{R]�������Î���P�����6A U¬OMA�RvC

t3WvC�XMR	HZRvtZYgOMt�EPR
R
CPA YPI9E�RvC�[PAZHDAZJUEGRv[gADCZ� nÌADCgEPAuHDIKCgRMT¹O E�I �K[F�vRv[gA XMA�EG[GI{tMCFEd\SCgCG`KR

TVdHDRKtMCgEP[POMLNXcIbHZR$E�[PIK\Sz A0E
s
T¹RvCjt"WvC�A0E

R
HDR9EuR  ¡RvQSeMIKCnAuRKCjt3WvC A�E

MR
HZR$EdRbt3WvC

\Nt�EGAD[gtMRvCZ� ÉW«�\SCFEGA O EuI]JM[PRvfMIKfM\SQN\SXcI{XMA�XMA J�AD[gXcI½XUAbJMIKHDRKEPADCdIKCgCPR�HD\~I{XcI-l½HDIKXcI¥IK[PAZCgEGI
XUA

T
�=kBsvRv[PIUT�CPOMJ�RvtMecI&U¬OMA RvC�XcI{XMRvC CPA YPI9E [PAZJMQS\NHaIKXURvCwA0E

P ⊆ MR
t3WvCD�$É¨t�E�`KRUT

P
V RYCPOMf�HDRKtZYgOMt�EGR*XMRKC6t"WvCB\St�EGAZ[PtMRKC U¬OMAy ¡OMtUHD\SRKtcIK[G`{RuHZR$EuRuCPAZ[g��\SXMRK[PADC6XMAy[gVDJMQN\SHaI��Ìk

��\SsvOM[PIw�M�§¦n\SQSOUCgEG[PIwO EuI��K[g�KRv[PA�XMAnEG[PIKtMC Eu\NCPCG`{R
T
HDR9E [GI{\Sz8tcI� ¡Rvt�EGA

s
� x8Cl[PAZHDAZJUEGRv[gADCZT

R = {r1, r2, ..., r9}
T"CG`KRbIKCn ¡RvQNecIKCD��xnCnt3WvC�\St�EGAZ[FEdADXM\S�K[P\NRvC6AZCgE�`{RbtURbHZRvtZYgOMt�EPR

MR =

{n1, n2, n3, p1, p2, p3}
��x+HDRvt	YgOMt�EGR

P = {p1, p2, p3}
HZRv[P[gADCgJ4RvtUXMA^IKRKCdCgAD[F��\NXMRv[gADC�XUA

[gVDJMQN\SHDIU�

��\SsvOM[PI6�M�§¦�K] EuI8�K[g�KRv[PAXUA�EG[GI{tMCFEd\SCgCG`KRM�n WKC�IKHD\NtMzDAZt¬EGIKXMRvC¨[gADJM[gADCgADt�E�I9E&RvCÊCPAZ[g��\SXURv[PAZC
XUAj[gVDJMQN\SHDI

m�ANYPI
Tv

I$CPOUfc�K[g�KRv[PA:XMA
T
HDR9E I [PIK\Sz]tMR t"W

v
� k� ¡Rv[ EwOMQ~I{_a`KR U¬OMA½CPAD[P�

I{JM[PAZCPADt�EGIKXcIuV�fcI{CPAaI{XcIdtMI CgADsvOU\St�EGAnEGAZ[FEd\StMRKQSRvsv\SI3K
Rv

x�HDRKtZYgOMt�EGRdXMA�[PAZHDADJ�EGRv[gADCÌA0E
Tv

R′

v

x&CPOMf�HDRKtZYgOMt�EGRuXMAyAZQSA0EdADt�EPRvClA0E
Rv

HZOZYgR�HDI9Eu\NtMeMR ADt�EP[PAyAZQSAZCBAjRut3W
vtc`KRd\StMHZQSOM\4O E(CgAD[g��\NXMRv[lXMA�[PVZJMQS\NHaI

Hv

x�t¬� EdAD[PR�EPRKE�IKQÏXMAjIK[PAZCgE�I{CÌA�E
Tv

Pv

x�HDRKtZYgOMt�EGRdXMA�CPAZ[g��\SXMRK[PADClXMA�[gVDJMQN\SHaI�A�E
Tv

P ′

v

x CPOMf�HDRvt	YgOMt�EGRYXMA ADQNA0EdADt�EGRvCBA0E
Pv

HZOZYgRYHDI9Eu\NtMeMRdADt�EG[gAyAZQSADCBAyRut"W
vtc`KRd\StMHZQSOM\4O E(CgAD[g��\NXMRv[lXMA�[PVZJMQS\NHaI
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o�Rv[¹A�«�A�EuJMQNRMT�HDRvtMCg\SXMAZ[PA
Tn1

T{ICPOMfM�K[g�KRv[PA HDR$E [GIK\Nz¨A0E
n1

tcI �W\NsvOM[GI��U�N¦v�nBAZCgEGI
CgOMfc�K[F�vRv[gAKT

Rv = {r1, r2, r3}
T
R′

v = Rv

T
Hv = 4

T4A
P ′

v = Pv = ∅
�8É E

Tn2

T4CgOMfc�K[F�vRv[gA
HZR$E [PIK\Sz�A0E

n2

T
Rv = {r4, r5, ..., r9}

T
R′

v = {r6}
T

Hv = 9
T

Pv = {p1, p2, p3}
TÌA

P ′

v = {p1, p2}
�

k \NXMVD\SI� ¡OMtMXcI9EdADt�EGIKQ¨XcI* ¡Rv[FEwOUQ~IK_D`KR*JM[PRKJ4RvCFE�I A0E � �¬� 	�VdHDRKtMCP\NXMAD[PIK[�R	HZOMCgEPR
XUAÌEP[GIKtMC Eu\§EG\N[ÊO E JcI{HDRKEPABHZR$EuR�CgADtMXMRyR JM[gR�XUOUEGR�XMR CPADOut¬� EuAZ[PR�EGRKEGIKQcXMAlEG[PIKtMCFEd\SCgCPÇ�ADC
Í IuRv[g\Ssv\NtcIKQ�EuIK\NClIKC6[gAZEG[PIKtMC Eu\NCPCPÇ�ADCÌCPOUfMCPAVU + ADt�EGAZC�Ñ8A Rut¬� EuAZ[PRuXMAwIK[gADCFE�IKCBJ4AZ[PHDRK[P[P\NXcIKC
I�EGV�U¬OMA*R]JcI{HDRKEPAYH�eMADsKOMA*A0E EGR�XMRvCwRvCy[PADHZADJUEPRv[PAZC�����i/	��½É¨t�E�`KRUT¨XMA IKHDRK[PXMR]HZR$E2AZCgEGI
\NXMVD\SIUT�I��{[g�vRK[PAytMImU¬OcIKQ·ADCFEGAyHZOMCgEPRYV EuLNtM\�EdR�VwIBU¬OMAZQ~I`U¬OMAwJM[gRvJ4RK[PHD\NRvtcI�RHEdADQNeMRv[lOMCgR
XURvCl[PADHZOM[PCgRvCÌXcI�[PADXUAKT�R`U�OUA QNAZ�{I�IKR EuAZQSeMRK[�XMADCgA0EdJ4AZtMeMRuXcIwEG[GI{tMCFEd\SCgCG`KR �����������P�����Î�

m�ANYPI
Kv

I��KI{[P\~�a�KADQ�IKQNAaI{E?Wv[P\SI.U¬OMA�[PAZJM[PAZCPADt�EGIÌRlt¬� EdAD[PREPRKE�IKQKXMAÊEG[PIKtMCFEd\SCgCPÇ�ADC"XMA
O�E JcIKHZRKEGAÌXMAlO E t"W

v
[gA2U¬OMAD[g\SXcI{C¢JcI{[GIns�IK[PIKt�EG\S[¨CgOcI�ADt�EG[gADs�I�JcIK[PI�EPR�XURvC�RvC�[PADHZADJUEPRv[PAZC

A�E
Tv

T�XcIKXMR�U�OUA8RyJcI{HDRKEPAÌ ¡Rv\�AZt¬��\SIKXMRwHZR$E@CPOMHZADCgCPR JcIK[PI
v
J�ADQNR CgADO*JcIK\��^nÌRKEGA U¬OMAKT�tMR

HDIKCPR�XcIu ¡Rvt�EGA
s
T
Ks

VyR�t���EuAZ[PR�XUAyEG[PIKtMCFEd\SCgCPÇ�ADCB[PA2U¬OMAZ[P\NXcIKC6JMIK[GI�svIK[GIKt�EP\S[ÌI�ADt�EP[PADsvI
XUAjO�E�JcIKHDR{EGA�JcIK[PI�EPR�XURvClRvCl[PADHZADJUEPRv[PAZCD��m�A

Tv

tM`KR \StMHZQSOM\CgAD[F��\NXMRv[gADCÌXMA�[PVDJUQS\SHDIUTUEPR�XcI
EP[GIKtUCFEd\SCPCP`KRdXMAyO E JcI{HDRKEPA \N[G� J4AZ[PHDRK[P[PAZ[BEPR�XcI{C6IKCBIK[gADCgEGIKC6XUA

Tv

�lÉ¨t�E�`{RMTÏI  ¡OMtM_D`KR�XMA
HZOMCgEPRuXUA

Tv

J�R�XUAnCPAD[ÌXMA��ctM\SXMI HZR$EdRdCgA�CPADsKOMAK�

custo(Tv) = E[Kv] ∗Hv,
Í �M�§¦ Ñ

RKtMXMA
E[Kv]

V R]�KI{QSRv[wAZCPJ�AD[PIKXMR½XMA
Kv

� nBR½HaIKCgR:A�E U¬OMA
Tv

HDRvt�EGV�E CPAZ[g��\SXURv[PAZCuXMA
[gVDJMQN\SHDIUTUIj ¡Rvt�EGA

v
CPAZ[G�w[PAZCPJ�RvtMCP� �KADQ¹IKJ�ADtMIKC�J�ADQ~I ADt�EG[gADs�IwJMIK[GIyRKC�t"WvC�A�E

R′

v ∪P ′

v

� ? CgEPR
J�Rv[[U�OUAyEGR�XMR�t3W

w ∈ P ′

v

V [PADCgJ4RKtMCG�a�vAZQ¨J4AZQ~I EG[GI{tMCFEd\SCgCG`KRuA0E
Tw

�8É¨t�E�`KRUT"Iu ¡OMtM_D`KRYXMA
HZOMCgEPRuJ�R�XMA�CPAD[lXMA��ctM\NXcI�HDR$EdR CPA�CPAZsvOMABK

custo(Tv) = E[Kv] ∗ (Hv −
∑

r∈P ′
v

Hr) +
∑

r∈P ′
v

custo(Tr)
Í �M�¤�vÑ

nBRKEPA U�OUABI�ÉkU¬OcIK_D`KR Í �M�§¦ ÑWVXMAZ[P\N�{IKXMInI8JcIK[gEP\S[ÊXUA Í �M�¤�vÑWtMRnHDIKCPRjXMAO EuIn�K[g�KRv[PA
CgA0E CPAZ[g��\SXMRK[PADC�XUA�[PVZJMQS\NHaIU��nBRKEPAKTWEGI9Ewf�V0EbTGU¬OMAYO�E�I�CgOMfc�K[F�vRv[gA

Tw

HZR$E2[PIK\SzdtMR^t3W
w ∈ P ′

v

E�I9Eyf4V�E@J4R�XMA6HZRvt�EGAZ[�CPAZ[g��\SXMRK[PADC¢XMA8[gVDJMQN\SHaI��ÊÉ¨t�E�`KRMT�EG[PI{E�I�p�CPAÌXMA8O EuI XUAZ�ctM\N_a`KR
[gADHZOM[PCg\N�{IU�
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oWIK[PI8HDR$EdJMQSA�E�IK[·IB ¡RK[FEwOMQSIK_a`{RMT�IK\StMXMIBV�tMAZHDAZCPCG�{[P\SRnXUAD[P\§�{IK[�O�E�IÌA�«�JM[PAZCPCP`KR�JcIK[GI
E[Kv]

�
m�ANYPI

pn

I8JM[PRvfMIKfM\SQN\SXcI{XMA¢XUA�J4AZ[PXcInXMA}JcIKHDR{EGADC¨tMIjI{[PADCFE�I8AZt¬EP[PARnt"W
n
A}CPADO JcI{\��

|}RKtMCP\NXMAD[gAjO�E t"W� ¡RvQNecI
n
XMAnO EuI �K[g�KRv[PA

Tv

�¨kËJM[PRvfMIKfM\SQN\SXcI{XMA6XMA U¬OMA
k
EG[PIKtMC Eu\NCPCPÇ�ADC

XUAyO E�JcI{HDRKEPAyCPA YPI9E�CPO��cHD\NADt�EGAZC8JcIK[PIus�IK[PIKt�EG\N[CPOcI�AZt�EG[PAZs�IuJMIK[GIdR�t"W
n
J�ADQNRuCgADO^JcI{\�T

RKO	CgANYPIUT�Iw ¡OMtM_D`KR XMA�XM\SCFEG[g\SfMOM\N_a`KR�XUAjJU[PRvfcI{fM\SQN\SXcIKXUADC�XMA
Kn

TMV\K

Fn(k) = P [Kn ≤ k] = 1− (pn)k
Í �M�¯®�Ñ

nBRKEPAXU¬OMA I�A2U¬OcIK_D`KRuIKt�EGAD[g\SRv[¢E�I9Ewf�V0E J4R�XMAnCPAZ[lOMCGIKXMIdJcI{[GIwEGR�XMR t"W
w ∈ P ′

v

�
r6IKXMR U¬OMA}O EËt"W

w ∈ P ′

v

V¢[gADCgJ4RvtUCG�a�vAZQMJ4AZQ~IlADt�EG[gADs�IBA0E
Tw

T{V}CPO��cHD\NADt�EGA U�OUA}RvC�JcIKHDR{EGADC
H�eUADsvOMA�E I

w
JMIK[GI�s�IK[PIKt�EG\N[�CPOcI{CÌAZt�EG[PAZs�IKCBIKRvC[gADHDAZJUEGRK[PADCÌA0E

Rw

�
k6svRv[PI*HDRvtMCg\SXMAZ[PA�O E t"W \St�EGAZ[PtMR

n
XMA O EuI*�K[F�vRv[gA

Tv

� nÌADCgEPA HaIKCgRMT·I� ¡OMtM_a`{R
XUAjXU\SCgEP[P\NfMOM\S_D`KR�XMA�JM[gRvfcIKfM\NQS\NXcIKXMAZC

Kn

V\K

Fn(k) =

k−1
∑

l=0

((

k

l

)

(pn)l(1− pn)k−l ∗
∏

c∈filhos(n)

Fc(k − l)

)

,
Í �M���¬Ñ

RKtMXMA
filhos(n)

VwR*HZRvtZYgOMt�EGR XMRKC6�cQSeURvC8XMA
n
�wx@JM[g\�EdAD\S[gRdEPAD[ EuRYXUR*JM[PR�XMOUEPR*HDRv[g[PADCªp

J�RvtMXUA l*JM[gRvfcIKfM\NQS\NXcIKXMAwXUAuR�HDRv[g[PAZ[PA0E
l
J4AZ[PXcIKC�A�E

k
EP[GIKtUCFEd\SCPCgÇ�AZC�JcIK[GI Rbt"W

n
J�ADQNR

CgADO*JcI{\���x CgADsvOMtUXMRwEGAZ[FEdRyHDRK[P[PAZCPJ�RvtMXMA ljJM[PRKfcIKfM\NQS\SXMIKXMAlXMA U¬OMA6O E JMIKHDRKEPA6\N[G� H�eUADs�IK[
A�E EGR�XMRvC�RvC�t"WvC��cQNeMRvC�XMA

n
HZR$E@tMR E�� «U\IEuR

k− l
EG[PIKtMC Eu\NCPCPÇ�ADC I�JcIK[FEG\S[¨XUA

n
AÌXMADJ�Rv\SC

AZt�EG[PAZsvOMAZCBHZR$E(CPOUHDADCgCPR*IwEPR�XMRKCÌRKC[PADHZADJUEPRv[PAZC6XMA
Tn

� x�CPR$EuI{ERWK[P\SRyHDRvtMCg\SXMAZ[GI�EGR�XMRvCRvC
HDIKCPRKCÌA�E U¬OMA�A�«�\SCFE�I J4AZQSR EdADtMRvClO EuIwEG[PIKtMCFEd\SCgCG`KR�HZR$E(CgOMHDAZCPCPR�JcIK[GI

n
J�ADQNRdCgADO	JcIK\��

oWIK[PIYRYt"W*[GI{\Sz
v
TÏI� ¡OMtM_D`KRYXMAwXU\SCgEP[P\NfMOM\S_D`KR�VwI�JM[PRKfcIKfM\NQS\NXcIKXMA�XMAwO�E+JcI{HDRKEPA

H�eUADs�IK[uI]EGR�XMRvC RvC CPAZOMCut3WvCd�MQSeMRvC HZR$E t"W E�� «U\IEuR
k
EP[GIKtMC Eu\NCPCgÇ�AZCdA XMAZJ4RK\SC CPAZ[PA0E

AZt�EG[PAZsvOMAZC6I�EGR�XMRvCRvCl[gADHDAZJUEGRK[PADCVK

Fv(k) =
∏

c∈filhos(v)

Fc(k)
Í �U� £vÑ

n6IdÉ U¬OcI{_a`KR Í �M�qi�Ñ T
E[Kv]

VjIKJM[gADCgADt�E�IKXURuA�E EGAZ[FEdRvCXMA�CPOcI� ¡OMtM_D`KR XMA�XM\SCFEG[g\§p
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fUOM\S_D`KRM�¨kËCPOUfMCgEP\NEGOU\S_a`{R�XMADCFE�I�A�«�JM[gADCPCP`KR�tMIdÉkU¬OcIK_D`KR Í �M�¤�vÑ}HZR$EuJUQSAZEGIwIw ¡Rv[FEyOMQ~IK_D`KRyXMI
 ¡OUtM_a`KRdXMA�HDOUCgEGR

custo(Tv)
�

E[Kv] =

∞
∑

k=0

(

1− Fv(k)
) Í �M�qi�Ñ

nBRKEPA�U¬OMA]I  ¡OMtM_D`KR=XMA�HDOMCFEGR V^fcI{CPAaI{XcI=A0E O E EGAZ[FEdR1U¬OMA^V^O E CPR9E�I{E?W{p
[g\SR \St��ctM\NEPR Í ÉkU¬OcIK_a`{R��M�qi�Ñ��uk6Cj\�EdJMQSA�EuAZt�E�IK_ZÇ�AZCnXMRvCjJM[PRvsK[GI9EuIKCnXMAZCPADt��KRvQN��\SXURvCytMAZCgEGI
XU\SCPCgAD[FE�IK_D`KR OUEG\NQS\SzDIK[GI�EÈO�E �{IKQSRv[�IKJM[PRa«�\�EuIKXMR�JMIK[GIwAZCgEGA�EGAZ[FEdRM�Êk HDR9EuJMO�E�IK_D`KR�XMRdCPR{p
EuI{E?Wv[P\NRbAZ[GIb\St�EGAZ[P[PR9EuJM\NXcI*CPA�EuJM[gA U¬OMAuR��MQ§EG\�EdR*�{IKQSRv[�XMA

k
Ia�{IKQN\~IKXMR tc`{R�HDRKt¬EP[P\NfMOML~I

JMIK[GI�RdCPR$EuI{ERWK[P\SRyHDR$E(O�E �{IKQSRv[ E�IK\NRv[}XURmU¬OMA
10−4 �

k& ¡OMtM_D`KRYXMA HDOMCFEGR*J�R�XMA CPAZ[6 ÎIKHD\NQ�EdADt�EGAjsvAZtMAD[PIKQS\NzaIKXcI JcIK[PI�RYHDIKCPRYRKtMXMA Ew�UQ§p
EP\SJMQNRvC�CgAD[g��\NXMRv[PAZCHDR�A�«�\SCFEGA�E	� nÌADCgEPA HDIKCPRUTcIKCl�K[F�vRv[gADClXMA�ADt�EG[gADs�I�TcIKsv[gOMJcIKXcI{CDTU ¡Rv[ E�I{[G`KR
O�E2sv[PI{ ¡R

G
�]r6IKXMR�U¬OMA*R^[gRKEGADI9EdADt�EGR	A*I�ADt�EP[PADsvI^XMAY[PAVU¬OM\SCg\S_DÇ�ADC XMAY[gAZEG[PIKtMC Eu\NCPCG`{R

CP`KR�\NtMXMAZJ4AZtMXMADt�EPADC8JcI{[GIuHDIKXcI  ¡Rvt�EGAKT4Id ¡OUtM_a`KR�XMA HZOMCgEPRYXMRusv[GI{ ¡R
G
J4R�XMAjCPAZ[BXMA��ctM\NXcI

HZR$EdR"K

custo(G) =
∑

s

custo(Ts),
Í �M� pvÑ

RKtMXMA
custo(Ts)

VuRbHDOMCFEGR^XMI	�K[F�vRv[gA�XMAdADt�EP[PADsvI	HDR9E [PIK\Sz�A�E
s
T�XcI{XMR�J�ADQSI	ÉkU¬OcIK_D`KR

Í �M�¤�vÑ��
k6svRv[PIUT�R¥JM[PRvfUQSA0EuI^J�R�XMA*CgAD[� ÎIKHZ\SQ�EdADt�EPA�XMA��ctM\SXUR"K*JcIK[PI¥O�E XcIKXUR¥�{IKQNRv[

m
T

AZtMHDRKt¬EP[GIK[ R EuAZQSeMRv[¨HZRvtZYgOMt�EPR
P ⊆MR

T�HZR$E
|P | = m

T¬E�I{Q U�OUABRjsv[GI� ¡RjXUAÌEP[GIKtMC Eu\NCPCP`KR
[gADCgOMQNEGIKt�EGAnEGAZtMecI HDOMCFEGR EuLNtM\�EdRyXMAjIKHZRv[PXURuHZR$E�Iw ¡OMtM_D`KR XcIuÉkU¬OcIK_D`KR Í �M� pvÑ��

�
	�� " &)( !��)��( ��*���� ´}µ�� � � ! #"%$�&(') *

Æ�[ -DC�EGVZHDtM\NHaIKC�JcI{[GI^[PAZCPRvQNOM_a`{R]XMADCFEGA JM[PRKfMQSA�E�I	 ¡RK[GI9E JM[PRKJ4RvCFE�IKC�A�E � �¬�
	��:k
JU[P\�EdAD\N[GI V�O EuI	AZCgEP[GI{EPVDsv\SI	JMOM[PI9EdADt�EGAusvOMQSRKCGIUTWI	CPAZsvOMtMXMI^V�O E2IKQSsKRv[P\§EAEdR*AZ�vRKQSOUEP\N�vR
AyIdRKOUEG[PIuVyO�E�I \�EdJMQSA�EuAZt�E�IK_D`KR XMR*h�iÌk8mUo��4x8CÌA�«�J4AZ[P\IEuAZt¬EPRvC6XUA0EdRvtMCgEP[GIK[PI9E U¬OMAyR
h�ilknmUo:I{EG\NtMsv\SOyRvC EuAZQSeMRK[PADC¨[gADCgOMQNEGIKXMRvC¨A�E�EGR�XMRvC¨RKC¨HaIKCgRvCDT¬ADt3U�OMIKt�EGRXU�OUABInAZCgEG[PI{EGVZsv\~I
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sKOMQSRvCPI	 ¡Rv\¢CPA0EdJM[gA I^JM\SRv[Z�¥É¨CgEGAbh�ilknmUoË ¡Rv\�I{XMRKE�I{XMR]JcIK[PI^I^eM\SfU[P\SXU\SzaI{_a`KR	[PAaI{QS\SzDIKXcI
tUADCgEGIdXU\SCPCgAD[FE�IK_D`KRM�

m�RvQSOU_DÇ�ADC8XMAZCgEPAdJU[PRvfMQNA0EuIuCP`KR*HaIK[PIKHZEPAD[g\SzaI{XcIKC8J�Rv[8O E+HDRvt	YgOMt�EGR*XMA�t"WKC8\St�EGAZ[Fp
tURvCrU¬OMAYXMA��vA�E2 ¡OMtMHZ\SRvtMIK[yHZR$EuR	CPAZ[g��\SXMRK[PADC�XUA�[PVZJMQS\NHaIU�^|}R$EdR�R�HDRv[g[PADO tUR^JM[PRKfMQSA�E�I
I{f4Rv[gXcIKXMR tMR�|�I{JMLNEPOMQSR ®UT¬HDRvt	YgOMt�EGRvC} ¡[gA2U + AZt¬EPADCZTMA�«�EG[PIKLSXURvC}IjJcIK[FEG\S[ XMAÌO E<HDRvt	YgOMt�EGRwXMA
CgRvQSOU_DÇ�ADCjADQS\§EGA{T·J�R�XMA0E�CgAD[yHZRvtMCg\SXMAZ[GIKXMRKC HZR$EuRbJcIKXU[PÇ�ADCjXMAuf�R�IKCjCPRKQSOM_ZÇ�AZCjA{TWJ�Rv[j\SCPCgRMT
J�R�XMA0E(CgAD[lOUEP\SQS\NzaIKXURvC}JcI{[GI svOM\~I{[I�fMOMCPHDIuJ�Rv[ EdADQSeURv[PAZCCPRvQNOM_DÇ�ADCZ�

n6I6 ÎIKCgAXMA�HDRKtMCgEP[POM_D`KR�XMR�h�iÌk8mUo½\IEuJUQSA0EdADt�EGIKXMR6A�E � �¬�
	�Tvt"WKC¨\St�EGAZ[FEdADXM\S�K[P\NRvC
CP`KR^I{XM\SHZ\SRvtcI{XMRvC l	CgRvQSOU_a`KRb\NEPAD[GI�EG\N�{I9EdADt�EPAK�uÉ E�HDIKXcI	\§EGAZ[GIK_D`KRMT"EGR�XMRbt"W�\Nt¬EPAD[gtMR

n ∈

MR
U¬OMA8IK\NtMXcI�tc`KR� ÎIKzÌJcIK[gEPABXMI CPRKQSOM_D`KR V6Ia�KI{QS\~I{XMRM��oWIK[PI RjHaIKCgRwXMAÌO E�InEG[PIKtMC Eu\NCPCG`{R

�������Î���P�����}HDR9E O EuIw�MtM\NHaIw ¡Rvt�EGA
s
TMHDIKXcIwO E(XUADCgEPADClt"WvCV�Ia�{IKQN\~IKXMRyXcIwCPAZsvOM\St�EPA� ¡RK[FEuIU�

m�ANYPI
csol

R HDOUCgEGRbXcI �K[F�vRv[gAdXUA EP[GIKtUCFEd\SCPCP`KR
Ts

U¬OMAuJ�RvCgCPOM\¨RvC�t"WKCnXcIbCgRvQSOU_a`KR*JcI{[PHD\SIKQ
HZRv[P[gADt�EGA

sol
HDR$EdR*CPAZ[g��\SXMRK[PADCnXUAw[PVZJMQS\NHaIUTÏI �{IKQN\~IKXUR�XMA IKHZRv[PXUR*HDR$E+I*ÉkU�OMIK_a`KR �M�¤��� x

t3W
n
VnIKXM\NHD\SRKtcIKXMRyIwADCgEPAnHDRvt	YgOMt�EGR XMA8CgAD[g��\NXMRv[PAZClXMA8[PVZJMQS\NHaIyA6R�HDOMCFEGR

csol∪n

XcI��K[g�KRv[PA
Tn

V�Ia�{IKQS\SIKXMRM��k Ia�KI{QS\~I{_a`KRwXURdt3W
n
VjXMIKXcIwJ�ADQ~IwXU\N ¡AD[gADtM_DI�ADt�EG[gA

csol

A
csol∪n

���8OcIKt�EPR
EuIK\NRv[6IY[gADXMOU_a`KR tMR*HZOMCgEPR

csol

JM[gRvJ�Rv[PHZ\SRvtcI{XcI�J�ADQSR�t"W
n
T EdADQNeMRv[ÌCPAD[P�*CPOcI Ia�{IKQS\SIK_a`KRU�

o�IK[GIuRYHaIKCgR*XMAyO�E�IuEP[GIKtUCFEd\SCPCP`KR��������Î���P�����BHZR$E��K�{[P\~I{CÌ ¡Rvt�EPADCDTÏA�«�\SCFEGAwO EuI��{[g�vRK[PAwXMA
EP[GIKtUCFEd\SCPCP`KRYJcI{[GI�HDIKXcI� ¡Rvt�EGA{��k Ia�{IKQS\SIK_a`KRuXMAwO E t"W

n
V{TADt�EG`KRMT\NsvOcIKQ·IKR*CgR$E�I�ERWv[g\SR

XUAjCgOcIdI �{IKQN\~IK_D`KRwA�E(HaIKXMIdO EuI�XMADCFE�IKCÌ�K[F�vRv[gADCZ�
m�ANYPI

avalmax

I8Ia�{IKQS\SIK_a`KRÌXMR�EdADQNeMRv[·t"Wn\St�EGAZ[PtMRUT�I��¹i|=V�HDRKtMCgEP\NEGOULSXcIÌXMA�EGR�XMRvC
RKC�t"WvC \St�EGAZ[PtMRKC U�OUAbJ�RvCgCPOMA�E Ia�KI{QS\~I{_a`KR EdADQNeMRv[rU¬OMA O EuI^J�Rv[PHZADt�E�IKsKA0E XMA

avalmax

�
É¨CFE�InJ4RK[PHDAZt�E�IKsvA�E VXMA��ctM\SXMI�J�ADQNRnJcIK[��9EuA�EG[gR

α
TvRvO CgANYPIUT�O E&[PRKEPAaIKXMRK[ÊC?W�CPAZ[G�n\StUHDQSOULSXMR

tMI��¹i| HaIKCgRuCgOcI Ia�KI{QS\~I{_a`KRwCgANYPI EuAZQSeMRK[�RvO \SsvOMIKQI
α ∗ avalmax

Í��
	
α
	 ¦ Ñ �¨kËHaIKXMI

\§EGAZ[GIK_D`KR6XcIÌ ÎIKCPA�XUA�HDRvtUCgEG[gOM_a`{RMTvO E�ADQNA0EdADt�EGR8XMI��¹i|=V}ADCgHDRvQNeM\SXURnIKQSADI{EGRK[P\~I�EuAZt¬EPA�JcIK[GI
CgAD[l\St�EPADsv[PIKXMR l�CPRvQNOM_a`KRU�

n6I	 ÎIKCgAYXMAYfUOMCPHDI^QSR�HaIKQ�T�I	ADCgEP[POUEPOM[GI^XUA���\SzD\NtMecIKtU_aI	O�EG\SQN\SzDIKXcI V�fcIKCgAaIKXMI^A0E
O�E JM[PR�HDAZXM\�EdADt�EPR½H�eMI9E�I{XMR

k
p�EP[PR�HaIKCZ� nBADCFEGA JM[gR�HZADXM\IEuAZt¬EPRMT HaIKXcI¥CPRKQSOM_D`KR

sol′
T U�OUA

J�R�XMA�CgAD[yRKfUEG\NXcI�I{EP[GIa�vVZCwXcI	EP[PR�HaIbXMA
k
AZQSA�EuAZt¬EPRvCwIbJcIK[FEG\S[jXMAuO E�IbCPRvQNOM_a`{R

sol
TW ÎI{z

JMIK[gEPAuXcI ��\SzD\NtMecIKtU_aI	XUA
sol
�bx �{IKQNRv[�XMA

k
ADCgHDRvQNeM\SXURb ¡Rv\

k = 1
T¹ ÎIKzDAZtMXMR^HZR$E U�OUA�R

JU[PR�HDADXU\�EdADt�EGR�EPADtMeMI�O E HDOMCFEGR^HZR$EuJUOUE�IKHZ\SRvtMIKQ¨��\S�a�vADQ���kBQSV0E�XM\NCPCgRMTÊVYOUEP\SQN\SzaI{XcI*O E�I
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RKOUEG[PId[gADCgEP[P\N_a`KR"K¨O�E�t"W \St�EGAZ[PtMR
n
C?WdJ4R�XMA�CPAZ[BCgOMfMCgEP\NEPOMLSXMR J�Rv[RvOUEP[PRdt"W

n′
XMADCgXMAXU�OUA

A «�\SCgEGIdA «UI{E�I9EdADt�EPAjO�E�I IK[gADCgEGI U�OUA QN\SsvOMA
n
I

n′
�

nBR h�ilknmUo(JM[gRvJ�RvCgEPR A�E ���¬� 	�TnOUEP\SQN\SzaI{XMR HDR$EdR$fcIKCgA JcIK[PI eU\SfM[g\SXM\NzaIK_D`KRMT8I
[gAaIKQN\SzDIK_a`KRjXMRvC¢JM[PR�HDAZXM\�EdADt�EPRvC}XMABHDRvtUCgEG[gOM_a`{R�A6fMOMCgHaIwQNR�HDIKQcV8[PAZJ4A�EG\NXcIyIKR QSRvtUsvRyXMABO E
EPRKE�I{QÏXMA

n . iter
\§EGAD[PIK_DÇ�ADCZ��r8I EuAZCFEuIy ¡Rv[FEuI U¬OMA�tcIw\IEuJMQNA0EdADt�E�I{_a`KRwXURdhjilknmUoWpªq�r

[gAaIKQN\SzDIKXcI*JcIK[PI	R^o q�r T�XMAZCPHZ[P\NEGI	tMR^|�IKJML§EGOMQNR�®UT�IKCj\NEPAD[GI{_DÇ�ADCjXcIb ÎIKCgAuXUA�svAZ[GIK_D`KR	XUR
HZRvtZYgOMt�EPR8ADQN\NEGA CG`{R6JM[PI{EG\NHaI9EdADt�EGA \SX -Dt�EG\NHaIKCGlKC�\§EGAZ[GIK_ZÇ�AZCWXMR8hjilknmUo]Rv[g\Ssv\NtcIKQ��k-A «UHZAD_D`KR
V U�OUAKT¨tMR½h�iÌk8mUoWpFq�r TWIKR	�ctcIKQ¢XMAYHaI{XcI�\NEPAD[PIK_a`KRUTÊI^CPRKQSOM_D`KR�svAZ[GIKXMI�VYHaI{tMXM\SXMI{E�I^I
\Nt�EGADsK[GIK[�RjHDRvtZYgOUt¬EPRyAZQS\NEPAK��k6QSV�E@XM\SCgCPRMT¬tcI� ÎIKCPAÌeMLNfM[P\NXcIUTvR JM[PR�HDAZXM\�EdADt�EGRjXMAÌHDRvtUCgEG[gOM_a`{R
EGI9Ewf�V0E V�IKXcIKJUEGIKXMRM�¨kR \Nt¬�KVDClXMA�HDRKtMCgEP[POM\N[I�CPRvQNOM_a`KRdIwJcI{[gEG\N[�XMA�O E HDRvtZYgOUt¬EPR��KI{zD\SR
XUAYADQNA0EdADt�EGRvCZTÊADCFEGAYJU[PR�HDADXU\�EdADt�EGR^\NtM\SHZ\~IKQN\SzDI*I�CPRvQNOM_a`{R�HDR9E2RvC ADQNA0EdADt�EGRvCyXMA�O E XMRvC
JMIKXM[PÇ�ADC"A «�EG[GI{LSXMRvC"A�OUEP\SQN\SzaI¢I EuAZCFEuI�Q Wvsv\NHaI XMRlJM[PR�HDAZXM\�EdADt�EGRlXMA¨HZRvtMCFEG[POU_a`KRBIKHD\IE�I¢JcIK[GI
RKfUEGAZ[RvClRvOUEG[gRvCADQNA0EdADt�EGRKCXcI�CPRvQNOM_a`KRU� x&h�iÌk8mUoWpFq�rÐE�I�Ewf4V�E A «UAZHDOUEGIuO EÈEGRKEGIKQXMA
n . iter

\§EGAD[PIK_DÇ�ADCZT�CPADtUXMR�U¬OMAbI]JM[P\IEuAZ\S[PI EuA�E�IKXUA*HDRv[g[PADCgJ4RKtMXMA l] ÎI{CPA XMA*svAZ[GIK_D`KR¥XMR
HZRvtZYgOMt�EPRuAZQS\NEPAKT�A I CPAZsvOMtMXMI EdAZEGIKXMA l� ÎIKCPAneMLNfM[P\NXcIU�

k ADCFEG[PI{EGVZsv\~IjXMA6OUEP\SQN\SzaI{_a`KRnXMABJcIKXM[gÇ�AZCDT�XcI EdADC E�I� ¡Rv[FEuIoU�OUA8tcI \IEuJUQSA0EdADt�EGI�p
_D`KR�XUR*h�iÌk8mUoWpFq�r�JcIK[GIdRYo q�ryT�XMAZCPHD[g\NEGIutMRY|�IKJMLNEPOMQSRu®UTcE�I�Ewf4V�E( ¡Rv\·Idtcq^q:TDU�OUA
RKfUEGA��vAjRvC EuAZQSeMRv[gADC[gADCPOUQNE�I{XMRvCA0E �¤£K®�T�£{�UT�£v£ 	��

�
	 �  �������������������� �"!#�%$'&)( ��*+���,&-�

kGEwfM\NADt�EGAZCuXUAbEP[GIKtMC Eu\NCPCP`KR$�������Î���P�����wJ�R�XMA�E CPAZ[ufMIKCgEGIKt�EGAbXM\N ¡AZ[PADt�EPADCD�-É¨QSADC
J�R�XMA0E2J4RvCgCPOM\N[�XM\N ¡AZ[PAZt¬EPADC t¬� EdAD[PRKC�XMA JcIK[gEP\SHZ\SJcIKt�EPADCDT�t¬� EdAD[gR½XUAY ¡Rvt�EGADCZT �KRvQSO�EuA*XMA
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52[7i'-/CD-/&°C1$@F/$JH�&>$'= +@6H?1&>[7C1$@=*-/CD-;&'^<R¬6H= $q�I$LHa.152618NM ���A�q�)���B� C1$©+@6OHa.939(B-/C96H=4$@&'8»$LH x/$'=*-;5�8
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.9=4[IHk$'[2=*-~C1$@5`-/&@8�+BrD- H�-/C1-�C1$g.1-/=*-/52$'52[7im-;]m:/6n$'&)(B�;(4[7+'-98�6 t #>$@(4[2F;-�SÊ&4$gC9[7&>(4=4[ t 31[7=P-a+m-/=>xA-aC1$
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 � � 8D&>6 t C1$JHa-/?1CD-I^ Ay&)(B-n$'&>(4=*-;(4p'xH[7-~p Ha-/[2&,[7?1C1[2+m-/C1-©.D-/=*-
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 iter/p
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r90 t =>[7CD-98J+m-;CD-u.9=46Z+'$'&>&46�$��I$'+'3I(B-�3�H (46/(B-;5¤C1$
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 iter/2)/p
[s(*$@=*-/]��I$@&'^�� 3D-;?1C16u3�H
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&>6H5739]��Z$'&�+@6H=4=>$'?A(*$@&¤$JH &4$@3l+'6/?%#>31?A(*6©$@57[s(*$°576Z+m-/5�8A³Z39$ +'6H?A(4pJH
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&46H5231]��Z$'&@89.D-/=4-

(46IC96H&o6H&o6H39(*=>6H&o.9=46Z+'$'&>&46H&<$g$'&4.�$'=4-l.�$@576a$'?AFZ[76�CD-/&o&46H5231]��Z$'&%C1$'&)(*$'&<6/39(*=>6H& .1=>6I+@$'&4&>6H&'^
� 3D-;?1C16o3�H�.9=46Z+'$'&>&46 =>$'+@$ t $,-/&v&>6H5739]��Z$'&¬C1$E(46IC16/&G6H&G6H39(4=46H&¬.1=46Z+'$@&4&>6H&'8H$@&>(4$¤$'&)(B� -/.I(*6 -
&>$'52$'+'[26H?D-/=v-/&
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 elite
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$@?A(B:/618D6*Hk$'& Ha6n+'6/?%#>31?A(*6kC1$L.D-/C1= �I$@&°-n&>$'=P39(4[757[2im-/C96©?D-/&P[2(4$'=4-/]��Z$'&,CD-~«�-/&>$Nr90 t =>[7CD-9^

�o-<FH$'=>&*:/6 Hk$'&>(4=4$	�;$'&>+'=*-mF/61896L.1=>6I+@$'&4&>64Hk$'&)(*=>$°C9[7&>(4=4[ t 31[1+'-/CD-<3�Ha-LC1-/&
n 
 iter
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p
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6 Ha$@&>(*=>$/8�³Z39$/8.�6H=o&>3D-�FH$@i/8.�$'=>+'$ t $©³b31$g$'&>(4$~.1=46Z+'$@&4&>6�$'&4+@=*-mFH6 $@&>(B��-/.9(*6l-�$q�I$'+@39(B-;=
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�o-�«�-/&4$uC1$ xH$'=4-/]m:;6 C16�+'6/?%#>31?A(*6�$'52[2(*$;8o6�.1=>6I+@$'&4&>6 Hk$'&)(*=4$u$'?AFZ[`-�[2(4$'=4-/]��Z$'&
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 iter/2
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�°$'&)(*$ Ha6OHk$'?A(461896*Hk$'&>(4=4$L=4$'-/57[2im-g6k.1=>6I+@$'C1[�Ha$@?b(46~C1$;Ha[2?1$'=4-/]m:;6~C1$LCD-/C16H&@8D$L-k.1-/=>(4[7=
C9$~$'?A(B:/698(*6ZCD-/&<-/&<[s(*$@=*-/]��I$@& $'?AFZ[`-/C1-/&L-/6H&<.1=>6I+@$'&>&46H&L$'&>+'=4-§F/6H&L&*:/6\-/+@6OHk.D-/?1rD-;CD-/& C1$
3�H C16H&y.D-;C1=I�Z$'& Hk[7?1$@=*-/C16/&'^ � 3D-;?1C16L6L.1=46Z+'$@&4&46 Hk$'&>(4=4$P=4$@+'$ t $P6H&y=>$'&43952(B-;C16H&}C1$,(*6ZCD-/&
-;&
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 iter
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[2?9«6H= H�-/=E³b31$h6n.1=>6I+@$'&>&*-KHk$'?A(*6n(*$@= Hk[7?16/3^

�*)�� ? 7 .�� :��¬¡ 5 �4. -���� 7 0G��� 7��n�¬¡L�J.

Oo&l[�Ha.152$JHk$'?A(B-;]��Z$'&k.D-/=*-;57$'57-/&n«6H=*-KH C1$@&4$@?bF/6H52FZ[2CD-/&l.D-;=*-�-KH t 6H&a6H&�.9=46 t 52$qS
Ha-/&~- t 6H=>CD-/C16/&~?16H&(E¤-/.10s(*31526H&~�¦$ C1^ � &~.1-/=#GKHk$@(4=46H&g39(*[257[7i'-/C16H&L«6H=4-KH $��1-�(B-KHk$'?A(*$
6/& Hk$'& Ha6/&~CD-/&n=4$@&4.�$'+@(4[2F;-/&~FH$@=4& �I$@&�&4$@³�1$'?1+@[`-/[2&'8J+'6OHk618J.�6/=~$q�I$JHk.157698JF;-/526H=4$@&~C1$

α
8

(*-KHa-/?1r16hC16©+'6/?%#>31?A(*6~$@57[2(4$/8b&439.�6H=)(*$ Hk07?9[IHk618H$'&)(*=4-;(*p@xH[`-NC1$ 39(4[757[2im-/]':/6NC1$o.D-;C1=I�Z$'&@^ � &
$��I.�$@=4[IHk$'?A(46H&,«6H=*-KHª=4$'-/57[2im-/C16/&,+'6OH C98��98D$ne��~.1=46Z+'$@&4&4-/C16H=>$'&'^EO ³Z31-/?A(*[7C1-/C1$<(*6/(*-/5C1$
[s(*$@=*-/]��I$@&o«6H[v[2xH3D-/5v-¦eH�����l.1-/=*-l³b31$~r16/39FH$@&4&4$k+m-;=4xA-l&>[7xH?1[s�D+m-�(*[2F;-�.1-/=*-l+'-/CD-l.1=>6I+@$'&4&>6
Hk$'& Ha6n³b3D-/?9C16a3�H ? %�Ha$@=46*Ha-/[76H=�C1$L.1=46Z+'$@&4&*-;C16H=4$@&°«6/&4&4$L39(4[752[7im-;C161^

� &o.1=46Hx/=*-KHa-/&P«6H=*-KH C1$@&4$@?bF/6H52FZ[2C16H& $LH E �!� $©-a(4=46Z+m-�C1$4Ha$@?1&*-;xH$'?1&o$'?A(*=>$
6/&J.9=46Z+'$'&>&46H&J«6H[9«$@[2(B-<+@6OH -/&}=46/(4[7?D-;&yCD- t [ t 52[76/(4$'+m-#"%$'&(&	)+*�,.-0/1-02D8Z³b31$°p%3�Ha-<[IHk.157$�S
Hk$'?A(*-/]m:/6 C16XUXR354 C�C�6�^k±D6H=*-KH +'6OHk.1[25`-/C16/&o+'6KH�687	9%9(:.-0;1-0;	$n$q�I$'+@39(B-/C96H&g$LH�3�H
M ���A�q�)��� r96OHa6/xOP'?1$@6g+@6OHa.�6H&)(*6NC1$o+@6OHa.939(B-/C96H=4$@&<_?A(*$@5R¬$'?A(*[23�H CgC1$NeH^>=gK!?%io+@6OH {Hc��
@BA Ðq¹¤Û|Ú¤¸�¶|Î)Ú¤Î)Ó'Ô�Ð��VÑmÎ>¹°Ò�Ð5CqÎ>Ï�¹ED�·gÚ¤Î>¹�Ô�Ï�ÎGF*Î4¹�Ü)Ï�ÐGC@·IHD·~¸�Ï�·§ÜVÎ4¹�¹�·hÚ¤Î4¹Ô�Ï�Î<ÓIDq·KJ ·qÛ¬Î��§Î>ÜVÖ�Ô�ÐqÒ�·gÎ���ÜV¶|Ö§á

¹�Û>CBÐ�Ú¤Î)Ó'Ô�Î<Î>Ú�Ö�Ú�¸�Ï�·§ÜVÎ>¹�¹�ÐqÒ§·@Ï�HMLONQP'Ö�Î<Î4¹Ô�Î#R;Ü)ÐqÏ�ÛÝÐg·§ÜVÛ|·@¹�·©Ð©Ú,ÐqÛ¿·@Ï,¸�Ð�Ï�Ô�ÎLÒ§·gÔ�Î)Ú¤¸;·;ÞTS�Ó'ÔUD�·IHÓ�·'¹
Î;�§¸;Î>Ï�Û|Ú¤Î)Ó'Ô�·'¹fÏ�Î>Ðq¶¿Û>V>Ð@Ò§·@¹fÜ)·qÚ

p
¸�Ï�·§ÜVÎ4¹�¹�ÐqÒ�·qÏ�Î>¹�H�J ·qÏÊÐ�Ú ÜVÏ�ÛÝÐqÒ§·'¹

p
¸�Ï�·§ÜVÎ>¹�¹�·@¹fÎ4¹�Ü)Ï�ÐGC@·@¹�H�¹�Î)Ó�Ò§·°Ö�Ú ¸�Ð�ÏÊÐ

Ü)ÐqÒ�ÐE¸�Ï�·§ÜVÎ4¹�¹�ÐqÒ�·qÏBH'Ðq¶¿Ù>Ú�Ò§·¤¸�Ï�·mÜ)Î>¹�¹�·�Ú¤Î>¹�Ô�Ï�ÎWHXP'Ö�ÎyÎ>Ï�ÐEÎ;�§Î>Ü)Ö§Ô�Ð@Ò§·¤Î)Ú Ö�Ú Ò§Î4¹Ô�Î>¹
p
¸�Ï�·§ÜVÎ4¹�¹�ÐqÒ§·@Ï�Î4¹)Þ
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