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❆❣r❛❞❡❝✐♠❡♥t♦s

❆♥t❡s ❞❡ t✉❞♦ q✉❡r♦ ❛❣r❛❞❡❝❡r ✐♠❡♥s❛♠❡♥t❡ ❛♦s ♠❡✉s ♦r✐❡♥t❛❞♦r❡s ❋á❜✐♦ Pr♦tt✐ ❡

❘❡♥❛t❛ ❉❡❧✲❱❡❝❝❤✐♦ ♣♦r ❣✉✐❛r❡♠ ♦s ❡st✉❞♦s s❡♠♣r❡ ❞❛ ♠❡❧❤♦r ❢♦r♠❛ ♣♦ssí✈❡❧✱ s❡♠♣r❡ ❝♦♠

♠✉✐t♦ ❡♠♣❡♥❤♦ ❡ s❛❜❡❞♦r✐❛✳ ❙ã♦ ❡①❡♠♣❧♦s ❞❡ ♣❡sq✉✐s❛❞♦r❡s ❡ ♣r♦❢❡ss♦r❡s q✉❡ ❝❛rr❡❣❛r❡✐

♣❛r❛ ✈✐❞❛ t♦❞❛✳ ✏❙❡ ❡✉ ✈✐ ♠❛✐s ❧♦♥❣❡✱ ❢♦✐ ♣♦r ❡st❛r s♦❜r❡ ♦♠❜r♦s ❞❡ ❣✐❣❛♥t❡s✳✑✱ ■s❛❛❝

◆❡✇t♦♥✳

➚ ♠✐♥❤❛ ❡s♣♦s❛ ❆❧❧❛♥❛✱ ❛❣r❛❞❡ç♦ ♣r✐♠❡✐r❛♠❡♥t❡ ♣❡❧♦ ❝❛r✐♥❤♦ ❡ ♣❛❝✐ê♥❝✐❛ ❢♦r♥❡❝✐❞❛ ❛

❝❛❞❛ ❞✐❛✱ ❛q✉❡❧❛ q✉❡ ♠❡ ❛❝♦♠♣❛♥❤❛ ❜❡♠ ❞❡ ♣❡rt♦ t♦❞❛ ❛ ♠✐♥❤❛ ❝❛rr❡✐r❛ ❛❝❛❞ê♠✐❝❛ ❞❡s❞❡

♦ ♣r✐♠❡✐r♦ ♣❡rí♦❞♦ ❞❛ ❣r❛❞✉❛çã♦✳ ❖❜r✐❣❛❞♦ ♣♦r s❡♠♣r❡ ❛❝r❡❞✐t❛r ❡ ♠❡ ✐♥❝❡♥t✐✈❛r ❛ s❡❣✉✐r

❡♠ ❢r❡♥t❡✳ ❆ s✉❛ ❝♦♥tr✐❜✉✐çã♦ ♥❛ ❡❧❛❜♦r❛çã♦ ❞❡ss❡ tr❛❜❛❧❤♦ é ✐♠❡♥s✉rá✈❡❧✳

❆❣r❛❞❡ç♦ ❛♦s ♠❡✉s ♣❛✐s✱ ♣♦r ❡st❛r❡♠ ❛♦ ♠❡✉ ❧❛❞♦ ♣♦r t♦❞♦s ❡ss❡s ❛♥♦s ❞❡ ♠✉✐t♦ ❛♠♦r

❡ ✐♥❝❡♥t✐✈♦ ♥♦s ❡st✉❞♦s✳ ❙❡ s♦✉ ❛❧❣✉é♠ ❤♦❥❡✳✳✳ é t✉❞♦ ❣r❛ç❛s ❛ ✈♦❝ês✳

▼✉✐t♦ ♦❜r✐❣❛❞♦ ❛ t♦❞♦s ♦s ♣r♦❢❡ss♦r❡s ❞♦ ◆ú❝❧❡♦ ❞❡ ▼❛t❡♠át✐❝❛ ❞♦ ■❋ s✉❞❡st❡ ▼●✱ q✉❡

♠❡ ❛♣♦✐❛r❛♠ ❡ s❡ ❞✐s♣✉s❡r❛♠ ❛ ❛❥✉❞❛r ❛ r❡❞✉③✐r ♠✐♥❤❛ ❝❛r❣❛ ❞❡ tr❛❜❛❧❤♦ ♥♦s ♠♦♠❡♥t♦s

✜♥❛✐s ❞♦ ❞♦✉t♦r❛❞♦✳

❋❡❧✐③♠❡♥t❡ t❛♠❜é♠ ♣✉❞❡ ❝♦♥t❛r ❝♦♠ ❛♠✐❣♦s ❡ ♦✉tr♦s ❢❛♠✐❧✐❛r❡s✱ q✉❡ t♦❞♦s ❞❡ ❢♦r♠❛

❞✐r❡t❛ ♦✉ ✐♥❞✐r❡t❛ ❝♦♥tr✐❜✉ír❛♠ ♥❛ ❡❧❛❜♦r❛çã♦ ❞❡st❡ tr❛❜❛❧❤♦✳ ▼❛s ❞✐r❡❝✐♦♥♦ ✉♠ ❛❣r❛❞❡✲

❝✐♠❡♥t♦ ❡s♣❡❝✐❛❧ ❛♦ ▼❛r❝♦s✱ ❘♦❜❡rt ❡ ❆❧❧í❝✐❛✳

❋✐♥❛❧♠❡♥t❡ ❛❣r❛❞❡ç♦ ❛ ❈❆P❊❙ ♣❡❧♦ ❛♣♦✐♦ ✜♥❛♥❝❡✐r♦ ❛ ❡st❡ tr❛❜❛❧❤♦✳



❘❡s✉♠♦

❊st❛ t❡s❡ ❛❜♦r❞❛ ❞♦✐s ❞✐❢❡r❡♥t❡s ♣r♦❜❧❡♠❛s✳ ❖ ♣r✐♠❡✐r♦ é ❢♦❝❛❞♦ ♥❛ ❝❧❛ss❡ ❞♦s ❝♦❣r❛❢♦s✱
♦♥❞❡ ✉s❛♠♦s ❛ r❡♣r❡s❡♥t❛çã♦ ❞❡ ❝♦ár✈♦r❡s ♣❛r❛ ❞❡s❡♥✈♦❧✈❡r ✉♠ ❛❧❣♦r✐t♠♦ ❝❛♣❛③ ❞❡ ❣❡r❛r✱
s❡♠ ✐s♦♠♦r✜s♠♦s✱ t♦❞♦s ♦s ❝♦❣r❛❢♦s ❝♦♠ n ✈ért✐❝❡s✱ ❝✉❥♦ t❡♠♣♦ ❞❡ ❣❡r❛çã♦ ❡♥tr❡ ❞♦✐s
❝♦❣r❛❢♦s ❝♦♥s❡❝✉t✐✈♦s ❢♦✐ ❢❡✐t♦ ❡♠ t❡♠♣♦ O(n)✳ ❊♠ s❡❣✉✐❞❛ ❛♣❧✐❝❛♠♦s ❡st❡ ♣r♦❝❡❞✐♠❡♥t♦
♣❛r❛ ❝♦♥❥❡❝t✉r❛r ✉♠❛ ♥♦✈❛ ❝♦t❛ ♣❛r❛ ♦ ♥ú♠❡r♦ ❜✲❝r♦♠át✐❝♦ ❞❡ ✉♠ ❝♦❣r❛❢♦ ❝♦♥❡①♦✱ ❞❛❞❛
❡♠ t❡r♠♦s ❞♦ r❛✐♦ ❡s♣❡❝tr❛❧✳ ❖ s❡❣✉♥❞♦ ♣r♦❜❧❡♠❛ ❛❜♦r❞❛❞♦ é ♦ ❡st✉❞♦ ❞❛ ❝♦♠♣❧❡①✐❞❛❞❡
❞♦ ♣r♦❜❧❡♠❛ ❞❡ ♦❜t❡r ♦ ♠❡♥♦r ♥ú♠❡r♦ ❞❡ ❝❧✐q✉❡s ❞✐s❥✉♥t❛s ❡♠ ❛r❡st❛s ♥❡❝❡ssár✐❛s ♣❛r❛
♣❛rt✐❝✐♦♥❛r ❛s ❛r❡st❛s ❞❡ G✱ ❝❤❛♠❛❞♦ cp(G)✳ ❊st❡ ♣r♦❜❧❡♠❛ ❥á é ❝♦♥❤❡❝✐❞♦ ❝♦♠♦ NP✲
❝♦♠♣❧❡t♦ ♣❛r❛ ❣r❛❢♦s ❡♠ ❣❡r❛❧✱ ✐♥❝❧✉s✐✈❡ ♣❛r❛ s♣❧✐t✱ ❣r❛❢♦s K4✲❧✐✈r❡s ❡ ❣r❛❢♦s ❝♦r❞❛✐s✳
Pr♦✈❛♠♦s q✉❡ ❛ ◆P✲❝♦♠♣❧❡t✉❞❡ é ♠❛♥t✐❞❛ ♣❛r❛ ❛ ❝❧❛ss❡ ❞♦s ❣r❛❢♦s 3✲❝♦❧♦rí✈❡✐s✱ s✉❜❝❧❛ss❡
❞♦s K4✲❧✐✈r❡✳ ❆❧é♠ ❞✐ss♦✱ ❝♦♥s❡❣✉✐♠♦s ♦❜t❡r ❛ ❝♦♠♣❧❡①✐❞❛❞❡ ❞♦ ♣r♦❜❧❡♠❛ ♣❛r❛ ❣r❛❢♦s
(k, ℓ)✱ ❛q✉❡❧❡s ❝✉❥♦ ❝♦♥❥✉♥t♦ ❞❡ ✈ért✐❝❡s ♣♦❞❡ s❡r ♣❛rt✐❝✐♦♥❛❞♦ ❡♠ k ✐♥❞❡♣❡♥❞❡♥t❡s ❡ ℓ
❝❧✐q✉❡s✱ ❡st❛❜❡❧❡❝❡♥❞♦ q✉❛♥❞♦ ♦ ♣r♦❜❧❡♠❛ é NP✲❝♦♠♣❧❡t♦ ♦✉ ♣♦❧✐♥♦♠✐❛❧ ♣❛r❛ ❝❛❞❛ k ❡ ℓ
✜①❛❞♦s✳

P❛❧❛✈r❛s✲❝❤❛✈❡✿ ❝♦❣r❛❢♦✱ ❣❡r❛❞♦r✱ ♣❛rt✐çã♦ ❞❡ ❛r❡st❛s ❡♠ ❝❧✐q✉❡s✱ ❣r❛❢♦✲(k, ℓ)✳



❆❜str❛❝t

❚❤✐s t❤❡s✐s ❛♣♣r♦❛❝❤❡s ♦♥ t✇♦ ❞✐✛❡r❡♥t ♣r♦❜❧❡♠s✳ ❚❤❡ ✜rst ♦♥❡ ✐s ❢♦❝✉s❡❞ ♦♥ t❤❡ ❝❧❛ss ♦❢
❝♦❣r❛♣❤s✱ ✇❤❡r❡ ✇❡ ✉s❡ t❤❡ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ ❝♦tr❡❡s t♦ ❞❡✈❡❧♦♣ ❛♥ ❛❧❣♦r✐t❤♠ ❝❛♣❛❜❧❡ ♦❢
❣❡♥❡r❛t✐♥❣✱ ✇✐t❤♦✉t ✐s♦♠♦r♣❤✐s♠s✱ ❛❧❧ t❤❡ n ✈❡rt❡① ❝♦❣r❛♣❤s ❛♥❞ ✇❤♦s❡ ❣❡♥❡r❛t✐♦♥ t✐♠❡
❜❡t✇❡❡♥ t✇♦ ❝♦♥s❡❝✉t✐✈❡ ❝♦❣r❛❢♦s ✇❛s ❞♦♥❡ ✐♥ t✐♠❡ O(n)✳ ❚❤❡♥ ✇❡ ❛♣♣❧② t❤✐s ♣r♦❝❡❞✉r❡ t♦
❝♦♥❥❡❝t✉r❡ ❛ ♥❡✇ ❜♦✉♥❞ ❢♦r t❤❡ ❜✲❝❤r♦♠❛t✐❝ ♥✉♠❜❡r ♦❢ ❛ ❝♦♥♥❡❝t❡❞ ❝♦❣r❛♣❤ ❣✐✈❡♥ ✐♥ t❡r♠s
♦❢ t❤❡ s♣❡❝tr❛❧ r❛❞✐✉s✳ ❚❤❡ s❡❝♦♥❞ ♣r♦❜❧❡♠ ✐s t❤❡ st✉❞② ♦❢ t❤❡ ❝♦♠♣❧❡①✐t② ♦❢ t❤❡ ♣r♦❜❧❡♠
♦❢ ♦❜t❛✐♥✐♥❣ t❤❡ ❧❡❛st ♥✉♠❜❡r ♦❢ ❞✐s❥♦✐♥t ❝❧✐q✉❡s ♦♥ ❡❞❣❡s ♥❡❝❡ss❛r② t♦ ♣❛rt✐t✐♦♥ t❤❡ ❡❞❣❡s
♦❢ G✱ ❝❛❧❧❡❞ cp(G)✳ ❚❤✐s ♣r♦❜❧❡♠ ✐s ❛❧r❡❛❞② ❦♥♦✇♥ ❛s NP✲❝♦♠♣❧❡t❡ ❢♦r ❣❡♥❡r❛❧ ❣r❛♣❤s✱
✐♥❝❧✉❞✐♥❣ s♣❧✐t✱ K4✲❢r❡❡ ❣r❛♣❤s ❛♥❞ ❝❤♦r❞❛❧ ❣r❛♣❤s✳ ❲❡ ♣r♦✈❡ t❤❛t ◆P✲❝♦♠♣❧❡t❡♥❡ss ✐s
♠❛✐♥t❛✐♥❡❞ ❢♦r t❤❡ ❝❧❛ss ♦❢ 3✲❝♦❧♦r❛❜❧❡ ❣r❛♣❤s✱ s✉❜❝❧❛ss ♦❢ K4✲❢r❡❡✳ ■♥ ❛❞❞✐t✐♦♥✱ ✇❡ ❣❡t t❤❡
❝♦♠♣❧❡①✐t② ♦❢ t❤❡ ♣r♦❜❧❡♠ ❢♦r ❣r❛♣❤s (k, ℓ)✱ t❤♦s❡ ✇❤♦s❡ s❡t ♦❢ ✈❡rt✐❝❡s ❝❛♥ ❜❡ ♣❛rt✐t✐♦♥❡❞
✐♥t♦ k ✐♥❞❡♣❡♥❞❡♥t ❛♥❞ ℓ ❝❧✐q✉❡s✱ ❡st❛❜❧✐s❤✐♥❣ ✇❤❡♥ t❤❡ ♣r♦❜❧❡♠ ✐s NP✲❝♦♠♣❧❡t❡ ♦r
♣♦❧②♥♦♠✐❛❧ ❢♦r ❡❛❝❤ ✜①❡❞ k ❛♥❞ ℓ✳

❑❡②✇♦r❞s✿ ❝♦❣r❛♣❤✱ ❣❡♥❡r❛t♦r✱ ❡❞❣❡ ❝❧✐q✉❡ ♣❛rt✐t✐♦♥✱ (k, ℓ)✲❣r❛♣❤✳



▲✐st❛ ❞❡ ❋✐❣✉r❛s

✷✳✶ ❊①❡♠♣❧♦ ❞❡ ❣r❛❢♦s ❝✐❝❧♦ ❡ ❝❛♠✐♥❤♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹

✷✳✷ ❊①❡♠♣❧♦ ❞❡ s✉❜❣r❛❢♦s ❞❡ G ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺

✷✳✸ G1∨G2 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻

✷✳✹ ❊①❡♠♣❧♦ ❞❡ ár✈♦r❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼

✷✳✺ ❈♦ár✈♦r❡ T (G) ❡ s❡✉ r❡s♣❡❝t✐✈♦ ❝♦❣r❛❢♦ G ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽

✷✳✻ ❊①❡♠♣❧♦ ❣r❛❢♦ ✭✷✱✶✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾

✸✳✶ ár✈♦r❡ r♦t✉❧❛❞❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷

✸✳✷ ❈♦♥✜❣✉r❛çõ❡s ❞♦s ✜❧❤♦s ❞❡ ✉♠ ✈ért✐❝❡ ❝♦♠ ✺ ❢♦❧❤❛s ✐♥❞✉③✐❞❛s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺

✸✳✸ ➪r✈♦r❡ ❛♥t❡s ❞❛ ♦r❞❡♥❛çã♦✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼

✸✳✹ ➪r✈♦r❡ ❛♣ós ♦r❞❡♥❛çã♦✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼

✸✳✺ ➪r✈♦r❡ ♦r❞❡♥❛❞❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✾

✸✳✻ ▼❡♥♦r ár✈♦r❡ ❞❡ T6 ❡ r❡s♣❡❝t✐✈♦s ❝♦❣r❛❢♦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✵

✸✳✼ ár✈♦r❡ ❞♦ ❡①❡♠♣❧♦ ✸✳✶✳✶ ♦r❞❡♥❛❞❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✷

✸✳✽ P❡r❝✉rs♦ ❡♠ ♣ós✲♦r❞❡♠ ✐♥✈❡rt✐❞❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✵

✸✳✾ P✐✈ô ❞❡ ✉♠❛ ár✈♦r❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✶

✸✳✶✵ ❘❡❝♦♥str✉çã♦ ❞❡ ✈ért✐❝❡✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✷

✸✳✶✶ ▼❡♥♦r ❡ ♠❛✐♦r ár✈♦r❡ ❞❡ T15 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✸

✸✳✶✷ ár✈♦r❡ ❜✐♥ár✐❛ ❡ ♥ã♦ ♠❛✐♦r ❞❡ T15 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✹

✸✳✶✸ ➪r✈♦r❡s T < T ′ < T ′′ ✐♠❡❞✐❛t❛♠❡♥t❡ ♠❛✐♦r ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✽

✸✳✶✹ ❊sq✉❡♠❛ ❞❛ ♣r♦♣♦s✐çã♦ ✸✳✸✳✺ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✾

✸✳✶✺ ●❡r❛çã♦ ❞❡ T4 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✶

✸✳✶✻ ❈♦❣r❛❢♦s ❝♦♠ ✹ ✈ért✐❝❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✸



▲✐st❛ ❞❡ ❋✐❣✉r❛s ✈✐✐

✹✳✶ ❊①❡♠♣❧♦ ♥ú♠❡r♦ ❝r♦♠át✐❝♦ ❡ ❜✲❝r♦♠át✐❝♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✻

✹✳✷ ❣r❛❢♦ ❡①❡♠♣❧♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✽

✹✳✸ ●r❛❢♦s 3P3 ❡ 2D ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✵

✹✳✹ ●r❛❢♦ ❝♦❧♦r✐❞♦ ❝♦♠ ✸✱✹✱✺ ❡ ✻ ❝♦r❡s✱ ♥❡st❛ ♦r❞❡♠✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✹

✹✳✺ ❜✲❝♦❧♦r❛çã♦ ❞♦ ❣r❛❢♦ 5S4 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✺

✹✳✻ ❊①❡❝✉çã♦ ❞♦ ❆❧❣♦r✐t♠♦ ✹✳✶✺ s♦❜r❡ ♦ ✈ért✐❝❡ v ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✻

✹✳✼ ❈♦ár✈♦r❡ T ❡ s✉❛ ✈❡rsã♦ st❛♥❞❛r❞ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✵

✹✳✽ ❈♦♥tr❛✲❡①❡♠♣❧♦ Ga ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✻

✹✳✾ ❈♦♥tr❛✲❡①❡♠♣❧♦ Gb ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✾

✺✳✶ ❊①❡♠♣❧♦ ❞❡ ❝♦❜❡rt✉r❛ ❞❛s ❛r❡st❛s ❞❡ G ❡♠ ❝❧✐q✉❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✸

✺✳✷ P♦ssí✈❡✐s ♣❛rt✐çõ❡s ❞❡ ❛r❡st❛s ❡♠ ❝❧✐q✉❡ ❡♠ ✉♠ ❣r❛❢♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✹

✺✳✸ ●r❛❢♦ G ❡ ❣r❛❢♦ ℓ(G) ❝♦♠ ♣❛rt✐çã♦ ❡ ❝♦❜❡rt✉r❛ ❡♠ ❝❧✐q✉❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✼

✺✳✹ ●r❛❢♦ G k4✲❧✐✈r❡ ❝♦♠ ♣❛rt✐çã♦ ❞❛s ❛r❡st❛s ✉s❛♥❞♦ ℓ3(G) ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✽

✺✳✺ ❊①❡♠♣❧♦ ❣r❛❢♦ ✭✵✱✷✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✶

✺✳✻ ●r❛❢♦ G′ ❝♦♥str✉í❞♦ ❛ ♣❛rt✐r ❞♦ s♣❧✐t G ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✷

✺✳✼ ❈♦♥str✉çã♦ ❞♦ ●r❛❢♦ Gi r❡❢❡r❡♥t❡ à ♣r♦✈❛ ❞♦ t❡♦r❡♠❛ ✺✳✷✳✶ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✺

✺✳✽ ❚r✐â♥❣✉❧♦s ❡♠ Gi r❡❢❡r❡♥t❡ à ♣r♦✈❛ ❞♦ t❡♦r❡♠❛ ✺✳✷✳✶ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✻

✺✳✾ ❚r✐â♥❣✉❧♦s ❡♠ Gi r❡❢❡r❡♥t❡ à ♣r♦✈❛ ❞♦ t❡♦r❡♠❛ ✺✳✷✳✶ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✻

✺✳✶✵ ❈♦❧♦r❛çã♦ ❡♠ Gi r❡❢❡r❡♥t❡ à ♣r♦✈❛ ❞♦ t❡♦r❡♠❛ ✺✳✷✳✶ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✼

✺✳✶✶ ❊①❡♠♣❧♦ ❞❛ r❡❞✉çã♦ ❢❡✐t❛ ♥❛ ❞❡♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛ ✺✳✷✳✶ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✽

✺✳✶✷ ❊sq✉❡♠❛ ❞❡ ❙✉❜❝❧❛ss❡s (k, l) ❞❡ ❛❝♦r❞♦ ❝♦♠ ❛ ❝♦♠♣❧❡①✐❞❛❞❡ ❞❡ ❊❈P ✳ ✳ ✳ ✳ ✽✾

✺✳✶✸ ❊sq✉❡♠❛ ❞♦s ❝❛s♦s ❞♦ ❚❡♦r❡♠❛ ✺✳✸✳✶ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✶

✺✳✶✹ ❊sq✉❡♠❛ ❞♦s ❝❛s♦s ❞♦ ❚❡♦r❡♠❛ ✺✳✸✳✶ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✷

✺✳✶✺ ❘❡♣r❡s❡♥t❛çã♦ ❞♦ ❈❆❙❖ ✹ ❞❛ ♣r♦✈❛ ❞♦ ❚❡♦r❡♠❛ ✺✳✸✳✶ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✸

✺✳✶✻ ❈❛s♦ Q1 ∈ Ω ♥❛ ♣r♦✈❛ ❞♦ ❚❡♦r❡♠❛ ✺✳✸✳✶ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✹

✺✳✶✼ ❊①❡♠♣❧♦ ❊❈P ❡♠ ●r❛❢♦s s♣❧✐t✲✐♥❞✐❢❡r❡♥ç❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✺



▲✐st❛ ❞❡ ❋✐❣✉r❛s ✈✐✐✐

✺✳✶✽ ●r❛❢♦ 2✲ár✈♦r❡✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✻

✺✳✶✾ ●r❛❢♦ ❇❧♦❝♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✻

✺✳✷✵ ■♥s❡rçã♦ ❞❡ z ❡♠ ✉♠❛ 2✲ár✈♦r❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✼

✺✳✷✶ ■♥s❡rçã♦ ❞❡ z ❡♠ ✉♠❛ 2✲ár✈♦r❡ ❝✉❥❛ ❥♦✐♥t✲❝❧✐q✉❡ é r❡♣❡t✐❞❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✽

✺✳✷✷ ●r❛❢♦ T∞ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✾

✺✳✷✸ ❊①❡♠♣❧♦ ●r❛❢♦ ●r❛❞❡ ❚r✐❛♥❣✉❧❛r ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✾

✺✳✷✹ ❊①❡♠♣❧♦ ❞❡ 3✲❧✐♥❤❛ ❛♣❧✐❝❛❞♦ ❡♠ ●r❛❞❡ ❚r✐❛♥❣✉❧❛r ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✵

✺✳✷✺ ❈❛s♦ ❜❛s❡ ❞❛ Pr♦♣♦s✐çã♦ ✺✳✸✳✸ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✶

✺✳✷✻ ❊①❡♠♣❧♦ ❣r❛❢♦ ❧✐♥❤❛✱ ●❛❧❧❛✐ ❡ ❛♥t✐✲●❛❧❧❛✐ ❞❡ G ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✷

✺✳✷✼ ●r❛❢♦s Fi✱ i = 1, 2, 3, 4, 5 ♣r♦✐❜✐❞♦s ❞♦ ❚❡♦r❡♠❛ ✺✳✸✳✷ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✷

✺✳✷✽ ❉✐❛❣r❛♠❛ ♣❛r❛ s✉❜❝❧❛ss❡s ❞♦ (3, 0) ❝♦♠ ❊❈P ♣♦❧✐♥♦♠✐❛❧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✹



▲✐st❛ ❞❡ ❚❛❜❡❧❛s

✸✳✶ P❛rt✐çõ❡s ❞❡ n = 2, . . . , 8 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺

✹✳✶ ◗✉❛♥t✐❞❛❞❡ ❞❡ ❈♦❣r❛❢♦s ❈♦♥❡①♦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✵



▲✐st❛ ❞❡ ❆❜r❡✈✐❛t✉r❛s ❡ ❙✐❣❧❛s

❊❈P ✿ P❛rt✐çã♦ ❞❡ ❛r❡st❛s ❡♠ ❝❧✐q✉❡s❀

❊❈❈ ✿ ❈♦❜❡rt✉r❛ ❞❡ ❛r❡st❛s ❡♠ ❝❧✐q✉❡s❀

▼❚❊❉ ✿ ▼❛✐♦r ♥ú♠❡r♦ ❞❡ tr✐â♥❣✉❧♦s ❞✐s❥✉♥t♦s ❡♠ ❛r❡st❛s❀

❊✸❈ ✿ ❈♦❜❡rt✉r❛ ✸✲❡①❛t❛❀

▼■❙ ✿ ❈♦♥❥✉♥t♦ ✐♥❞❡♣❡♥❞❡♥t❡ ♠á①✐♠♦❀

❱❈P ✿ P❛rt✐çã♦ ❞❡ ✈ért✐❝❡s ❡♠ ❝❧✐q✉❡s❀



❙✉♠ár✐♦

✶ ■♥tr♦❞✉çã♦ ✶

✷ Pr❡❧✐♠✐♥❛r❡s ✹

✷✳✶ ❚❡♦r✐❛ ❞♦s ●r❛❢♦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹

✷✳✷ ➪r✈♦r❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻

✷✳✸ ❈♦❣r❛❢♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼

✷✳✹ ●r❛❢♦s (k, ℓ) ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾

✸ ●❡r❛çã♦ ❞❡ ❝♦❣r❛❢♦s ✶✶

✸✳✶ ❘❡❧❛çã♦ ❡♥tr❡ ár✈♦r❡s ❡♥r❛✐③❛❞❛s ❡ ❝♦❣r❛❢♦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶

✸✳✷ ❖r❞❡♥❛çã♦ ❞❡ ✈ért✐❝❡s ❡ ár✈♦r❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻

✸✳✷✳✶ ❈♦❞✐✜❝❛çã♦ ❞❡ ❝♦❣r❛❢♦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✵

✸✳✸ ●❡r❛♥❞♦ ár✈♦r❡s ❡♠ ♦r❞❡♠ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✹

✸✳✹ ●❡r❛çã♦ ❞❡ ❈♦❣r❛❢♦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✶

✹ ❆♣❧✐❝❛çã♦ ❞♦ ●❡r❛❞♦r ❞❡ ❈♦❣r❛❢♦s ❡♠ ❚❡♦r✐❛ ❊s♣❡❝tr❛❧ ✹✺

✹✳✶ ❘❡s✉❧t❛❞♦s ♣r❡❧✐♠✐♥❛r❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✺

✹✳✶✳✶ ❜✲❝♦❧♦r❛çã♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✺

✹✳✶✳✷ ❚❡♦r✐❛ ❊s♣❡❝tr❛❧ ❞♦s ●r❛❢♦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✼

✹✳✷ ❆ ❞❡s✐❣✉❛❧❞❛❞❡ ♣r♦♣♦st❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✾

✹✳✸ ❆❧❣♦r✐t♠♦s ✐♠♣❧❡♠❡♥t❛❞♦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✵

✹✳✸✳✶ ❊str✉t✉r❛ ❞❡ ❞❛❞♦s ❞♦ ❝♦❣r❛❢♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✵

✹✳✸✳✷ ❈á❧❝✉❧♦ ❞♦ ❜✲❝r♦♠át✐❝♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✸



❙✉♠ár✐♦ ①✐✐

✹✳✸✳✸ ❈á❧❝✉❧♦ ❞♦ í♥❞✐❝❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✾

✹✳✹ ❱❡r✐✜❝❛çã♦ ❞❛ ❛✜r♠❛çã♦ (∆1) ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✸

✹✳✹✳✶ ❚❡st❡s ❝♦♠ ❝♦❣r❛❢♦s ❣❡r❛❞♦s ❛❧❡❛t♦r✐❛♠❡♥t❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✸

✹✳✹✳✶✳✶ ❋♦r♠✉❧❛çã♦ ❞❡ ✉♠❛ ♥♦✈❛ ❛✜r♠❛çã♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✻

✹✳✹✳✷ ■♠♣❧❡♠❡♥t❛çã♦ ❞♦ GeracaoCografos(n) ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✼

✺ P❛rt✐çã♦ ❞❡ ❛r❡st❛s ❡♠ ❝❧✐q✉❡s ✼✸

✺✳✶ ❊st✉❞♦ ❞❛ ❧✐t❡r❛t✉r❛ s♦❜r❡ ❛ ♣❛rt✐çã♦ ❞❛s ❛r❡st❛s ❡♠ ❝❧✐q✉❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✺

✺✳✶✳✶ ❈♦t❛s ❡ ♣r♦♣r✐❡❞❛❞❡s ♥❛ ❧✐t❡r❛t✉r❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✺

✺✳✶✳✷ ❈♦♠♣❧❡①✐❞❛❞❡ ❊❈P ♥❛ ❧✐t❡r❛t✉r❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✾

✺✳✷ ❊❈P ❡♠ ❣r❛❢♦s ✭❦✱❧✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✵

✺✳✷✳✶ ❊❈P ❡♠ ❣r❛❢♦s ✸✲❝♦❧♦rí✈❡❧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✸

✺✳✸ ❙✉❜❝❧❛ss❡s ❝♦♠ ❊❈P ♣♦❧✐♥♦♠✐❛❧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✾

✺✳✸✳✶ ●r❛❢♦s s♣❧✐t✲✐♥❞✐❢❡r❡♥ç❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✾

✺✳✸✳✷ ❙✉❜❝❧❛ss❡s ❞♦ (3, 0) ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✺

✺✳✸✳✷✳✶ 2✲ár✈♦r❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✺

✺✳✸✳✷✳✷ ●r❛❞❡ ❚r✐❛♥❣✉❧❛r ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✽

✺✳✸✳✷✳✸ ●r❛❢♦ {F2, F4}✲❧✐✈r❡s (3, 0) ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✶

✺✳✸✳✷✳✹ ❘❡❧❛çã♦ ❡♥tr❡ s✉❜❝❧❛ss❡s ❞❡ (3, 0) ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✹

✻ ❈♦♥❝❧✉sã♦ ✶✵✺

❘❡❢❡rê♥❝✐❛s ✶✵✼



❈❛♣ít✉❧♦ ✶

■♥tr♦❞✉çã♦

❖s ❣r❛❢♦s sã♦ ❡str✉t✉r❛s ❢✉♥❞❛♠❡♥t❛✐s ❡♠ ❞✐✈❡rs❛s ár❡❛s✱ ❡♠ ❡s♣❡❝✐❛❧ ❚❡♦r✐❛ ❞❛ ❈♦♠♣✉✲

t❛çã♦ ❡ ▼❛t❡♠át✐❝❛✳ ◆♦ ❝❛♠♣♦ t❡ór✐❝♦ s✉❛ ✐♠♣♦rtâ♥❝✐❛ é ♠♦str❛❞❛ ♣❡❧♦ ❛❧t♦ ♥ú♠❡r♦ ❞❡

♣✉❜❧✐❝❛çõ❡s ♥❛ ár❡❛✱ ❝♦♠ ❡st✉❞♦s ❛❝❡r❝❛ ❞❡ ❡str✉t✉r❛s✱ ♣❛râ♠❡tr♦s ❡ s♦❧✉çã♦ ❞❡ ♣r♦❜❧❡♠❛s

❝♦♠♣✉t❛❝✐♦♥❛✐s✳ P♦r ♦✉tr♦ ❧❛❞♦✱ t❡♠♦s ✐♥❝♦♥tá✈❡✐s s✐t✉❛çõ❡s r❡❛✐s q✉❡ ♣♦❞❡♠ s❡r ♠♦❞❡✲

❧❛❞❛s ♣♦r ❣r❛❢♦s✱ ❝♦♠♦ r❡❞❡s✱ ❧♦❣íst✐❝❛ ❞❡ tr❛♥s♣♦rt❡✱ r❡❞❡s s♦❝✐❛✐s✱ ✢✉①♦❣r❛♠❛s✱ ❞❡♥tr❡

✈ár✐♦s✳

❊st❛ t❡s❡ é ❢♦❝❛❞❛ ❡♠ ❞♦✐s ❞✐❢❡r❡♥t❡s ♣r♦❜❧❡♠❛s✿ ❝r✐❛çã♦ ❞❡ ✉♠ ❛❧❣♦r✐t♠♦ ❝❛♣❛③ ❞❡

❣❡r❛r ❝♦❣r❛❢♦s ❞❡ ❢♦r♠❛ ❡✜❝✐❡♥t❡ ❡ ♦ ♣r♦❜❧❡♠❛ ❞❡ ♣❛rt✐çã♦ ❞❛s ❛r❡st❛s ❞❡ ✉♠ ❣r❛❢♦ ❡♠

❝❧✐q✉❡s ♣❛r❛ ❣r❛❢♦s (k, ℓ)✳ ❊♠ ❛♠❜♦s ♦s ❝❛s♦s ❛♣r❡s❡♥t❛♠♦s ♥♦✈❛s ❝♦♥tr✐❜✉✐çõ❡s✳

◗✉❛♥t♦ ❛♦ ♣r✐♠❡✐r♦ ♣r♦❜❧❡♠❛✱ ♦s ❝♦❣r❛❢♦s ❢♦r❛♠ ✐♥tr♦❞✉③✐❞♦s ♣♦r ✈♦❧t❛ ❞❡ ✶✾✼✵ ♣♦r

❞✐❢❡r❡♥t❡s ❛✉t♦r❡s✱ ❝♦♠♦ ▲❡r❝❤s ❬✸✾❪✳ ❊♠ ❣❡r❛❧ ♦s ❝♦❣r❛❢♦s sã♦ ♠❛✐s ❝♦♥❤❡❝✐❞♦s ❝♦♠♦ ♦s

❣r❛❢♦s ❧✐✈r❡s ❞❡ P4✱ ❞❡✜♥✐çã♦ ❛❧t❡r♥❛t✐✈❛ ✐♥tr♦❞✉③✐❞❛ ♣♦r ❈♦r♥❡✐❧ ❡t ❛❧ ❬✶✷❪✳ Pr♦❜❧❡♠❛s

♣r♦✈❛❞♦s ❝♦♠♦ NP✲❝♦♠♣❧❡t♦ ♣❛r❛ ❣r❛❢♦s ❡♠ ❣❡r❛❧✱ ❛♣r❡s❡♥t❛♠ ❝♦♠♣❧❡①✐❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧

q✉❛♥❞♦ r❡str✐t♦s ❛ ❡st❛ ❝❧❛ss❡✱ ❞❡♥tr❡ ❡st❡s ♣♦❞❡♠♦s ❝✐t❛r✿ ❝❧✐q✉❡✱ ✐s♦♠♦r✜s♠♦ ❡ ❝♦❧♦r❛çã♦

✭❡ ✈❛r✐❛çõ❡s✮ ❬✶✷❪ ❬✻❪✳ ❖s ❝♦❣r❛❢♦s ♣♦ss✉❡♠ ♣r♦♣r✐❡❞❛❞❡s ✐♥t❡r❡ss❛♥t❡s t❛✐s ❝♦♠♦ sã♦ ❣r❛❢♦s

♣❡r❢❡✐t♦s ❬✶✷❪✱ ▲✲✐♥t❡❣r❛✐s ❬✹✹❪✱ ❜✲❝♦♥tí♥✉♦s ❬✻❪✱ ❞❡♥tr❡ ♦✉tr♦s✳ ❉❡s❞❡ ❡♥tã♦ ❢♦r❛♠ ✐♥tr♦✲

❞✉③✐❞❛s ❞✐✈❡rs❛s ❝❧❛ss❡s q✉❡ ♣♦❞❡♠ s❡r ✈✐st❛s ❝♦♠♦ ❣❡♥❡r❛❧✐③❛çã♦ ❞♦s ❝♦❣r❛❢♦s✱ ❝♦♠♦ ♦s

❣r❛❢♦s ❞❡ ❉✐stâ♥❝✐❛ ❍❡r❡❞✐tár✐❛✱ ❣r❛❢♦s ✭q✱q✲✹✮✱ P4✲❡s♣❛rs♦✱ P4✲❡①t❡♥sí✈❡✐s ❡ P4✲r❡❞✉tí✈❡✐s✳

❆ ár❡❛ ❞❡ ❝♦♠❜✐♥❛tór✐❛ ❡♥✉♠❡r❛t✐✈❛ t❡♠ ❛ ✜♥❛❧✐❞❛❞❡ ❞❡ ♦❜t❡r t♦❞❛s ❛s ♠❛♥❡✐r❛s q✉❡

♣♦❞❡♠♦s ❢♦r♠❛r ✉♠ ❝❡rt♦ ♣❛❞rã♦✱ ❡♠ ❚❡♦r✐❛ ❞♦s ●r❛❢♦s ♦ ✐♥t❡r❡ss❡ é ♦❜t❡r ✉♠ ❛❧❣♦r✐t♠♦

❝❛♣❛③ ❞❡ ❣❡r❛r t♦❞♦s ♦s ❣r❛❢♦s ❝♦♠ ❝❡rt❛ ♣r♦♣r✐❡❞❛❞❡✳ ❆té ❡♥tã♦ ♥ã♦ é ❡♥❝♦♥tr❛❞♦ ♥❛ ❧✐t❡✲

r❛t✉r❛ ♥❡♥❤✉♠ tr❛❜❛❧❤♦ s♦❜r❡ ❣❡r❛çã♦ ❞❡ ❝♦❣r❛❢♦s✱ q✉❡ é ❡①❛t❛♠❡♥t❡ ♦ t❡♠❛ ❞❡s❡♥✈♦❧✈✐❞♦

♥❡st❡ tr❛❜❛❧❤♦✳ ▼❛✐s ❡s♣❡❝✐✜❝❛♠❡♥t❡✱ ❞❛❞♦ ✉♠ ✐♥t❡✐r♦ n ❞❡s❡♥✈♦❧✈❡♠♦s ✉♠ ❛❧❣♦r✐t♠♦



✶ ■♥tr♦❞✉çã♦ ✷

❡✜❝✐❡♥t❡ ❝❛♣❛③ ❞❡ ❣❡r❛r✱ s❡♠ r❡♣❡t✐çã♦✱ t♦❞♦s ❝♦❣r❛❢♦s ❝♦♠ n ✈ért✐❝❡s✱ ❝✉❥❛ ❡✜❝✐ê♥❝✐❛ é

♦❜t✐❞❛ ❛♦ ♣r♦✈❛r♠♦s q✉❡ ♦ t❡♠♣♦ ❞❡ ❣❡r❛çã♦ ❡♥tr❡ ❞♦✐s ❝♦❣r❛❢♦s ❝♦♥s❡❝✉t✐✈♦s é ❧✐♥❡❛r ❡♠

n✳ ❖ ú♥✐❝♦ tr❛❜❛❧❤♦ ❡♥❝♦♥tr❛❞♦ q✉❡ ❡st✉❞❛ ♦s ❝♦❣r❛❢♦s ❞♦ ♣♦♥t♦ ❞❡ ✈✐st❛ ❞❛ ❝♦♠❜✐♥❛tór✐❛

❡♥✉♠❡r❛t✐✈❛ é ❬✺✵❪✱ ❝♦♥t✉❞♦ ♥❡st❡ é ♠♦str❛❞♦ ❛♣❡♥❛s ✉♠❛ ❡st✐♠❛t✐✈❛ ❛ss✐♥tót✐❝❛ ♣❛r❛ ♦

♥ú♠❡r♦ ❞❡ ❝♦❣r❛❢♦s ♣♦ssí✈❡✐s✱ ❡♥q✉❛♥t♦ q✉❡ ♥♦ ♥♦ss♦ tr❛❜❛❧❤♦ s♦♠♦s ❝❛♣❛③❡s ❞❡ ❣❡r❛r

t♦❞♦s ♦s ❝♦❣r❛❢♦s ❡ ❛❧é♠ ❞✐ss♦ ♦❜t❡r ♦ ♥ú♠❡r♦ ❡①❛t♦ ❞❡ ❝♦❣r❛❢♦s ❝♦♠ n ✈ért✐❝❡s✳

❙ã♦ ♥❛t✉r❛✐s ❛s ❛♣❧✐❝❛çõ❡s ❞♦ ♥♦ss♦ ❛❧❣♦r✐t♠♦✱ ♣♦✐s ❛ ❣❡r❛çã♦ ❞❡ t♦❞♦s ♦s ❝♦❣r❛❢♦s

❛✉①✐❧✐❛ ♥❛ ❢♦r♠✉❧❛çã♦ ❞❡ ♥♦✈♦s r❡s✉❧t❛❞♦s✱ ❡♠ ❡s♣❡❝✐❛❧ ♦ ♣r♦❝❡❞✐♠❡♥t♦ t❛♠❜é♠ s❡ ♠♦str❛

út✐❧ ♣❛r❛ ❡♥❝♦♥tr❛r ❝♦♥tr❛✲❡①❡♠♣❧♦s ♦✉ ❛té ✈❛❧✐❞❛r ❝♦♥❥❡❝t✉r❛s ❛❝❡r❝❛ ❞♦s ❝♦❣r❛❢♦s✳ ❖

♣♦♥t♦ q✉❡ ✐♠♣✉❧s✐♦♥♦✉ ♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞❡st❡ ❛❧❣♦r✐t♠♦ ❞❡ ❣❡r❛çã♦ ❞♦s ❝♦❣r❛❢♦s ❢♦✐ ❛

❞❡s✐❣✉❛❧❞❛❞❡ ❡st✐♠❛❞❛ ♥❛ ❞✐ss❡rt❛çã♦ ❬✸✵❪ q✉❡ r❡❧❛❝✐♦♥❛ ❛ ❜✲❝♦❧♦r❛çã♦ ❡ ❚❡♦r✐❛ ❊s♣❡❝tr❛❧

❞❡ ●r❛❢♦s✱ ❞✉❛s ár❡❛s ❛té ❡♥tã♦ ❛✐♥❞❛ ♥ã♦ r❡❧❛❝✐♦♥❛❞❛s ♥❛ ❧✐t❡r❛t✉r❛✳ ❊♥tã♦ ❛ ♣r✐♠❡✐r❛

❛♣❧✐❝❛çã♦ ❞♦ ♥♦ss♦ ❛❧❣♦r✐t♠♦ ♦❝♦rr❡ ♥❡st❡ ♣ró♣r✐♦ tr❛❜❛❧❤♦✱ ♦♥❞❡ ✐♠♣❧❡♠❡♥t❛♠♦s ❡ ❡①❡❝✉✲

t❛♠♦s t❡st❡s ❝♦♠♣✉t❛❝✐♦♥❛✐s ❡♠ ❜✉s❝❛ ❞❡ ❝♦♥tr❛✲❡①❡♠♣❧♦s ♣❛r❛ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❡st✐♠❛❞❛✳

❖ s❡❣✉♥❞♦ ♣r♦❜❧❡♠❛ tr❛t❛❞♦ ♥❡st❛ t❡s❡ é ❛ ♣❛rt✐çã♦ ❞❛s ❛r❡st❛s ❞❡ ✉♠ ❣r❛❢♦ ❡♠ ❝❧✐q✉❡s✱

❝✉❥♦ ♣r✐♠❡✐r♦ r❡s✉❧t❛❞♦ ❢♦✐ ❡♠ ✶✾✻✻ ♣♦r ❊r❞ós✱ ●♦♦❞♠❛♥ ❡ Pós❛ ❬✶✼❪✳ ❉❛❞♦ G ❞❡✜♥✐♠♦s ♦

♥ú♠❡r♦ cp(G) ❝♦♠♦ ♦ t❛♠❛♥❤♦ ❞❛ ♠❡♥♦r ♣❛rt✐çã♦ ❞❛s ❛r❡st❛s ❡♠ ❝❧✐q✉❡s✱ ❝✉❥♦ ♣r♦❜❧❡♠❛

❞❡ ❞❡❝✐sã♦ ✭❊❈P✮ é ✐♥st❛♥❝✐❛❞♦ ♣♦r ✉♠ ❣r❛❢♦ G ❡ ✉♠ ✐♥t❡✐r♦ k ♦♥❞❡ é q✉❡st✐♦♥❛❞♦ s❡

cp(G) ≤ k✳ ❊♠ ♣❛r❛❧❡❧♦ é ❞❡✜♥✐❞❛ ❛ ♠❡♥♦r ❝♦❜❡rt✉r❛ ❞❛s ❛r❡st❛s ❡♠ ❝❧✐q✉❡s ♣♦r cc(G) ❡

s❡✉ r❡s♣❡❝t✐✈♦ ♣r♦❜❧❡♠❛ ❞❡ ❞❡❝✐sã♦ ✭❊❈❈✮✱ ✈❛❧❡ r❡ss❛❧t❛r q✉❡ ❛ ❞✐❢❡r❡♥ç❛ ❡♥tr❡ ❛s ❞❡✜♥✐çõ❡s

é q✉❡ ❝♦❜❡rt✉r❛ ♣❡r♠✐t❡ q✉❡ ❛s ❝❧✐q✉❡s ♣♦ss✉❛♠ ❛r❡st❛s ❡♠ ❝♦♠✉♠✳ ❊st❡s ♣r♦❜❧❡♠❛s

♣♦ss✉❡♠ ❛♣❧✐❝❛çõ❡s ♣rát✐❝❛s✱ ❝♦♠♦ ♦ ❊❈P q✉❡ ❛♣r❡s❡♥t❛ ✐♠♣♦rtâ♥❝✐❛ ❡♠ ❝♦♠♣✉t❛çã♦

❜✐♦❧ó❣✐❝❛ ♥❛ ❝❧❛ss✐✜❝❛çã♦ ❞❡ ❝❧♦♥❡s ❞❡ ❉◆❆✱ ❝♦♠♦ ✈✐st♦ ❡♠ ❬✶✽❪❀ ❡♥q✉❛♥t♦ q✉❡ ❊❈❈ é

❛♣❧✐❝❛❞♦ ❡♠ ♣r♦❜❧❡♠❛s ❞❡ ❝♦♥✢✐t♦ ❞❡ ♣❛❧❛✈r❛s✲❝❤❛✈❡ ❡ ❢❛s❡❛♠❡♥t♦ ❞❡ trá❢❡❣♦ ❝♦♠♦ ❝✐t❛❞♦

❡♠ ❬✺✶❪✳

❯♠ ❞♦s ❢♦❝♦s ❞❡st❡ tr❛❜❛❧❤♦ é ♦ ❡st✉❞♦ ❞❛ ❝♦♠♣❧❡①✐❞❛❞❡ ❞❡ ❊❈P ❡♠ ❞❡t❡r♠✐♥❛❞❛s

❝❧❛ss❡s ❞❡ ❣r❛❢♦s✳ ❊♠ ✶✾✼✼ ❢♦✐ ♣r♦✈❛❞♦ ❡♠ ❬✹✻❪ q✉❡ ♦s ♣r♦❜❧❡♠❛s ❊❈P ❡ ❊❈❈ sã♦ NP✲
❝♦♠♣❧❡t♦ ♣❛r❛ ❣r❛❢♦s ❣❡r❛✐s✱ ❥á ❡♠ ✶✾✽✽ ❬✹✶❪ ❢♦✐ ♣r♦✈❛❞♦ q✉❡ ❊❈P ♣❡r♠❛♥❡❝❡NP✲❝♦♠♣❧❡t♦

♣❛r❛ ❛ ❝❧❛ss❡s ❞♦s ❣r❛❢♦s ❧✐✈r❡s ❞❡K4 ❡ ❛ ❝❧❛ss❡ ❞♦s ❝♦r❞❛✐s✳ ◆♦ ❞❡❝♦rr❡r ❞♦ t❡①t♦ ✈❡r❡♠♦s ❛

❝♦♠♣❧❡①✐❞❛❞❡ ❞♦ ♣r♦❜❧❡♠❛ ❡♠ ♦✉tr❛s ❝❧❛ss❡s✳ ❖ ♥♦ss♦ ✐♥t❡r❡ss❡ é ♥❛ ❝♦♠♣❧❡①✐❞❛❞❡ ❞♦ ❊❈P

♣❛r❛ ❣r❛❢♦s (k, ℓ)✱ ❛q✉❡❧❡s ❝✉❥♦ ❝♦♥❥✉♥t♦ ❞❡ ✈ért✐❝❡s ♣♦❞❡ s❡r ❞✐✈✐❞♦ ❡♠ k ✐♥❞❡♣❡♥❞❡♥t❡s

❡ ℓ ❝❧✐q✉❡s✳ ❲❛❧❧✐s ❡ ❏✉✲▲✐♥ ❬✺✻❪ ❡♠ ✶✾✾✶✱ ♠♦str❛♠ q✉❡ ❊❈P é NP✲❝♦♠♣❧❡t♦ ♣❛r❛ ❣r❛❢♦s

s♣❧✐t✱ ♦ q✉❡ ♠♦t✐✈♦✉ ❡st❡ ❡st✉❞♦✳ ➱ ♥❛t✉r❛❧ q✉❡ ♣❛r❛ k, ℓ ❛r❜✐trár✐♦s ♦ ♣r♦❜❧❡♠❛ s❡❥❛ NP✲
❝♦♠♣❧❡t♦ ✱ ❡♥tã♦ ✉♠ ❞♦s ♦❜❥❡t✐✈♦s ❞❡st❡ tr❛❜❛❧❤♦ é ♦❜t❡r ❛ ❝♦♠♣❧❡①✐❞❛❞❡ ❞♦ ♣r♦❜❧❡♠❛s



✶ ■♥tr♦❞✉çã♦ ✸

♣❛r❛ t♦❞♦s ♦s ♣♦ssí✈❡✐s ✈❛❧♦r❡s ❞❡ (k, ℓ) ♠♦str❛♥❞♦ ♣❛r❛ q✉❛✐s ✈❛❧♦r❡s ❞❡ k, ℓ ♦ ♣r♦❜❧❡♠❛

❞❡✐①❛ ❞❡ s❡r ♣♦❧✐♥♦♠✐❛❧ ❡ ♣❛ss❛r ❛ s❡r NP✲❝♦♠♣❧❡t♦ ✳ ❯♠❛ ❞❛s ♣r✐♥❝✐♣❛✐s ❝♦♥tr✐❜✉✐çõ❡s

❞❡st❡ tr❛❜❛❧❤♦ é ♦ r❡s✉❧t❛❞♦ q✉❡ ❣❛r❛♥t❡ q✉❡ ❊❈P é NP✲❝♦♠♣❧❡t♦ ♣❛r❛ ❣r❛❢♦s 3✲❝♦❧♦rí✈❡❧

✭❝❛s♦ k = 3 ❡ ℓ = 0✮✱ ❢❡✐t♦ ❛tr❛✈és ❞❡ ✉♠❛ r❡❞✉çã♦ ♣♦❧✐♥♦♠✐❛❧✳ ❙✉❛ ✐♠♣♦rtâ♥❝✐❛ s❡ ❞❡✈❡ ❛♦

❢❛t♦ ❞❡ ❛♣r❡s❡♥t❛r ✉♠❛ s✉❜❝❧❛ss❡ ❞❡ K4✲❧✐✈r❡ ♦♥❞❡ ♦ ♣r♦❜❧❡♠❛ ♣❡r♠❛♥❡❝❡ NP✲❝♦♠♣❧❡t♦ ✱

r❡s✉❧t❛❞♦ ❞❡ ✶✾✽✽ ♣✉❜❧✐❝❛❞♦ ♣♦r ▼❛✱ ❲❛❧❧✐s ❡ ❏✉✲▲✐♥ ❬✹✶❪✱ ❝✐t❛❞♦ ❛♥t❡r✐♦r♠❡♥t❡✳ ❆❧é♠ ❞❡

❝♦♥s❡❣✉✐r♠♦s ❞❡t❡r♠✐♥❛r ❛ ❝♦♠♣❧❡①✐❞❛❞❡ ❞❡ ❊❈P ♣❛r❛ t♦❞♦s ♣♦ssí✈❡✐s k, ℓ ❡①✐❜✐♠♦s ✉♠❛

s✉❜❝❧❛ss❡ ❞♦ (3, 0) ♦♥❞❡ ♦ ♣r♦❜❧❡♠❛ s❡ t♦r♥❛ ♣♦❧✐♥♦♠✐❛❧✳

❊st❛ t❡s❡ ❡stá ❡str✉t✉r❛❞❛ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿

◆♦ ❈❛♣ít✉❧♦ s❡❣✉✐♥t❡ ❛♣r❡s❡♥t❛♠♦s ❝♦♥❝❡✐t♦s ❜ás✐❝♦s✱ ♥❡❝❡ssár✐♦s ♣❛r❛ ❝♦♠♣r❡❡♥sã♦

❞♦ t❡①t♦✳

◆♦ ❈❛♣ít✉❧♦ ✸ ❞❡s❡♥✈♦❧✈❡♠♦s ♦ ❛❧❣♦r✐t♠♦ ❣❡r❛❞♦r ❞❡ ❝♦❣r❛❢♦s ❡ t♦❞❛ t❡♦r✐❛ ♥❡❝❡ssár✐❛

♣❛r❛ ❛ ❡❧❛❜♦r❛çã♦ ❞♦ ♣r♦❝❡❞✐♠❡♥t♦✳ ❚❛♥t♦ ♦ ❛❧❣♦r✐t♠♦ q✉❛♥t♦ ♦s ♣r✐♥❝✐♣❛✐s r❡s✉❧t❛❞♦s

❞❡s❡♥✈♦❧✈✐❞♦s ♥❡st❡ ❝❛♣ít✉❧♦ ❢♦r❛♠ ♣✉❜❧✐❝❛❞♦s ❡♠ ❚❤❡♦r❡t✐❝❛❧ ❈♦♠♣✉t❡r ❙❝✐❡♥❝❡✱ ❝♦♠♦

✈✐st♦ ❡♠ ❬✸✷❪✳

◆♦ ❈❛♣ít✉❧♦ ✹ tr❛t❛r❡♠♦s ❞❛ ❛♣❧✐❝❛çã♦ q✉❡ ♠♦t✐✈♦✉ ❡st❡ tr❛❜❛❧❤♦✳ ■♥✐❝✐❛❧♠❡♥t❡ s❡rá

❢❡✐t♦ ✉♠ r❡s✉♠♦ ❞❛ t❡♦r✐❛ ♥❡❝❡ssár✐❛ ♣❛r❛ ♦ ❡♥t❡♥❞✐♠❡♥t♦ ❞❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❡st✐♠❛❞❛ ❡♠

❬✸✵❪✱ ❡ ❡♠ s❡❣✉✐❞❛ ❞❡s❝r❡✈❡r❡♠♦s ♦s ❛❧❣♦r✐t♠♦s ✐♠♣❧❡♠❡♥t❛❞♦s✱ ✐♥❝❧✉✐♥❞♦ ♦s ❞❡s❡♥✈♦❧✈✐✲

❞♦s ♥♦ ❝❛♣ít✉❧♦ ❛♥t❡r✐♦r ❡✱ ♣♦r ✜♠✱ ❛♣r❡s❡♥t❛r❡♠♦s ♦s r❡s✉❧t❛❞♦s ❝♦♠♣✉t❛❝✐♦♥❛✐s ❛♣ós ❛

❡①❡❝✉çã♦ ❞♦s t❡st❡s✳ ❚❛✐s r❡s✉❧t❛❞♦s ❢♦r❛♠ ❛♣r❡s❡♥t❛❞♦s ♥♦ ❳▲■❳ ❙✐♠♣ós✐♦ ❇r❛s✐❧❡✐r♦ ❞❡

P❡sq✉✐s❛ ❖♣❡r❛❝✐♦♥❛❧ ❡ ♣✉❜❧✐❝❛❞♦ ♥♦s ❛♥❛✐s ❞♦ ❝♦♥❣r❡ss♦✱ ✈❡❥❛ ❡♠ ❬✸✶❪✳

◆♦ ❈❛♣ít✉❧♦ ✺ ❛❜♦r❞❛♠♦s ♦ ♣r♦❜❧❡♠❛ ❞❡ ♣❛rt✐❝✐♦♥❛r ❛s ❛r❡st❛s ❞❡ ✉♠ ❣r❛❢♦ ❡♠ ❝❧✐q✉❡s✳

❖♥❞❡ ❢♦✐ ❢❡✐t❛ ✉♠❛ r❡✈✐sã♦ ❞❛ ❧✐t❡r❛t✉r❛ s♦❜r❡ ♦ ♣r♦❜❧❡♠❛ ❡ ❡♠ s❡❣✉✐❞❛ ❡st✉❞❛♠♦s s✉❛

❝♦♠♣❧❡①✐❞❛❞❡ ♥❛ ❝❧❛ss❡ ❞♦s ❣r❛❢♦s (k, ℓ)✳ ❖s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s ♥❡st❡ ❝❛♣ít✉❧♦ ❡stã♦ ❡♠

❢❛s❡ ❞❡ s✉❜♠✐ssã♦ ❞❡ ❛rt✐❣♦ ♣❛r❛ r❡✈✐st❛✳

◆♦ ú❧t✐♠♦ ❝❛♣ít✉❧♦ ❝♦♥❝❧✉í♠♦s ♦ tr❛❜❛❧❤♦ ❡✈✐❞❡♥❝✐❛♥❞♦ ♦s ♣r✐♥❝✐♣❛✐s r❡s✉❧t❛❞♦s ♦❜t✐✲

❞♦s✳



❈❛♣ít✉❧♦ ✷

Pr❡❧✐♠✐♥❛r❡s

✷✳✶ ❚❡♦r✐❛ ❞♦s ●r❛❢♦s

❙❡❥❛ G(V,E) ✉♠ ❣r❛❢♦✳ ❉❡♥♦t❛r❡♠♦s ❛ ❛❞❥❛❝ê♥❝✐❛ ❡♥tr❡ ❞♦✐s ✈ért✐❝❡s u ❡ v ♣♦r (u, v) ∈ E✱

♦✉ s✐♠♣❧❡s♠❡♥t❡ uv ∈ E✳ ❖ ❣r❛✉ ❞❡ ✉♠ ✈ért✐❝❡ v é ♦ ♥ú♠❡r♦ ❞❡ ✈ért✐❝❡s ❛❞❥❛❝❡♥t❡s

❛ v✱ ❝✉❥♦ ✈❛❧♦r é ❞❡♥♦t❛❞♦ ♣♦r d(v)✱ ♦ ❣r❛✉ ♠í♥✐♠♦✱ ♠é❞✐♦ ❡ ♠á①✐♠♦ ❞❡ ✉♠ ❣r❛❢♦ sã♦

❞❡♥♦t❛❞♦s ♣♦r δ(G)✱ d(G) ❡ ∆(G)✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ♦♥❞❡ d(G) =
∑

d(v)
|V (G)|

✳

❉❡♥♦t❛♠♦s ♣♦r Kn ♦ ❣r❛❢♦ ❝♦♠♣❧❡t♦ ❞❡ n ✈ért✐❝❡s✱ ♦✉ s❡❥❛✱ ❛q✉❡❧❡ ♦♥❞❡ q✉❛❧q✉❡r ♣❛r

❞❡ ✈ért✐❝❡s sã♦ ❛❞❥❛❝❡♥t❡s✱ ❡♠ ♣❛rt✐❝✉❧❛r K3 é ❝♦♠✉♠❡♥t❡ ❝❤❛♠❛❞♦ ❞❡ tr✐â♥❣✉❧♦✳ ❯♠❛

s❡q✉ê♥❝✐❛ ✜♥✐t❛ ❞❡ ✈ért✐❝❡s ❞✐st✐♥t♦s vi1vi2 . . . vik ❞❡ G é ❝❤❛♠❛❞♦ ❝❛♠✐♥❤♦ ❞❡ vi1 à vik
s❡ (vil , vil+1

) ∈ E ♣❛r❛ 1 ≤ i ≤ k − 1✳ ◆❛s ♠❡s♠❛s ❝♦♥❞✐çõ❡s ❛ s❡q✉ê♥❝✐❛ vi1vi2 . . . vikvi1 é

❝❤❛♠❛❞❛ ❞❡ ❝✐❝❧♦✳ ❖ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ✉♠ ❝❛♠✐♥❤♦ ♦✉ ❝✐❝❧♦ é ♦ ♥ú♠❡r♦ ❞❡ ❛r❡st❛s q✉❡

♥❡❧❡s ♦❝♦rr❡♠✳

❖ ❣r❛❢♦ ❝✉❥♦ ❝♦♥❥✉♥t♦ ❞❡ ✈ért✐❝❡s é V = {v1, . . . , vn} ❡ ❛r❡st❛s E = {(vi, vi+1); 1 ≤ i ≤
n− 1} é ❝❤❛♠❛❞♦ ❣r❛❢♦ ❝❛♠✐♥❤♦ ❡ ❞❡♥♦t❛❞♦ ♣♦r Pn✳ ❉❡ ❢♦r♠❛ s❡♠❡❧❤❛♥t❡✱ ♦ ❣r❛❢♦ ❝✐❝❧♦

Cn t❡♠ ❝♦♥❥✉♥t♦ ❞❡ ❛r❡st❛s E = {(vi, vi+1); 1 ≤ i ≤ n− 1} ∪ {(vn, v1)}✳

❊①❡♠♣❧♦ ✷✳✶✳✶✳ ◆❛ ✐❧✉str❛çã♦ ❛❜❛✐①♦ t❡♠♦s ♦s ❣r❛❢♦s C6 ❡ P5✳

❋✐❣✉r❛ ✷✳✶✿ ❊①❡♠♣❧♦ ❞❡ ❣r❛❢♦s ❝✐❝❧♦ ❡ ❝❛♠✐♥❤♦



✷✳✶ ❚❡♦r✐❛ ❞♦s ●r❛❢♦s ✺

❙❡ ❡①✐st❡ ✉♠ ❝❛♠✐♥❤♦ ❡♥tr❡ q✉❛❧q✉❡r ♣❛r ❞❡ ✈ért✐❝❡s ❞♦ ❣r❛❢♦✱ ❞✐③❡♠♦s q✉❡ ♦ ❣r❛❢♦ é

❝♦♥❡①♦✱ ❝❛s♦ ❝♦♥trár✐♦ é ❞✐t♦ ❞❡s❝♦♥❡①♦✳

❉✐r❡♠♦s q✉❡ H(V ′, E ′) é ✉♠ s✉❜❣r❛❢♦ ❞❡ G q✉❛♥❞♦ V ′ ⊆ V ❡ E ′ ⊆ E✳ ◆♦ ❝❛s♦ ❡♠

q✉❡ (x, y) ∈ E ′ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ (x, y) ∈ E✱ ❞✐r❡♠♦s q✉❡ H é s✉❜❣r❛❢♦ ✐♥❞✉③✐❞♦ ❞❡ G✱

♦✉ ❛✐♥❞❛ G ✐♥❞✉③ H✱ ♥❡st❡ ❝❛s♦ ❡s❝r❡✈❡♠♦s H = G[V ′] ♦✉ H = G[E ′]✳ ❯♠ ❣r❛❢♦ G é ❧✐✈r❡

❞❡ H s❡ ♦ ❣r❛❢♦ H ♥ã♦ é s✉❜❣r❛❢♦ ✐♥❞✉③✐❞♦ ❞❡ G✳

❊①❡♠♣❧♦ ✷✳✶✳✷✳ ◆❛ ✜❣✉r❛ ❛❜❛✐①♦ ✈❡♠♦s G ❡ s❡✉ s✉❜❣r❛❢♦ ✐♥❞✉③✐❞♦ H = G[{v1, v2, v4, v6}]✱
♦❜s❡r✈❡ ❛✐♥❞❛ q✉❡ G é ❧✐✈r❡ ❞❡ C6✳

❋✐❣✉r❛ ✷✳✷✿ ❊①❡♠♣❧♦ ❞❡ s✉❜❣r❛❢♦s ❞❡ G

❈♦♥❢♦r♠❡ ❛ ❧✐t❡r❛t✉r❛✱ ❞❛❞♦ ✉♠ ❣r❛❢♦ G(V,E)✱ ❞✐r❡♠♦s q✉❡ ✉♠ s✉❜❝♦♥❥✉♥t♦ ❞❡ ✈ért✐✲

❝❡s S ⊂ V é ❡stá✈❡❧ s❡ ♦ s✉❜❣r❛❢♦ ✐♥❞✉③✐❞♦ G[S] ♥ã♦ ♣♦ss✉✐ ❛r❡st❛s✱ ❡♥q✉❛♥t♦ q✉❡ C ⊂ V é

❞✐t♦ ✉♠❛ p✲❝❧✐q✉❡ s❡ G[S] é ✐s♦♠♦r❢♦ ❛♦ ❣r❛❢♦ ❝♦♠♣❧❡t♦ Kp✳ ❖ ♥ú♠❡r♦ ❝❧✐q✉❡ ω(G) ❞❡ ✉♠

❣r❛❢♦ é ♦ t❛♠❛♥❤♦ ❞❛ ♠❛✐♦r ❝❧✐q✉❡ ✐♥❞✉③✐❞❛ ❡♠ G✱ ❛♥❛❧♦❣❛♠❡♥t❡ ♦ ♥ú♠❡r♦ ✐♥❞❡♣❡♥❞❡♥t❡

α(G) é ♦ t❛♠❛♥❤♦ ❞♦ ♠❛✐♦r ❝♦♥❥✉♥t♦ ❡stá✈❡❧✳ ◆♦ ❣r❛❢♦ G ✐❧✉str❛❞♦ ♥♦ ❊①❡♠♣❧♦ ❛❝✐♠❛

t❡♠♦s ω(G) = 3 ❡ α(G) = 2✳

❚❛♠❜é♠ ❞❡✜♥✐♠♦s ❛❧❣✉♠❛s ♦♣❡r❛çõ❡s ❡♠ ❣r❛❢♦s✿

❼ ❖ ❣r❛❢♦ ❝♦♠♣❧❡♠❡♥t❛r ❞❡ G é ♦ ❣r❛❢♦ G(V ′, E ′)✱ ♦♥❞❡ V ′ = V ❡ E ′ = {(x, y); (x, y) /∈
E}✳ ➱ ❢á❝✐❧ ✈❡r q✉❡ G = G❀

❼ ❆ ✉♥✐ã♦ ❞❡ G1(V1, E1) ❡ G2(V2, E2)✱ ❞❡♥♦t❛❞❛ ♣♦r G1 ∪G2✱ é ♦ ❣r❛❢♦ ❝✉❥♦ ❝♦♥❥✉♥t♦

❞❡ ✈ért✐❝❡s é V (G1) ∪ V (G2) ❡ ❛r❡st❛s E(G1) ∪ E(G2)✳ ❆ ✉♥✐ã♦ ❞❡ k ❝ó♣✐❛s ❞❡ ✉♠

❣r❛❢♦ G é ❞❡♥♦t❛❞❛ ♣♦r kG❀

❼ ❖ ❥♦✐♥ ❞❡ G1(V1, E1) ❡ G2(V2, E2)✱ t❛♠❜é♠ ❝♦♥❤❡❝✐❞❛ ❝♦♠♦ ✉♥✐ã♦ ❝♦♠♣❧❡♠❡♥t❛r✱ é ♦

❣r❛❢♦G1∨G2 ❝♦♠ ❝♦♥❥✉♥t♦ ❞❡ ✈ért✐❝❡s V = V1∪V2 ❡ ❛r❡st❛s E = E1∪E2∪{(x, y); x ∈
E1 ❡ y ∈ E2}✳ ❖❜s❡r✈❡ q✉❡ ✈❛❧❡ G1 ∪G2 = G1∨G2



✷✳✷ ➪r✈♦r❡ ✻

❊①❡♠♣❧♦ ✷✳✶✳✸✳ ◆❛ ✜❣✉r❛ ❛❜❛✐①♦ ✈❡♠♦s ♦ ❥♦✐♥ ❞❡ ❞♦✐s ❣r❛❢♦s✳

❋✐❣✉r❛ ✷✳✸✿ G1∨G2

❉♦✐s ❣r❛❢♦s G1 ❡ G2 sã♦ ❞✐t♦s ✐s♦♠♦r❢♦s✱ ❞❡♥♦t❛❞♦ ♣♦r G1
∼= G2✱ q✉❛♥❞♦ ♣♦❞❡♠♦s

♦❜t❡r ✉♠ ❞♦ ♦✉tr♦ s♦♠❡♥t❡ ♣♦r ✉♠❛ ♣❡r♠✉t❛çã♦ ❞❡ ✈ért✐❝❡s✱ ♦✉ ♠❡❧❤♦r✱ ❡①✐st❡ ✉♠❛

❛♣❧✐❝❛çã♦ f : V (G1) → V (G2) ❜✐✉♥í✈♦❝❛ ❞❡ ♠♦❞♦ q✉❡ (u, v) ∈ E(G1) s❡✱ ❡ s♦♠❡♥t❡ s❡✱

(f(u), f(v)) ∈ E(G2)✳

✷✳✷ ➪r✈♦r❡

❖s ❣r❛❢♦s ❝♦♥❡①♦s q✉❡ ♥ã♦ ♣♦ss✉❡♠ ♥❡♥❤✉♠ ❝✐❝❧♦ ✐♥❞✉③✐❞♦ sã♦ ❝❤❛♠❛❞♦s ❞❡ ár✈♦r❡✳

❖❜s❡r✈❡ q✉❡ ✉♠❛ ár✈♦r❡ é ♦ ❣r❛❢♦ ❝♦♠ ♦ ♠❡♥♦r ♥ú♠❡r♦ ❞❡ ❛r❡st❛s t❛❧ q✉❡ ❡st❡ s❡❥❛

❝♦♥❡①♦✱ ✉♠❛ ✈❡③ q✉❡ ❝❛❞❛ ♣❛r ❞❡ ✈ért✐❝❡s sã♦ ❧✐❣❛❞♦s ♣♦r ✉♠ ú♥✐❝♦ ❝❛♠✐♥❤♦✱ ❝✉❥❛ ♣r♦✈❛

♣♦❞❡ s❡r ✈✐st❛ ❡♠ ❬✺❪✳ ❯♠❛ ár✈♦r❡ é ❞✐t❛ ❡♥r❛✐③❛❞❛ s❡ ✉♠ ✈ért✐❝❡ q✉❛❧q✉❡r é ❡❧❡❣✐❞♦ ❝♦♠♦

r❛✐③✳ ❆ s❡❣✉✐r ✐♥tr♦❞✉③✐♠♦s ❛❧❣✉♠❛s ♥♦♠❡♥❝❧❛t✉r❛s ❜ás✐❝❛s q✉❡ ✉s❛r❡♠♦s ♥♦ ❞❡❝♦rr❡r ❞♦

t❡①t♦✳ ❉❛❞❛ ✉♠❛ ár✈♦r❡ T ✿

❼ ❖ ✈ért✐❝❡ r❛✐③ é ❞❡♥♦t❛❞♦ ♣♦r raiz(T )✳

❼ ❙❡ T ♥ã♦ é tr✐✈✐❛❧✱ ♦s ✈ért✐❝❡s ❝✉❥♦ ❣r❛✉ é ✶✱ sã♦ ❝❤❛♠❛❞♦s ❢♦❧❤❛s✱ ♦s ❞❡♠❛✐s sã♦

❝❤❛♠❛❞♦s ✈ért✐❝❡s ✐♥t❡r♥♦s❀

❼ ❉❛❞♦ ✉♠ ✈ért✐❝❡ v ✭❞✐❢❡r❡♥t❡ ❞❛ r❛✐③✮ ❞❡♥♦t❛♠♦s Pv ♦ ú♥✐❝♦ ❝❛♠✐♥❤♦ ❞❡ v ❛té ❛ r❛✐③❀

❼ ❖s ✈ért✐❝❡s ❞❡ Pv ✭❡①❝❡t♦ v✮ sã♦ ❞✐t♦s ❛♥❝❡str❛✐s ❞❡ v ❡♠ T ✱ ♦♥❞❡ ♦ ❛♥t❡❝❡s✲

s♦r ✐♠❡❞✐❛t♦ ❞❡ v ❡♠ Pv é ❝❤❛♠❛❞♦ ♣❛✐ ❞❡ v ❡ ❞❡♥♦t❛❞♦ ♣♦r paiT (v)✳ ❋✐①❛♠♦s

pai(raiz(T )) = ♥✉❧❧ ✳

❼ P❛r❛ ❝❛❞❛ ✈ért✐❝❡ ✐♥t❡r♥♦ v ❞❡✜♥✐♠♦s s❡✉s ✜❧❤♦s ♣❡❧♦ ❝♦♥❥✉♥t♦ filhosT (v) = {u ∈
V (T )|paiT (u) = v}



✷✳✸ ❈♦❣r❛❢♦ ✼

❼ ❙❡ v ♥ã♦ é ❛ r❛✐③✱ ❞❡✜♥✐♠♦s s✉❛ ✐r♠❛♥❞❛❞❡ ♣♦r IT (v) = {filhosT (paiT (v))}✳ ❋✐✲

①❛♠♦s IT (raiz(T )) = {raiz(T )}❀

❼ P❛r❛ ❝❛❞❛ ✈ért✐❝❡ v ❞❡✜♥✐♠♦s s❡✉ ♥í✈❡❧ ❞❡ ❢♦r♠❛ r❡❝✉rs✐✈❛✿

nivelT (raiz(T )) = 0 nivelT (v) = nivelT (pai(v)) + 1 ❀

❼ ❖ ♥í✈❡❧ ❞❛ ár✈♦r❡ é ❞❛❞♦ ♣♦r nivel(T ) = max{nivelT (v); v ∈ V (T )} ❡ ♦s ✈ért✐❝❡s ❞❡

♥í✈❡❧ i ❞❛❞♦s ♣♦r nivel(T, i) = {v ∈ V (T ); nivelT (v) = i}✳

❼ ❉❛❞♦ v ∈ V (T ) ❞❡✜♥✐♠♦s ♣♦r T (v) ❛ s✉❜ár✈♦r❡ ✐♥❞✉③✐❞❛ ♣♦r T ❝✉❥❛ r❛✐③ é v✳

❼ ❉❛❞♦s v, w ✈ért✐❝❡s ❞✐st✐♥t♦s ❡♠ T ✱ ♦ ú❧t✐♠♦ ❛♥❝❡str❛❧ ❝♦♠✉♠ ✭❧❛st ❝♦♠♠♦♥ ❛♥✲

❝❡st❡r✮ ❞❡ v ❡ w é ♦ ✈ért✐❝❡ ❞❡ ♠❛✐♦r ♥í✈❡❧ ❝♦♠✉♠ ❡♠ ❛♠❜♦s ❝❛♠✐♥❤♦s Pv ❡ Pw✱

❞❡♥♦t❛❞♦ ♣♦r lca(v, w)✳

P❛r❛ ♥ã♦ s♦❜r❡❝❛rr❡❣❛r ♦ t❡①t♦✱ ❡♠ ❝❛s♦s ❧✐✈r❡s ❞❡ ❛♠❜✐❣✉✐❞❛❞❡ ♦❝✉❧t❛r❡♠♦s ♦ í♥❞✐❝❡

T ❞❛s ♥♦t❛çõ❡s ❛❝✐♠❛✳

❊①❡♠♣❧♦ ✷✳✷✳✶✳ ❆❜❛✐①♦ t❡♠♦s ♦ ❡①❡♠♣❧♦ ❞❡ ✉♠❛ ár✈♦r❡ ❡♥r❛✐③❛❞❛ ❡♠ a✳ ❆ ♣❛rt✐r ❞❡st❛

ár✈♦r❡ ♣♦❞❡♠♦s ❝♦♥❝❧✉✐r✱ ♣♦r ❡①❡♠♣❧♦✿ pai(g) = c❀ pai(a) = ♥✉❧❧ ❀ lca(m, f) = c❀ I(g) =

{f, g, h}❀ filhos(a) = {b, c, d}✱ ♦s ❛♥❝❡str❛✐s ❞❡ o sã♦ h, c, a❀ nivel(f) = 2❀ nivel(T, 3) =

{k, l,m, n, o}❀ nivel(T ) = 4✳

❋✐❣✉r❛ ✷✳✹✿ ❊①❡♠♣❧♦ ❞❡ ár✈♦r❡

✷✳✸ ❈♦❣r❛❢♦

❯♠ ❞♦s ❢♦❝♦s ❞❡st❡ tr❛❜❛❧❤♦ é ❛ ❝❧❛ss❡ ❞♦s ❝♦❣r❛❢♦s✳ ◆❡st❛ s❡çã♦ ✐♥tr♦❞✉③✐r❡♠♦s s✉❛

❞❡✜♥✐çã♦ ❡ tr❛t❛r❡♠♦s ❛❧❣✉♥s ❝♦♥❝❡✐t♦s ❜ás✐❝♦s ❝♦♥❤❡❝✐❞♦s ♥❛ ❧✐t❡r❛t✉r❛ ❡ q✉❡ s❡rã♦ út❡✐s



✷✳✸ ❈♦❣r❛❢♦ ✽

♥♦ ❞❡❝♦rr❡r ❞♦ tr❛❜❛❧❤♦✳

❖s ❝♦❣r❛❢♦s sã♦ ❝♦♥❤❡❝✐❞♦s ♣♦r ❛q✉❡❧❡s ❧✐✈r❡s ❞❡ P4✱ ❡♥tã♦ t❛❧ ❝❧❛ss❡ ❝♦♥té♠ ♦s t❤✲

r❡s❤♦❧❞s✱ q✉❡ sã♦ ♦s ❣r❛❢♦s ❧✐✈r❡s ❞❡ 2K2✱ P4 ❡ C4✳ ❆♣❡s❛r ❞♦s ❝♦❣r❛❢♦s s❡r❡♠ ❧❡♠❜r❛❞♦s

♣❡❧❛ ♣r♦✐❜✐çã♦ ❞❡ P4✱ s✉❛ ❞❡✜♥✐çã♦ ♦r✐❣✐♥❛❧ é ❢❡✐t❛ ❞❡ ❢♦r♠❛ r❡❝✉rs✐✈❛ ❬✶✷❪✿

❼ ❖ ❣r❛❢♦ tr✐✈✐❛❧ é ❝♦❣r❛❢♦❀

❼ ❙❡ G é ❝♦❣r❛❢♦ ❡♥tã♦ G é ❝♦❣r❛❢♦

❼ ❙❡ G1 ❡ G2 sã♦ ❝♦❣r❛❢♦s ❡♥tã♦ G1 ∪G2 é ❝♦❣r❛❢♦✳

❈♦♠♦ ✈❛❧❡ ❛ r❡❧❛çã♦ G1 ∪G2 = G1∨G2✱ ❡♥tã♦ ✉♠ ❝♦❣r❛❢♦ ♣♦❞❡ s❡r ♦❜t✐❞♦ ❛tr❛✈és

❞❡ s✉❝❡ss✐✈❛s ♦♣❡r❛çõ❡s ❞❡ ❥♦✐♥ ❡ ✉♥✐ã♦ ❡♥tr❡ ❝♦❣r❛❢♦s✳ ❈♦r♥❡✐❧ ❡t ❛❧ ❬✶✷❪ ♠♦str❛r❛♠ q✉❡

✉♠ ❝♦❣r❛❢♦ ♣♦❞❡ s❡r r❡♣r❡s❡♥t❛❞♦ ♣♦r ✉♠❛ ár✈♦r❡✱ ❝❤❛♠❛❞❛ ❝♦ár✈♦r❡✱ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿

❛s ❢♦❧❤❛s ❞❛ ❝♦ár✈♦r❡ sã♦ ♦s ✈ért✐❝❡s ❞♦ ❝♦❣r❛❢♦ ❡ ♦s ✈ért✐❝❡s ✐♥t❡r♥♦s ❞❡ T r❡♣r❡s❡♥t❛♠

♦♣❡r❛çõ❡s ❞❡ ❥♦✐♥ ♦✉ ✉♥✐ã♦ ❡♥tr❡ ❛s ár✈♦r❡s ✐♥❞✉③✐❞❛s ♣❡❧♦s s❡✉s ✜❧❤♦s✱ r❡❝❡❜❡♥❞♦ ♥♦♠❡♥✲

❝❧❛t✉r❛s tipo✲1 ❡ tipo✲0✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❖ q✉❡ ❛ss❡❣✉r❛ q✉❡ ❝❛❞❛ ♥ó ✐♥t❡r♥♦ ♣♦ss✉❛ ❛♦

♠❡♥♦s ❞♦✐s ✜❧❤♦s✳ ❆❧é♠ ❞✐ss♦✱ ❛ ❝♦ár✈♦r❡ é ❞❡✜♥✐❞❛ ❞❡ ❢♦r♠❛ q✉❡ ♦s ✜❧❤♦s ❞❡ ✈ért✐❝❡s

tipo✲1 s❡r❡♠ ❢♦❧❤❛s ♦✉ ♥ós ✐♥t❡r♥♦s ❞♦ tipo✲0✱ ❡ ✈✐❝❡✲✈❡rs❛✳ ◆♦t❡ q✉❡ ❝❛❞❛ ❝♦ár✈♦r❡ é r❡❢❡✲

r❡♥t❡ ❛ ✉♠ ú♥✐❝♦ ❝♦❣r❛❢♦✱ ❛ss✐♠ ❝♦♠♦ ❝❛❞❛ ❝♦❣r❛❢♦ t❡♠ s♦♠❡♥t❡ ✉♠❛ ❝♦ár✈♦r❡ ❛ss♦❝✐❛❞❛✱

❛ ♠❡♥♦s ❞❡ ♣❡r♠✉t❛çã♦ ❡♥tr❡ ✈ért✐❝❡s✳ ❉❛❞♦ ✉♠ ❣r❛❢♦ G s✉❛ ❝♦ár✈♦r❡ é ❞❡♥♦t❛❞❛ ♣♦r

T (G)✳

❊①❡♠♣❧♦ ✷✳✸✳✶✳ ◆❛ ✜❣✉r❛ ❛❜❛✐①♦ t❡♠♦s ❛ ❝♦ár✈♦r❡ T (G) r❡❢❡r❡♥t❡ ❛♦ ❝♦❣r❛❢♦ G✳

❋✐❣✉r❛ ✷✳✺✿ ❈♦ár✈♦r❡ T (G) ❡ s❡✉ r❡s♣❡❝t✐✈♦ ❝♦❣r❛❢♦ G

❖s s❡❣✉✐♥t❡s ❢❛t♦s sã♦ ✐♠❡❞✐❛t♦s ❞❛ ❞❡✜♥✐çã♦ ❞❡ ❝♦ár✈♦r❡✱ ❡ ♣♦❞❡♠ s❡r ❡♥❝♦♥tr❛❞♦s

❡♠ ❬✶✷❪✳



✷✳✹ ●r❛❢♦s (k, ℓ) ✾

❋❛t♦ ✷✳✸✳✶✳ ❬✶✷❪ ❈♦♥s✐❞❡r❡ G ✉♠ ❝♦❣r❛❢♦✳

❼ ❯♠ ♣❛r ❞❡ ✈ért✐❝❡s v, w ❞❡ G sã♦ ❛❞❥❛❝❡♥t❡s s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ♦ ❛♥❝❡str❛❧ ❝♦♠✉♠

❞❛s s✉❛s ❢♦❧❤❛s ❝♦rr❡s♣♦♥❞❡♥t❡s ❡♠ T (G) é ✉♠ ✈ért✐❝❡ tipo✲1✳

❼ ❯♠ ❝♦❣r❛❢♦ é ❝♦♥❡①♦ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ❛ r❛✐③ ❞❡ s✉❛ ❝♦ár✈♦r❡ é tipo✲1✳

❼ ❉❛❞♦ ✉♠ ✈ért✐❝❡ v ❞❛ ❝♦ár✈♦r❡ T (G)✱ ❡♥tã♦ T (v) é ❛ ❝♦ár✈♦r❡ ❛ss♦❝✐❛❞❛ ❛ ✉♠ ❝♦❣r❛❢♦

✐♥❞✉③✐❞♦ ❞❡ G ♣❡❧♦s ✈ért✐❝❡s ❞❡ T (v)✳

✷✳✹ ●r❛❢♦s (k, ℓ)

❉❛❞♦s ❞♦✐s ✐♥t❡✐r♦s k, ℓ ≥ 0 ❞✐r❡♠♦s q✉❡ ✉♠ ❣r❛❢♦ é (k, ℓ) s❡ s❡✉ ❝♦♥❥✉♥t♦ ❞❡ ✈ért✐❝❡s ♣♦❞❡

s❡r ♣❛rt✐❝✐♦♥❛❞♦ ❡♠ k ❝♦♥❥✉♥t♦s ✐♥❞❡♣❡♥❞❡♥t❡s ❡ ℓ ❝❧✐q✉❡s✱ ❡st❛ é ♦✉tr❛ ❝❧❛ss❡ q✉❡ s❡rá

❢♦❝❛❞❛ ♥❡st❡ tr❛❜❛❧❤♦✱ ♠❛✐s ❡s♣❡❝✐✜❝❛♠❡♥t❡ ♥♦ ❝❛♣ít✉❧♦ ✺✳

❊①❡♠♣❧♦ ✷✳✹✳✶✳ ❖ ❣r❛❢♦ ❛❜❛✐①♦ é (2, 1)✳

❋✐❣✉r❛ ✷✳✻✿ ❊①❡♠♣❧♦ ❣r❛❢♦ ✭✷✱✶✮

❈♦♠♦ ♣♦❞❡♠♦s ❝♦♥s✐❞❡r❛r ❝♦♥❥✉♥t♦s ✈❛③✐♦s ♥❛s ♣❛rt✐çõ❡s ❞♦ ❝♦♥❥✉♥t♦ ❞❡ ✈ért✐❝❡s✱

❣❛r❛♥t✐♠♦s ♦ s❡❣✉✐♥t❡ ❢❛t♦✿

❋❛t♦ ✷✳✹✳✶✳ ❙❡ ℓ2 ≥ ℓ1 ≥ 0 ❡ k2 ≥ k1 ≥ 0 sã♦ ✐♥t❡✐r♦s✱ ❡♥tã♦ ❛ ❝❧❛ss❡ ❞♦s ❣r❛❢♦s (k1, ℓ1)

❡stá ❝♦♥t✐❞❛ ♥❛ ❝❧❛ss❡ ❞♦s ❣r❛❢♦s (k2, ℓ2)✳

❱❛❧❡ t❛♠❜é♠ ♦❜s❡r✈❛r q✉❡ ❛ ♥♦çã♦ ❞❡ ❣r❛❢♦s (k, ℓ) ♣♦❞❡ s❡r ✈✐st❛ ❝♦♠♦ ✉♠❛ ❣❡♥❡r❛❧✐③❛✲

çã♦ ❞❡ ❝❧❛ss❡s ❥á ❝♦♥❤❡❝✐❞❛s ♥❛ ❧✐t❡r❛t✉r❛✳ ❊♠ ♣❛rt✐❝✉❧❛r q✉❛♥❞♦ ℓ = 0✱ ❛ ❝❧❛ss❡ r❡♣r❡s❡♥t❛



✷✳✹ ●r❛❢♦s (k, ℓ) ✶✵

♦s ❣r❛❢♦s k✲❝♦❧♦rí✈❡✐s ❝♦r❡s❀ q✉❛♥❞♦ k = ℓ = 1 ♦ ❣r❛❢♦ é ❝❤❛♠❛❞♦ ❞❡ s♣❧✐t ❀ q✉❛♥❞♦ k = 0

❡ ℓ = 2 ♣♦❞❡ s❡r ❝❤❛♠❛❞♦ ❞❡ ❝♦✲❜✐♣❛rt✐❞♦✱ ✉♠❛ ✈❡③ q✉❡ é ♦❜t✐❞♦ ❞♦ ❝♦♠♣❧❡♠❡♥t♦ ❞❡ ✉♠

❣r❛❢♦ ❜✐♣❛rt✐❞♦✳

➱ ❝♦♥❤❡❝✐❞♦ q✉❡ ♣❛r❛ k ≥ 3 ♦✉ ℓ ≥ 3 é NP✲❝♦♠♣❧❡t♦ r❡❝♦♥❤❡❝❡r s❡ ✉♠ ❣r❛❢♦ é (k, ℓ)✱

❝♦♥❢♦r♠❡ ♣r♦✈❛❞♦ ❡♠ ❬✼❪✳ P♦❞❡♠♦s ❡♥❝♦♥tr❛r ♥❛ ❧✐t❡r❛t✉r❛ ❞✐✈❡rs♦s tr❛❜❛❧❤♦s ❛❝❡r❝❛

❞❡st❛ ❝❧❛ss❡✱ ❝♦♠♦ ❡♠ ❬✶✹❪ ♦♥❞❡ é ❡st✉❞❛❞♦ ♦ Pr♦❜❧❡♠❛ ❙❛♥❞✉í❝❤❡ ♣❛r❛ ●r❛❢♦s (k, ℓ)✱ ♦✉

❛❧❣✉♥s ❢♦❝❛❞♦s ❡♠ ❡st✉❞❛r ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❡♠ ❛❧❣✉♠❛s s✉❜❝❧❛ss❡s ❝♦♠♦ ❝♦r❞❛❧✲(k, ℓ)

❬✷✸❪✱ ❝♦❣r❛❢♦✲(k, ℓ) ❬✶✻❪✱ P4✲❡s♣❛rs♦✲(k, ℓ) ❬✽❪✱ ❞❡♥tr❡ ♦✉tr❛s✳



❈❛♣ít✉❧♦ ✸

●❡r❛çã♦ ❞❡ ❝♦❣r❛❢♦s

◆❡st❡ ❝❛♣ít✉❧♦ ❞❡s❡♥✈♦❧✈❡r❡♠♦s ✉♠ ❛❧❣♦r✐t♠♦ ❡✜❝✐❡♥t❡ ❝❛♣❛③ ❞❡ ❣❡r❛r t♦❞♦s ♦s ❝♦❣r❛❢♦s

❝♦♠ n ✈ért✐❝❡s✳ ❚♦❞♦s r❡s✉❧t❛❞♦s ❡ ❞❡✜♥✐çõ❡s ❞❡s❡♥✈♦❧✈✐❞♦s ♥❡st❡ ❝❛♣ít✉❧♦ sã♦ ❝♦♥tr✐❜✉✐✲

çõ❡s ❞❡st❛ t❡s❡✱ s❛❧✈♦ ❛q✉❡❧❡s ❝♦♠ r❡❢❡rê♥❝✐❛ ❡①♣❧í❝✐t❛✳ ■♥✐❝✐❛❧♠❡♥t❡✱ ✐♥tr♦❞✉③✐r❡♠♦s ♥♦✈♦s

❝♦♥❝❡✐t♦s ❡ ♦❜t❡r❡♠♦s r❡s✉❧t❛❞♦s ✐♥t❡r♠❡❞✐ár✐♦s ♣❛r❛ ❛❧❝❛♥ç❛r♠♦s ♦ ❞❡s❡❥❛❞♦✳

❊st❡ ❝❛♣ít✉❧♦ ❢♦✐ ❞❡s❡♥✈♦❧✈✐❞♦ ❞✉r❛♥t❡ ❛ q✉❛❧✐✜❝❛çã♦ ❞♦ ❞♦✉t♦r❛❞♦✱ ❝✉❥♦s r❡s✉❧t❛❞♦s

❢♦r❛♠ ♣✉❜❧✐❝❛❞♦s ❡♠ ✷✵✶✽ ♥❛ r❡✈✐st❛ ❚❤❡♦r❡t✐❝❛❧ ❈♦♠♣✉t❡r ❙❝✐❡♥❝❡✱ ✈❡❥❛ ❡♠ ❬✸✷❪✳

✸✳✶ ❘❡❧❛çã♦ ❡♥tr❡ ár✈♦r❡s ❡♥r❛✐③❛❞❛s ❡ ❝♦❣r❛❢♦s

◆❡st❛ s❡çã♦ ✈❛♠♦s ✐❞❡♥t✐✜❝❛r ♦s ❝♦❣r❛❢♦s ❛tr❛✈és ❞❡ ár✈♦r❡s ❡♥r❛✐③❛❞❛s✱ ♦♥❞❡ ✐♥tr♦❞✉③✐r❡✲

♠♦s ♣❛râ♠❡tr♦s ♥♦s ✈ért✐❝❡s q✉❡ ♣❡r♠✐t✐rã♦ ❡s❝r❡✈❡r ❝❛❞❛ ❝♦❣r❛❢♦ ♥✉♠❛ ❢♦r♠❛ ú♥✐❝❛ ❞❡

ár✈♦r❡✱ q✉❡ s❡rá ❝❤❛♠❛❞❛ ár✈♦r❡ ♦r❞❡♥❛❞❛✳

❱✐♠♦s q✉❡ ❝❛❞❛ ✈ért✐❝❡ ✐♥t❡r♥♦ ❞❡ ✉♠❛ ❝♦ár✈♦r❡ é tipo✲1 ♦✉ tipo✲0 ❞❡ ❢♦r♠❛ q✉❡ ❡♠

q✉❛❧q✉❡r ❝❛♠✐♥❤♦ v1, . . . , vk ♦s t✐♣♦s ❛❧t❡r♥❛♠ ❛♦ ❧♦♥❣♦ ❞♦ ♣❡r❝✉rs♦✱ ♣♦rt❛♥t♦ ♦ t✐♣♦ ❞♦s

✈ért✐❝❡s ✐♥t❡r♥♦s sã♦ ❞❡t❡r♠✐♥❛❞♦s ✉♥✐❝❛♠❡♥t❡ ♣❡❧♦ t✐♣♦ ❞❛ r❛✐③✳ ❆❧é♠ ❞✐ss♦✱ ❝♦♠♦ ❛

❝♦ár✈♦r❡ ❞❡ ✉♠ ❝♦❣r❛❢♦ é ú♥✐❝❛ ❛ ♠❡♥♦s ❞❡ ♣❡r♠✉t❛çõ❡s ❡♥tr❡ ✈ért✐❝❡s ❞❡ ✉♠❛ ✐r♠❛♥✲

❞❛❞❡✱ ❡♥tã♦ ♣❡❧❛ ♦❜s❡r✈❛çã♦ ❛♥t❡r✐♦r ❝❛❞❛ ár✈♦r❡✱ ❝✉❥♦s ♥ós ✐♥t❡r♥♦s ♣♦ss✉❡♠ ❛♦ ♠❡♥♦s

❞♦✐s ✜❧❤♦s✱ r❡♣r❡s❡♥t❛ ❡①❛t❛♠❡♥t❡ ❞✉❛s ❝♦ár✈♦r❡s✿ ✉♠❛ ❝✉❥❛ r❛✐③ é tipo✲0 ❡ ♦✉tr❛ tipo✲1✱

r❡♣r❡s❡♥t❛♥❞♦ ✉♠ ❝♦❣r❛❢♦ ❡ s❡✉ r❡s♣❡❝t✐✈♦ ❝♦♠♣❧❡♠❡♥t❛r✳

❉❡✜♥✐♠♦s T ❝♦♠♦ ♦ ❝♦♥❥✉♥t♦ ❞❛s ár✈♦r❡s ❡♥r❛✐③❛❞❛s ♦♥❞❡ ❝❛❞❛ ✈ért✐❝❡ ✐♥t❡r♥♦ ♣♦ss✉✐

❛♦ ♠❡♥♦s ❞♦✐s ✜❧❤♦s✳ P♦rt❛♥t♦ ❝❛❞❛ ❡❧❡♠❡♥t♦ ❞❡ T s❡ r❡❢❡r❡ à ❡①❛t❛♠❡♥t❡ ❞♦✐s ❝♦❣r❛❢♦s

❞✐st✐♥t♦s ✭❝♦♥❡①♦ ❡ ❞❡s❝♦♥❡①♦✮✳

❉❡✜♥✐çã♦ ✸✳✶✳✶✳ ❙❡❥❛ T ∈ T✳ P❛r❛ ❝❛❞❛ ✈ért✐❝❡ v ❞❡ T ❞❡✜♥✐♠♦s ♦ ♥ú♠❡r♦ ❞❡ ❢♦❧❤❛s



✸✳✶ ❘❡❧❛çã♦ ❡♥tr❡ ár✈♦r❡s ❡♥r❛✐③❛❞❛s ❡ ❝♦❣r❛❢♦s ✶✷

✐♥❞✉③✐❞❛s ♣♦r v✱ ❞❡♥♦t❛❞♦ ♣♦r l(v)✱ ❝♦♠♦ ♦ ♥ú♠❡r♦ ❞❡ ❢♦❧❤❛s ❞❛ ár✈♦r❡ T (v)✳ ◆♦ ❝❛s♦

❞♦ ♣ró♣r✐♦ v s❡r ✉♠❛ ❢♦❧❤❛✱ ❞❡✜♥✐♠♦s l(v) = 1✳

❖ ❢❛t♦ ❛ s❡❣✉✐r ❞❡❝♦rr❡ ❞✐r❡t❛♠❡♥t❡ ❞❛ ❞❡✜♥✐çã♦✳

❋❛t♦ ✸✳✶✳✶✳ ❯♠ ✈ért✐❝❡ v ❞❡ T ∈ T é ✉♠❛ ❢♦❧❤❛ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ l(v) = 1✳

❊①❡♠♣❧♦ ✸✳✶✳✶✳ ◆❛ ár✈♦r❡ ❛❜❛✐①♦ r♦t✉❧❛♠♦s ❝❛❞❛ ✈ért✐❝❡ v ❝♦♠ ♦ ✈❛❧♦r l(v)✳

❋✐❣✉r❛ ✸✳✶✿ ár✈♦r❡ r♦t✉❧❛❞❛

❋❛t♦ ✸✳✶✳✷✳ ❙❡❥❛ T ∈ T✱ ♣❛r❛ ❝❛❞❛ v ✈ért✐❝❡ ✐♥t❡r♥♦ ❞❡ T ✈❛❧❡ l(v) =
∑

w∈filhos(v) l(w)✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ filhos(v) = {v1, . . . , vk}✳ P❛r❛ ❝❛❞❛ i ∈ {1, . . . , k} ❛s ❢♦❧❤❛s ❞❛

s✉❜ár✈♦r❡ T (vi) sã♦ t❛♠❜é♠ ❢♦❧❤❛s ❞❡ ❞❡ T (v)✱ ♣♦rt❛♥t♦ l(v) ≥ ∑

w∈filhos(v) l(w)✳ P♦r

♦✉tr♦ ❧❛❞♦ q✉❛❧q✉❡r ❢♦❧❤❛ ❞❡ T (v) é ❢♦❧❤❛ ❞❡ ❛❧❣✉♠❛ s✉❜ár✈♦r❡ T (vi)✳ ▲♦❣♦ s❡❣✉❡ ❛

✐❣✉❛❧❞❛❞❡✳

❈♦♠♦ ❝❛❞❛ ✈ért✐❝❡ ✐♥t❡r♥♦ ❞❡ T ∈ T ♣♦ss✉✐ ❛♦ ♠❡♥♦s ❞♦✐s ✜❧❤♦s✱ ❡♥tã♦ ♣❡❧♦ ❢❛t♦ ❛❝✐♠❛

❝♦♥❝❧✉í♠♦s ♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦✳

❋❛t♦ ✸✳✶✳✸✳ ❙❡❥❛ T ∈ T✱ ♣❛r❛ ❝❛❞❛ ✈ért✐❝❡ v ❞❡ T ✱ ❡①❝❡t♦ ❛ r❛✐③✱ ✈❛❧❡ l(v) < l(pai(v))✳

❱❛❧❡ ♥♦t❛r q✉❡ ❞❛❞♦ ✉♠ ❝♦❣r❛❢♦ G ❝♦♠ n ✈ért✐❝❡s✱ ❡st❡ é r❡♣r❡s❡♥t❛❞♦ ♣♦r ✉♠❛ ár✈♦r❡

T ∈ T✱ ♦♥❞❡ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡ l(raiz(T )) = n✳ ❊♥tã♦ é ♥❡❝❡ssár✐♦ ♣❛rt✐❝✐♦♥❛r ♦ ❝♦♥❥✉♥t♦

T s❡❣✉♥❞♦ ♦ ♥ú♠❡r♦ ❞❡ ❢♦❧❤❛s ✐♥❞✉③✐❞❛s ♥❛ ár✈♦r❡✱ ♦✉ s❡❥❛✱ ♣❛r❛ ❝❛❞❛ ✐♥t❡✐r♦ ♣♦s✐t✐✈♦ n

❞❡✜♥✐♠♦s ♦ ❝♦♥❥✉♥t♦

Tn = {T ∈ T; l(raiz(T )) = n}.

➱ ❢á❝✐❧ ✈❡r q✉❡
⋃∞

n=1 Tn é ✉♠❛ ♣❛rt✐çã♦ ❞❡ T✱ ♣♦rt❛♥t♦ ❛ ❣❡r❛çã♦ ❞♦s ❝♦❣r❛❢♦s ❝♦♠ n

✈ért✐❝❡s s❡rá ❢❡✐t❛ ❛tr❛✈és ❞❛ ❣❡r❛çã♦ ❞♦s ❡❧❡♠❡♥t♦s ❞❡ Tn✱ ♣❛r❛ ❝❛❞❛ n ✜①❛❞♦✳



✸✳✶ ❘❡❧❛çã♦ ❡♥tr❡ ár✈♦r❡s ❡♥r❛✐③❛❞❛s ❡ ❝♦❣r❛❢♦s ✶✸

❈♦♠♦ ❡st✉❞❛r❡♠♦s ♠❛✐s ❛❞✐❛♥t❡ ❛❧❣♦r✐t♠♦s ❡ ❝♦♠♣❧❡①✐❞❛❞❡s✱ s❡rá út✐❧ t❡r♠♦s ❝♦♥❤❡✲

❝✐♠❡♥t♦ ❞♦ ♥ú♠❡r♦ ♠á①✐♠♦ ❞❡ ✈ért✐❝❡s ❡♠ ✉♠❛ ár✈♦r❡ ❞❡ Tn✳ ❖ q✉❡ é r❡s♣♦♥❞✐❞♦ ♣❡❧❛

♣r♦♣♦s✐çã♦ ❛❜❛✐①♦✱ ❥á ❝♦♥❤❡❝✐❞❛ ♥❛ ❧✐t❡r❛t✉r❛✳

Pr♦♣♦s✐çã♦ ✸✳✶✳✶✳ ❙❡❥❛ T ∈ Tn✱ ♦ ♥ú♠❡r♦ ❞❡ ✈ért✐❝❡s ❞❡ T é ♥♦ ♠á①✐♠♦ 2n− 1✳

❉❡♠♦♥str❛çã♦✳ ❈♦♠♦ T ∈ Tn ❡♥tã♦ ❛ ár✈♦r❡ ♣♦ss✉✐ n ❢♦❧❤❛s✱ ♣r♦✈❛r❡♠♦s ♣♦r ✐♥❞✉çã♦

q✉❡ ♦ ♥ú♠❡r♦ ❞❡ ✈ért✐❝❡s ✐♥t❡r♥♦s é ♥♦ ♠á①✐♠♦ n− 1✳

❈♦♠♦ ❝❛❞❛ ♥ó ✐♥t❡r♥♦ ♣♦ss✉✐ ♥♦ ♠í♥✐♠♦ ❞♦✐s ✜❧❤♦s✱ ❡♥tã♦ ❛ ❜❛s❡ ❞❛ ♥♦ss❛ ✐♥❞✉çã♦ é

n = 2✳ ◗✉❡ ♣♦r s✉❛ ✈❡③ s❛t✐s❢❛③ ♦ r❡s✉❧t❛❞♦✱ ♣♦✐s tr❛t❛✲s❡ ❞❡ ✉♠❛ ár✈♦r❡ ❝✉❥❛ r❛✐③ ♣♦ss✉✐

❞♦✐s ✜❧❤♦s ❢♦❧❤❛s ❡ ♣♦rt❛♥t♦ ♦ ♥ú♠❡r♦ ❞❡ ♥ós ✐♥t❡r♥♦s é 1✳

❙✉♣♦♥❤❛ q✉❡ ♣❛r❛ t♦❞♦ T ∈ Tn✱ ♦ ♥ú♠❡r♦ ❞❡ ♥ós ✐♥t❡r♥♦s ❞❡ T é ♥♦ ♠á①✐♠♦ n− 1✳

❉❛❞♦ T ∈ Tn+1✱ ❡①✐st❡ ♥ó ✐♥t❡r♥♦ v ❝✉❥♦s ✜❧❤♦s sã♦ t♦❞♦s ❢♦❧❤❛s✱ ♣♦✐s ❝❛s♦ ❝♦♥trár✐♦

❛ ár✈♦r❡ ♥ã♦ s❡r✐❛ ✜♥✐t❛✳ ❚❡♠♦s ❞♦✐s ❝❛s♦s ❛ ❝♦♥s✐❞❡r❛r✿

❼ ❈❆❙❖ ✶✿ ❙❡ v ♣♦ss✉✐ ❞♦✐s ✜❧❤♦s✱ ❡♥tã♦ ❝♦♥s✐❞❡r❡ ❛ ár✈♦r❡ T ′ ♦❜t✐❞❛ ❞❡ T ♦♥❞❡

s✉❜st✐t✉í♠♦s v ♣♦r ✉♠❛ ❢♦❧❤❛✳ ❖✉ s❡❥❛✱ ♣❛r❛ ❝♦♥str✉çã♦ ❞❡ T ′ r❡t✐r❛♠♦s ✉♠ ♥ó

✐♥t❡r♥♦ ❡ ❞✉❛s ❢♦❧❤❛s✱ s❡❣✉✐❞❛ ♣❡❧❛ ✐♥s❡rçã♦ ❞❡ ✉♠❛ ♥♦✈❛ ❢♦❧❤❛✱ ♣♦rt❛♥t♦ s❡✉ ♥ú♠❡r♦

❢♦❧❤❛s é ((n+1)− 2+1) = n✳ ❊♥tã♦✱ ♣❡❧❛ ❤✐♣ót❡s❡ ❞❡ ✐♥❞✉çã♦✱ t❛❧ ár✈♦r❡ ♣♦ss✉✐ ♥♦

♠á①✐♠♦ n− 1 ♥ós ✐♥t❡r♥♦s✳ ▲♦❣♦ ❛ ár✈♦r❡ ♦r✐❣✐♥❛❧ T ♣♦ss✉✐ ♥♦ ♠á①✐♠♦ (n− 1 + 1)

♥ós ✐♥t❡r♥♦s✱ ❞♦♥❞❡ s❡❣✉❡ ♦ r❡s✉❧t❛❞♦ ♥❡st❡ ❝❛s♦✳

❼ ❈❆❙❖ ✷✿ ❙❡ v ♣♦ss✉✐ três ♦✉ ♠❛✐s ✜❧❤♦s✱ ❡♥tã♦ ❝♦♥s✐❞❡r❡ ❛ ár✈♦r❡ T ′ ♦❜t✐❞❛ ❞❡ T

♦♥❞❡ r❡t✐r❛♠♦s ✉♠ ú♥✐❝♦ ✜❧❤♦ ❞❡ v✱ ♣♦rt❛♥t♦ T ′ ♣♦ss✉✐ n ❢♦❧❤❛s ❡✱ ♣❡❧❛ ❤✐♣ót❡s❡ ❞❡

✐♥❞✉çã♦✱ ♥♦ ♠á①✐♠♦ n− 1 ♥ós ✐♥t❡r♥♦s✳ ❈♦♠♦ ♦ ♥ú♠❡r♦ ❞❡ ♥ós ✐♥t❡r♥♦s ❞❡ T ❡ T ′

sã♦ ✐❣✉❛✐s✱ ❡♥tã♦ ❛ ár✈♦r❡ T ♣♦ss✉✐ ♥♦ ♠á①✐♠♦ (n − 1) ♥ós ✐♥t❡r♥♦s✱ ♦ q✉❡ ❣❛r❛♥t❡

♦ r❡s✉❧t❛❞♦✱ ♣♦✐s n− 1 < n✳ ❖ q✉❡ ✜♥❛❧✐③❛ ❛ ♣r♦✈❛✳

❈♦♠♦ ♥♦ss♦ ✐♥t❡r❡ss❡ é ❣❡r❛r ♦s ❡❧❡♠❡♥t♦s ❞❡ Tn✱ ✐♥✐❝✐❛❧♠❡♥t❡ ✈❛♠♦s ❡st✉❞❛r ❛s ❢♦r♠❛s

q✉❡ ❛s n ❢♦❧❤❛s ❞❡ ✉♠❛ ár✈♦r❡ ♣♦❞❡♠ ❡st❛r ❞✐str✐❜✉í❞❛s✱ ♦ q✉❡ é ❞❛❞♦ ♣❡❧❛ ♣♦ssí✈❡✐s

❢♦r♠❛s ❞❡ ♦❜t❡r ♦ ✈❛❧♦r l(x) ❛tr❛✈és ❞❡ s♦♠❛ ❞❡ ✐♥t❡✐r♦s ♣♦s✐t✐✈♦s✱ q✉❡ s❡rã♦ r❡❧❛❝✐♦♥❛❞❛s

às s✉❜ár✈♦r❡s ✐♥❞✉③✐❞❛s ♣♦r s❡✉s ✜❧❤♦s✳ ❊st❡ ❡st✉❞♦ é ❝❤❛♠❛❞♦ ❞❡ ♣❛rt✐çã♦ ❞❡ ✐♥t❡✐r♦s✱

q✉❡ ❢♦✐ ✐♥tr♦❞✉③✐❞♦ ♣♦r ❊✉❧❡r ❡ ❞❡s❞❡ ❡♥tã♦ ♠✉✐t❛ t❡♦r✐❛ ❢♦✐ ❞❡s❡♥✈♦❧✈✐❞❛✳ ❯s❛r❡♠♦s ❛q✉✐

✉♠❛ ❢♦r♠❛ ❛❞❛♣t❛❞❛ ❞❛ ❞❡✜♥✐çã♦✱ ♦♥❞❡ ❝♦♥s✐❞❡r❛r❡♠♦s q✉❡ ❛ ♣❛rt✐çã♦ ❞❡✈❡ ♣♦ss✉✐r ❛♦

♠❡♥♦s ❞♦✐s ❡❧❡♠❡♥t♦s✱ ❝♦♥❢♦r♠❡ ❢♦r♠❛❧✐③❛❞♦ ❛❜❛✐①♦✳
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❉❡✜♥✐çã♦ ✸✳✶✳✷✳ ❙❡❥❛ n ≥ 2 ✉♠ ✐♥t❡✐r♦ ♣♦s✐t✐✈♦✳ ❯♠❛ ♣❛rt✐çã♦ ❞❡ n é ✉♠❛ s❡q✉ê♥❝✐❛

♥ã♦✲❞❡❝r❡s❝❡♥t❡ ❞❡ ♥ú♠❡r♦s ✐♥t❡✐r♦s ♣♦s✐t✐✈♦s (ai)k := (a1, a2, a3, . . . , ak)✱ t❛❧ q✉❡ k ≥ 2 ❡
∑k

i=1 ai = n✳ ❉❡♥♦t❛r❡♠♦s ♦ ❝♦♥❥✉♥t♦s ❞❡ t♦❞❛s ❛s ♣♦ssí✈❡✐s ♣❛rt✐çõ❡s ❞❡ n ♣♦r Part(n)

❊①❡♠♣❧♦ ✸✳✶✳✷✳ a = (1, 2, 5, 5) é ✉♠❛ ♣❛rt✐çã♦ ❞♦ n = 13✳

❯s❛r❡♠♦s ❛ ♦r❞❡♥❛çã♦ ❧❡①✐❝♦❣rá✜❝❛ ♣❛r❛ ❡st❛❜❡❧❡❝❡r ✉♠❛ ♦r❞❡♥❛çã♦ t♦t❛❧ ❞❡♥tr❡ ♣❛r✲

t✐çõ❡s ❞❡ ✉♠ ✐♥t❡✐r♦ n✱ ❝♦♥❢♦r♠❡ ❞❡s❝r✐t♦ ❛❜❛✐①♦✳

❉❡✜♥✐çã♦ ✸✳✶✳✸✳ ❉❛❞♦s a, b ∈ Part(n)✱ ♦♥❞❡ a = (ai)k ❡ b = (bi)m✱ ❛ ♦r❞❡♥❛çã♦ ❡♥tr❡

t❛✐s ♣❛rt✐çõ❡s é ❞❛❞❛ ♣❡❧❛ ♦r❞❡♥❛çã♦ ❧❡①✐❝♦❣rá✜❝❛✳ ■st♦ é✱ t♦♠❡ j = min{i❀ ai 6= bi ❡ 1 ≤
i ≤ min{k,m}}✱ ❝❛s♦ ❡①✐st❛✱ ❡ ❞❡✜♥❛ ❛ r❡❧❛çã♦ ❞❡ ♦r❞❡♠ ❡♥tr❡ a ❡ b ♣❡❧❛ r❡❧❛çã♦ ❡♥tr❡

♦s ✐♥t❡✐r♦s aj ❡ bj✱ s❡ j ♥ã♦ ❡①✐st✐r s✐❣♥✐✜❝❛ q✉❡ a = b✳

❋❛t♦ ✸✳✶✳✹✳ ✭❚r✐❝♦t♦♠✐❛✮ ❱❛❧❡ ❛ tr✐❝♦t♦♠✐❛ ❞❡ ♦r❞❡♠ ❡♠ Part(n)✱ ♦✉ s❡❥❛✱ ❞❛❞♦s a, b ∈
Part(n) ✈❛❧❡ ❡①❛t❛♠❡♥t❡ ✉♠ ❞♦s s❡❣✉✐♥t❡s ❝❛s♦s✿ (a < b) ♦✉ (a = b) ♦✉ (a > b)✳

❙❡❣✉❡ ✉♠❛ t❛❜❡❧❛ ♦♥❞❡ ❡♥✉♠❡r❛♠♦s t♦❞♦s ♦s ❡❧❡♠❡♥t♦s ❞❡ Part(n) ❡♠ ♦r❞❡♠ ❝r❡s✲

❝❡♥t❡✱ ♣❛r❛ 1 ≤ n ≤ 8
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♥❂✷ ♥❂✸ ♥❂✹ ♥❂✺ ♥❂✻ ♥❂✼ ♥❂✽

✶✱✶ ✶✱✶✱✶ ✶✱✶✱✶✱✶ ✶✱✶✱✶✱✶✱✶ ✶✱✶✱✶✱✶✱✶✱✶ ✶✱✶✱✶✱✶✱✶✱✶✱✶ ✶✱✶✱✶✱✶✱✶✱✶✱✶✱✶

✶✱✷ ✶✱✶✱✷ ✶✱✶✱✶✱✷ ✶✱✶✱✶✱✶✱✷ ✶✱✶✱✶✱✶✱✶✱✷ ✶✱✶✱✶✱✶✱✶✱✶✱✷

✶✱✸ ✶✱✶✱✸ ✶✱✶✱✶✱✸ ✶✱✶✱✶✱✶✱✸ ✶✱✶✱✶✱✶✱✶✱✸

✷✱✷ ✶✱✷✱✷ ✶✱✶✱✷✱✷ ✶✱✶✱✶✱✷✱✷ ✶✱✶✱✶✱✶✱✷✱✷

✶✱✹ ✶✱✶✱✹ ✶✱✶✱✶✱✹ ✶✱✶✱✶✱✶✱✹

✷✱✸ ✶✱✷✱✸ ✶✱✶✱✷✱✸ ✶✱✶✱✶✱✷✱✸

✶✱✺ ✶✱✶✱✺ ✶✱✶✱✶✱✺

✷✱✷✱✷ ✶✱✷✱✷✱✷ ✶✱✶✱✷✱✷✱✷

✷✱✹ ✶✱✷✱✹ ✶✱✶✱✷✱✹

✸✱✸ ✶✱✸✱✸ ✶✱✶✱✸✱✸

✶✱✻ ✶✱✶✱✻

✷✱✷✱✸ ✶✱✷✱✷✱✸

✷✱✺ ✶✱✷✱✺

✸✱✹ ✶✱✸✱✹

✶✱✼

✷✱✷✱✷✱✷

✷✱✷✱✹

✷✱✸✱✸

✷✱✻

✸✱✺

✹✱✹

❚❛❜❡❧❛ ✸✳✶✿ P❛rt✐çõ❡s ❞❡ n = 2, . . . , 8

❋❛t♦ ✸✳✶✳✺✳ ❖ ♠❡♥♦r ❡❧❡♠❡♥t♦ ❞❡ Part(n) é a = (1, . . . , 1) ❡ ♦ ♠❛✐♦r é b =
(
⌊n
2
⌋, ⌈n

2
⌉
)
✳

❈♦♥s✐❞❡r❡ ✉♠ ♥ó v ❞❡ ✉♠❛ ár✈♦r❡ T ∈ T✱ ♦♥❞❡ l(v) = 5✳ ❆ ♠❡♥♦s ❞❡ ✉♠❛ ♣❡r♠✉t❛çã♦

❞❡♥tr❡ ♦s ✈ért✐❝❡s✱ ❛s ú♥✐❝❛s ♣♦ssí✈❡✐s ❝♦♥✜❣✉r❛çõ❡s ♣❛r❛ ♦s ✜❧❤♦s ❞❡ v sã♦✿

❋✐❣✉r❛ ✸✳✷✿ ❈♦♥✜❣✉r❛çõ❡s ❞♦s ✜❧❤♦s ❞❡ ✉♠ ✈ért✐❝❡ ❝♦♠ ✺ ❢♦❧❤❛s ✐♥❞✉③✐❞❛s

❆ ❞❡✜♥✐çã♦ ❛❜❛✐①♦ r❡❧❛❝✐♦♥❛ ♣❛rt✐çã♦ ❞❡ ✐♥t❡✐r♦ ❝♦♠ ❞✐str✐❜✉✐çõ❡s ❞❡ ❢♦❧❤❛s ♥✉♠❛



✸✳✷ ❖r❞❡♥❛çã♦ ❞❡ ✈ért✐❝❡s ❡ ár✈♦r❡s ✶✻

ár✈♦r❡✳

❉❡✜♥✐çã♦ ✸✳✶✳✹✳ ❙❡❥❛ T ∈ T ❡ v ✉♠ ✈ért✐❝❡ ✐♥t❡r♥♦ ❞❡ T ✳ ❊s❝r❡✈❡♥❞♦ ♦s ✜❧❤♦s ❞❡ v ♥❛

♦r❞❡♠ v1, . . . , vk ❞❡ ❢♦r♠❛ q✉❡ l(v1), l(v2), . . . , l(vk) ❢♦r♠❡ ✉♠❛ s❡q✉ê♥❝✐❛ ♥ã♦✲❞❡❝r❡s❝❡♥t❡✱

❛ s❡q✉ê♥❝✐❛ (l(v1), . . . , l(vk)) é ❝❤❛♠❛❞❛ ♣❛rt✐çã♦ ✐♥❞✉③✐❞❛ ♣♦r v✳

❆ ♣❛rt✐çã♦ ✐♥❞✉③✐❞❛ ❞❡ ✉♠ ✈ért✐❝❡ ❡stá ❜❡♠ ❞❡✜♥✐❞❛ ♣❡❧♦ ❢❛t♦ ✸✳✶✳✷✳

❉❡✜♥✐çã♦ ✸✳✶✳✺✳ ❯♠❛ ár✈♦r❡ ❞❡ Tn é ❞✐t❛ r♦t✉❧❛❞❛ s❡ é ❝♦♥❤❡❝✐❞♦ ♦ ✈❛❧♦r l(v) ♣❛r❛

❝❛❞❛ ✈ért✐❝❡ v ❞❛ ár✈♦r❡✳

❖ ❛❧❣♦r✐t♠♦ ❛❜❛✐①♦ ❢❛③ ✉s♦ ❞♦ ❢❛t♦ ✸✳✶✳✷ ♣❛r❛ ❝❛❧❝✉❧❛r ♦ ♥ú♠❡r♦ ❞❡ ❢♦❧❤❛s ✐♥❞✉③✐❞❛s

❡♠ ❝❛❞❛ ✈ért✐❝❡ ❞❡ ✉♠❛ ár✈♦r❡✳

❆❧❣♦r✐t❤♠ ✸✳✶ ❘♦t✉❧❛çã♦ ❞❡ ár✈♦r❡

■♥♣✉t✿ ➪r✈♦r❡ T ❡♠ T

❖✉t♣✉t✿ ➪r✈♦r❡ T ♦♥❞❡ ❝❛❞❛ ✈ért✐❝❡ v ♣♦ss✉✐ ♦ rót✉❧♦ l(v)

✶✿ ♣r♦❝❡❞✉r❡ Rotular✭T ✮

✷✿ ❢♦r ✐ ← nivel(T ) t♦ ✶ ❞♦

✸✿ ❢♦r ❛❧❧ v ∈ nivel(T, i) ❞♦
✹✿ ✐❢ v é ❢♦❧❤❛ t❤❡♥ l(v)← 1

✺✿ ❡❧s❡ l(v)←∑

x∈F l(x)✱ ♦♥❞❡ F = filhos(v)

✻✿ ❡♥❞ ❢♦r

✼✿ ❡♥❞ ❢♦r

✽✿ ❡♥❞ ❢✉♥❝t✐♦♥

❆ ♣r♦♣♦s✐çã♦ ✸✳✶✳✶ ❛ss❡❣✉r❛ ♦ s❡❣✉✐♥t❡ ❢❛t♦✳

❋❛t♦ ✸✳✶✳✻✳ ❙❡ T ∈ Tn✱ ❛ ❝♦♠♣❧❡①✐❞❛❞❡ ❞♦ ♣r♦❝❡❞✐♠❡♥t♦ Rotular(T ) é O(n)✳

✸✳✷ ❖r❞❡♥❛çã♦ ❞❡ ✈ért✐❝❡s ❡ ár✈♦r❡s

❈♦♠♦ ❝❛❞❛ ❝♦❣r❛❢♦ ❡stá ❛ss♦❝✐❛❞♦ ❛ ✉♠❛ ú♥✐❝❛ ár✈♦r❡ ❞❡ T✱ ❛ ♠❡♥♦s ❞❡ ✉♠❛ ♣❡r♠✉t❛çã♦

❞❡ ✈ért✐❝❡s ❞❡♥tr♦ ❞❡ ✉♠❛ ✐r♠❛♥❞❛❞❡✱ é ❢✉♥❞❛♠❡♥t❛❧ q✉❡ s❡❥❛ ❡st❛❜❡❧❡❝✐❞❛ ✉♠❛ ❢♦r♠❛ ✏♣❛✲

❞rã♦✑ ❞❡ ❡s❝r❡✈❡r ❝♦ár✈♦r❡s ✐s♦♠♦r❢❛s✳ P❛r❛ ✐ss♦ ❡st❛❜❡❧❡❝❡r❡♠♦s ✉♠❛ r❡❧❛çã♦ ❞❡ ♦r❞❡♠

❡♥tr❡ ✈ért✐❝❡s ❡ t♦♠❛r❡♠♦s ❝♦♠♦ ❢♦r♠❛ ♣❛❞rã♦ ❛q✉❡❧❛ q✉❡ ♣♦ss✉✐ t♦❞❛s ❛s ✐r♠❛♥❞❛❞❡s ♥❛

❢♦r♠❛ q✉❡ ❝❤❛♠❛r❡♠♦s ✏♦r❞❡♥❛❞❛s✑✳ ❉❛❞♦s ✈ért✐❝❡s v ❡ w é ♥❛t✉r❛❧ q✉❡ ❛ r❡❧❛çã♦ ❡♥tr❡



✸✳✷ ❖r❞❡♥❛çã♦ ❞❡ ✈ért✐❝❡s ❡ ár✈♦r❡s ✶✼

❡st❡s s❡❥❛ ❡st❛❜❡❧❡❝✐❞❛ ❛tr❛✈és ❞♦s ✈❛❧♦r❡s l(v) ❡ l(w)✱ ♠❛s ❛ q✉❡stã♦ é ❞❡❝✐❞✐r q✉❛❧ ❝r✐tér✐♦

❞❡ ✏❞❡s❡♠♣❛t❡✑ ❞❡✈❡ s❡r t♦♠❛❞♦ q✉❛♥❞♦ l(v) = l(w)❄

◆❛ ár✈♦r❡ ❛❜❛✐①♦✱ ❝❛❞❛ ✐r♠❛♥❞❛❞❡ ❡stá ❞✐s♣♦st❛ ❡♠ ♦r❞❡♠ ♥ã♦✲❞❡❝r❡s❝❡♥t❡ s❡❣✉♥❞♦

♦ ♥ú♠❡r♦ ❞❡ ❢♦❧❤❛s ✐♥❞✉③✐❞❛s✳

❋✐❣✉r❛ ✸✳✸✿ ➪r✈♦r❡ ❛♥t❡s ❞❛ ♦r❞❡♥❛çã♦✳

▼❛s ♦❜s❡r✈❡ q✉❡ ♥❛ ár❡❛ ✐♥❞✐❝❛❞❛✱ ❡①✐st❡♠ ❞♦✐s ✈ért✐❝❡s v ❡ w t❛✐s q✉❡ l(v) = l(w) = 3✳

❈♦♠♦ ✉♠❛ ♣❡r♠✉t❛çã♦ ❡♥tr❡ v ❡ w ❣❡r❛♠ ❝♦❣r❛❢♦s ✐s♦♠♦r❢♦s✱ ❡♥tã♦ ♣r❡❝✐s❛♠♦s ❞❡✜♥✐r

✉♠❛ ♦r❞❡♠ ❡♥tr❡ ❡st❡s ✈ért✐❝❡s✱ q✉❡ s❡rá ❞❛❞❛ ♣❡❧❛ ♣❛rt✐çã♦ ✐♥❞✉③✐❞❛ ♣♦r v ❡ w✿ ❝♦♠♦ v

✐♥❞✉③ ❛ ♣❛rt✐çã♦ a = (1, 2) ❡ w ✐♥❞✉③ b = (1, 1, 1) < a✱ ❡♥tã♦ ❞✐r❡♠♦s w < v ❡ ♣♦❞❡♠♦s

r❡❡s❝r❡✈❡r ❛ ár✈♦r❡✱ ❝♦♥❢♦r♠❡ ✐❧✉str❛❞♦ ❛❜❛✐①♦✳

❋✐❣✉r❛ ✸✳✹✿ ➪r✈♦r❡ ❛♣ós ♦r❞❡♥❛çã♦✳

❆ s♦❧✉çã♦ ❡①✐❜✐❞❛ ❛❝✐♠❛ ❡st❛❜❡❧❡❝❡ ✉♠ ❝r✐tér✐♦ ❞❡ ❞❡s❡♠♣❛t❡ ❡♥tr❡ ✉♠ ♣❛r ❞❡ ✈ért✐❝❡s

❝♦♠ ♠❡s♠❛ q✉❛♥t✐❞❛❞❡ ❞❡ ❢♦❧❤❛s ✐♥❞✉③✐❞❛s✱ ♠❛s ♦ ♣r♦❜❧❡♠❛ ♣♦❞❡ ❝♦♥t✐♥✉❛r q✉❛♥❞♦ ❛s

♣❛rt✐çõ❡s ✐♥❞✉③✐❞❛s t❛♠❜é♠ ❡♠♣❛t❛♠ ♥♦ ♥í✈❡❧ ❛❜❛✐①♦✳ ❊♥tã♦ ✉♠❛ s♦❧✉çã♦ é ❛♣❧✐❝❛r♠♦s

♦ ♠❡s♠♦ r❛❝✐♦❝í♥✐♦ ♥♦s ♥í✈❡✐s s❡❣✉✐♥t❡s ❛té q✉❡ s❡❥❛ ♣♦ssí✈❡❧ ❞❡❝✐❞✐r ✉♠❛ ♦r❞❡♠ ❡♥tr❡ ♦



✸✳✷ ❖r❞❡♥❛çã♦ ❞❡ ✈ért✐❝❡s ❡ ár✈♦r❡s ✶✽

♣❛r ❞❡ ✈ért✐❝❡s✳ ◆♦ ♣✐♦r ❞♦s ❝❛s♦s ❤❛✈❡rá ❡♠♣❛t❡ ❡♠ t♦❞♦s ♦s s✉❜♥í✈❡✐s ❡ ❞✐r❡♠♦s q✉❡ ♦s

✈ért✐❝❡s sã♦ ❡q✉✐✈❛❧❡♥t❡s✱ ♣♦✐s ❛ ♣❡r♠✉t❛çã♦ ❡♥tr❡ ❡st❡s ♥ã♦ ❛❧t❡r❛ ❡♠ ♥❛❞❛ ❛ ❝♦♥✜❣✉r❛çã♦

❞❛ ár✈♦r❡✱ ✐st♦ é✱ ❣❡r❛♠ ár✈♦r❡s ✐❞ê♥t✐❝❛s✳ ❆ ❢♦r♠❛❧✐③❛çã♦ ❞❡st❛ ♦r❞❡♥❛çã♦ t♦t❛❧ é ❞❛❞❛

♣❡❧❛ ❞❡✜♥✐çã♦ ❛❜❛✐①♦✳

❉❡✜♥✐çã♦ ✸✳✷✳✶✳ ❙❡❥❛♠ T ∈ T ❡ v, w ✈ért✐❝❡s ❞❡ T ✳ ❊st❛❜❡❧❡❝❡♠♦s ❛s r❡❧❛çõ❡s ❡♥tr❡ v ❡

w✳

❼ ❈❆❙❖ ✶✿ ❙❡ l(v) < l(w) ❞❡✜♥✐♠♦s v < w

❼ ❈❆❙❖ ✷✿ ❙❡ l(v) > l(w) ❞❡✜♥✐♠♦s v > w

❼ ❈❆❙❖ ✸✿ ❙❡ l(v) = l(w) = 1 ❞❡✜♥✐♠♦s v⋍w

❼ ❈❆❙❖ ✹✿ ❙❡ l(v) = l(w)✱ l(v) 6= 1✿

❚♦♠❡ (ai)k ❛ ♣❛rt✐çã♦ ✐♥❞✉③✐❞❛ ♣♦r v ❡ filhos(v) = {v1, . . . , vk}✳ ❆♥❛❧♦❣❛♠❡♥t❡

(bi)m ♣♦r w✱ ♦♥❞❡ filhos(w) = {w1, . . . , wm}✳ ❚❡♠♦s três s✉❜❝❛s♦s ❛ ❝♦♥s✐❞❡r❛r✿

❈❆❙❖ ✹✳✶✿ ❙❡ (ai)k < (bi)m ❞❡✜♥✐♠♦s v < w

❈❆❙❖ ✹✳✷✿ ❙❡ (ai)k > (bi)m ❞❡✜♥✐♠♦s v > w

❈❆❙❖ ✹✳✸✿ ❙❡ (ai)k = (bi)m✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡ k = m

❈❆❙❖ ✹✳✸❛✿ ❙❡ vi = wi ♣❛r❛ t♦❞♦ 1 ≤ i ≤ k ❞❡✜♥✐♠♦s v⋍w✳

❈❆❙❖ ✹✳✸❜✿ ❙❡♥ã♦ t♦♠❡ j = min{i; vi 6= wi}✳ ❙❡ vj < wj ❞❡✜♥✐♠♦s v < w✱

s❡♥ã♦ v > w✳

◆♦ ❝❛s♦ v⋍w ❞✐r❡♠♦s q✉❡ v ❡ w sã♦ ❡q✉✐✈❛❧❡♥t❡s✳ ❊ ❛♦ r❡❢❡r✐r q✉❡ v⋍w ♦✉ v < w

❡s❝r❡✈❡♠♦s s✐♠♣❧❡s♠❡♥t❡ v ≤ w✱ ❛♥❛❧♦❣❛♠❡♥t❡ v ≥ w✳

❱❛❧❡ ♦❜s❡r✈❛r q✉❡ ❛ ❞❡✜♥✐çã♦ ♣♦❞❡ s❡r ❡st❡♥❞✐❞❛ ♣❛r❛ ✈ért✐❝❡s ❞❡ ár✈♦r❡s ❞✐st✐♥t❛s✱

❜❛st❛ ❝♦♥s✐❞❡r❛r ✉♠❛ t❡r❝❡✐r❛ ár✈♦r❡ ♦♥❞❡ ♦s ✜❧❤♦s ❞❛ r❛✐③ sã♦ ♦s ✈ért✐❝❡s ❛ s❡r❡♠ ❝♦♠✲

♣❛r❛❞♦s✳

❆ tr✐❝♦t♦♠✐❛ ♥❛ ♦r❞❡♥❛çã♦ ❞❡ ✈ért✐❝❡s é ❛ss❡❣✉r❛❞❛ ♣❡❧❛ tr✐❝♦t♦♠✐❛ ❞❡ ♣❛rt✐çõ❡s ❞❡

✐♥t❡✐r♦✱ ❢❛t♦ ✸✳✶✳✹✳

❋❛t♦ ✸✳✷✳✶✳ ✭❚r✐❝♦t♦♠✐❛✮ ❙❡❥❛ T ∈ T ❡ ❝♦♥s✐❞❡r❡ v, w ✈ért✐❝❡s ❞❡ T ✱ ❡♥tã♦ ✈❛❧❡ ❡①❛t❛✲

♠❡♥t❡ ✉♠ ❞♦s ❝❛s♦s✿ v < w ♦✉ v = w ♦✉ v > w✳

◆♦ ❞❡❝♦rr❡r ❞♦ t❡①t♦ ❛♦ ✉s❛r♠♦s ♦ sí♠❜♦❧♦ ❞❡ ✐❣✉❛❧❞❛❞❡ ❡♥tr❡ ✈ért✐❝❡s ❡st❛r❡♠♦s ♥♦s

r❡❢❡r✐♥❞♦✱ ❞❡ ❢❛t♦✱ ❛♦ ♠❡s♠♦ ✈ért✐❝❡✳ P♦r ♦✉tr♦ ❧❛❞♦ ❛ ❞❡✜♥✐çã♦ ✸✳✷✳✶ ❢♦r♥❡❝❡ ❛ ✐❞❡✐❛

✐♥t✉✐t✐✈❛ ❞❡ q✉❡ ❞♦✐s ✈ért✐❝❡s sã♦ ❡q✉✐✈❛❧❡♥t❡s q✉❛♥❞♦ ❛s r❡s♣❡❝t✐✈❛s s✉❜ár✈♦r❡s ✐♥❞✉③✐❞❛s

sã♦ ✐❞ê♥t✐❝❛s✱ ♦ q✉❡ é ❣❛r❛♥t✐♠♦s ♣❡❧♦ ❧❡♠❛ ❞❡s❡♥✈♦❧✈❡♠♦s ❛ s❡❣✉✐r✳
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▲❡♠❛ ✸✳✷✳✶✳ ❙❡❥❛♠ T ∈ T ❡ v, w ✈ért✐❝❡s ❞❡ T ✱ ❡♥tã♦ T (v) ∼= T (w) s❡✱ ❡ s♦♠❡♥t❡ s❡✱

v⋍w✳

❉❡♠♦♥str❛çã♦✳ ❆ ❞❡♠♦♥str❛çã♦ é tr✐✈✐❛❧ ♣❛r❛ ♦ ❝❛s♦ ❡♠ q✉❡ v é ✉♠❛ ❢♦❧❤❛✳ ❙✉♣♦♥❤❛

q✉❡ é v ✈ért✐❝❡ ✐♥t❡r♥♦ ❞❡ T ❡ ❝♦♥s✐❞❡r❡ (ai)k ❛ s✉❛ ♣❛rt✐çã♦ ✐♥❞✉③✐❞❛✱ ♦♥❞❡ filhos(v) =

{v1, . . . , vk} ❡ ai = l(vi) ♣❛r❛ i ∈ {1, . . . , k}✳ ❆♥❛❧♦❣❛♠❡♥t❡ t♦♠❡ (bi)m ✐♥❞✉③✐❞❛ ♣♦r w ❡

filhos(w) = {w1, . . . , wm}✳

❙✉♣♦♥❤❛ q✉❡ T (v) ∼= T (w) ✱ ❡♥tã♦ k = l ❡ (ai)k = (bi)k✱ ♦♥❞❡ ✈❛❧❡ ❛✐♥❞❛
∑
ai =

∑
bi = l(v) = l(w) = N ✳ ❱❛♠♦s ♣r♦✈❛r ♣♦r ✐♥❞✉çã♦ s♦❜r❡ N q✉❡ v⋍w✳

❖ r❡s✉❧t❛❞♦ ✈❛❧❡ ♣❛r❛ ♦ ❝❛s♦ ❜❛s❡ N = 2✱ ♣♦✐s Part(2) = {(1, 1)}✳ ❙✉♣♦♥❤❛ q✉❡ ♦

r❡s✉❧t❛❞♦ ✈❛❧❡ ♣❛r❛ ✈❛❧♦r❡s ♠❡♥♦r❡s q✉❡ ❛❧❣✉♠ N ✳ ❈♦♠♦ T (v) ∼= T (w) ❡♥tã♦ T (vi) ∼=
T (wi)✱ ♣❛r❛ i ∈ {1, . . . , k}✱ ❡♥tã♦ l(vi) = l(wi) < N ❡ ♣❡❧❛ ❤✐♣ót❡s❡ ✐♥❞✉t✐✈❛ ❝♦♥❝❧✉í♠♦s

vi⋍wi✳ ▲♦❣♦ v⋍w✳

❘❡❝✐♣r♦❝❛♠❡♥t❡ s✉♣♦♥❤❛ q✉❡ v⋍w✱ ❡♥tã♦ N = l(v) = l(w)✳ ❱❛♠♦s ♥♦✈❛♠❡♥t❡ ♣r♦✈❛r

♣♦r ✐♥❞✉çã♦ s♦❜r❡ N q✉❡ T (v) ∼= T (w)✳ ❖ r❡s✉❧t❛❞♦ ✈❛❧❡ ♣❛r❛ ♦ ❝❛s♦ ❜❛s❡ ♦♥❞❡ N = 2 ❡

s✉♣♦♥❤❛ q✉❡ ✈❛❧❡ ♣❛r❛ ✈❛❧♦r❡s ♠❡♥♦r❡s q✉❡ ❛❧❣✉♠ N ✳ ❊♥tã♦ ♣❡❧❛ ❤✐♣ót❡s❡ ❡ tr✐❝♦t♦♠✐❛✱

t❡♠♦s ♣♦r ❞❡✜♥✐çã♦ q✉❡ vi⋍wi ♣❛r❛ t♦❞♦ i ∈ {1, . . . , k = m}✱ ♠❛s l(vi) = l(wi) < N ❡♥tã♦

♣❡❧❛ ❤✐♣ót❡s❡ ✐♥❞✉t✐✈❛ ✈❛❧❡ T (vi) ∼= T (wi)✱ ❧♦❣♦ T (v) ∼= T (w)✳

❉❡✜♥✐çã♦ ✸✳✷✳✷✳ ❙❡❥❛♠ T ∈ T ❡ v ✈ért✐❝❡ ❞❡ T ✳ ❆ ✐r♠❛♥❞❛❞❡ IT (v) = {v1, . . . , vk} é

❞✐t❛ ♦r❞❡♥❛❞❛ s❡ v1 ≤ . . . ≤ vk✳ ❙❡ t♦❞❛s ❛s ✐r♠❛♥❞❛❞❡s ❞❡ ✉♠❛ ár✈♦r❡ ❡stã♦ ♦r❞❡♥❛❞❛s✱

❞✐r❡♠♦s q✉❡ ❛ ár✈♦r❡ ❡stá ♦r❞❡♥❛❞❛✳

❊①❡♠♣❧♦ ✸✳✷✳✶✳ ❆ ár✈♦r❡ r❡♣r❡s❡♥t❛❞❛ ❛❜❛✐①♦ ❡stá ♦r❞❡♥❛❞❛✳

❋✐❣✉r❛ ✸✳✺✿ ➪r✈♦r❡ ♦r❞❡♥❛❞❛

❖ ❝♦♥❝❡✐t♦ ❞❡ ár✈♦r❡ ♦r❞❡♥❛❞❛ ❡st❛❜❡❧❡❝❡ ✉♠❛ ❢♦r♠❛ ♣❛❞rã♦ ♣❛r❛ ❛ ❡s❝r✐t❛ ❞❛ ❝♦ár✈♦r❡

❞❡ ✉♠ ❝♦❣r❛❢♦✱ ❝♦♥❢♦r♠❡ ♣r♦✈❛♠♦s ♥❛ ♣r♦♣♦s✐çã♦ ❛ s❡❣✉✐r✳

Pr♦♣♦s✐çã♦ ✸✳✷✳✶✳ ❈❛❞❛ ❝♦❣r❛❢♦ ❡stá ❛ss♦❝✐❛❞♦ ❛ ✉♠❛ ú♥✐❝❛ ár✈♦r❡ ♦r❞❡♥❛❞❛ ❡♠ T✳
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❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ G ✉♠ ❝♦❣r❛❢♦ ❡ t♦♠❡ T s✉❛ ❝♦ár✈♦r❡ ❛ss♦❝✐❛❞❛✱ ❡♠ ❬✶✷❪ é ♣r♦✈❛❞♦

q✉❡ T é ú♥✐❝❛ ❛ ♠❡♥♦s ❞❡ ✐s♦♠♦r✜s♠♦s✳ ❈♦♥s✐❞❡r❡ T ′ ❡ T ′′ ár✈♦r❡ ♦r❞❡♥❛❞❛s ❡ ❛♠❜❛s

✐s♦♠♦r❢❛s ❛ T ✳ ❈♦♠♦ ♦s ✈ért✐❝❡s ❞❡ T ′ ❡ T ′′ ♣♦ss✉❡♠ ✉♠❛ ♦r❞❡♠ ❞❡ ❞✐s♣♦s✐çã♦ ❞♦s ✈ért✐❝❡s✱

❡♥tã♦ sã♦ ár✈♦r❡s ✐❣✉❛✐s ❛ ♠❡♥♦s ❞❡ ♣❡r♠✉t❛çã♦ ❞❡ ✈ért✐❝❡s ❡q✉✐✈❛❧❡♥t❡s ❞❡ ✉♠❛ ♠❡s♠❛

✐r♠❛♥❞❛❞❡✳ P♦ré♠ ♦ ❧❡♠❛ ✸✳✷✳✶ ❛ss❡❣✉r❛ q✉❡ ❡ss❛ ♣❡r♠✉t❛çã♦ ❣❡r❛♠ s✉❜ár✈♦r❡s ✐❞ê♥t✐❝❛s✱

❝♦♠ ❡①❛t❛♠❡♥t❡ ❛ ♠❡s♠❛ ❞✐s♣♦s✐çã♦ ❞❡ ✈ért✐❝❡s✳ ▲♦❣♦ T ′ ❡ T ′′ sã♦ ✐❣✉❛✐s✳

❊ ❡♥tã♦ ✐♥tr♦❞✉③✐♠♦s ✉♠❛ ♦r❞❡♥❛çã♦ t♦t❛❧ ♣❛r❛ ❛s ár✈♦r❡s ❞❡ Tn✳

❉❡✜♥✐çã♦ ✸✳✷✳✸✳ ❙❡❥❛♠ T1 ❡ T2 ár✈♦r❡s ❡♠ T✳ ❉❡✜♥✐♠♦s T1 < T2 q✉❛♥❞♦ raiz(T1) <

raiz(T2) ❡ T1⋍T2 ♥♦ ❝❛s♦ ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛ ❡♥tr❡ ❛s r❛í③❡s✳

❖ ❧❡♠❛ ✸✳✷✳✶ ❛ss❡❣✉r❛ q✉❡ ❛ ❞❡✜♥✐çã♦ ❛❝✐♠❛ é ❜❡♠ ❝♦♥str✉í❞❛✳

❋❛t♦ ✸✳✷✳✷✳ ❖ ♠❡♥♦r ❡❧❡♠❡♥t♦ ❞❡ Tn é ❛ ár✈♦r❡ ❝✉❥❛ r❛✐③ ✐♥❞✉③ ❛ ♣❛rt✐çã♦ (1, . . . , 1) ∈
Part(n) ✭✈❡❥❛ ♦ ❢❛t♦ ✸✳✶✳✺✮✳ ❚❛❧ ár✈♦r❡ ❡stá ❛ss♦❝✐❛❞❛ ❛♦ ❝♦❣r❛❢♦ ❝♦♠♣❧❡t♦ Kn ❡ s❡✉

❝♦♠♣❧❡♠❡♥t❛r✳

❊①❡♠♣❧♦ ✸✳✷✳✷✳ ❆ ár✈♦r❡ ❛❜❛✐①♦ é ❛ ♠❡♥♦r ❞❡ T6 ❡ ❛♦ ❧❛❞♦ r❡♣r❡s❡♥t❛♠♦s ♦s r❡s♣❡❝t✐✈♦s

❝♦❣r❛❢♦s ❛ss♦❝✐❛❞♦s✳

❋✐❣✉r❛ ✸✳✻✿ ▼❡♥♦r ár✈♦r❡ ❞❡ T6 ❡ r❡s♣❡❝t✐✈♦s ❝♦❣r❛❢♦s

✸✳✷✳✶ ❈♦❞✐✜❝❛çã♦ ❞❡ ❝♦❣r❛❢♦s

◆❡st❛ s✉❜s❡çã♦ ✉s❛♠♦s ♦ ❝♦♥❝❡✐t♦ ár✈♦r❡ ♦r❞❡♥❛❞❛ ♣❛r❛ ❛♣r❡s❡♥t❛r ✉♠❛ ❡s❝r✐t❛ ú♥✐❝❛ ♣❛r❛

❝♦❣r❛❢♦s ❛tr❛✈és ❞❡ ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ❝❛r❛❝t❡r❡s✱ ❝❤❛♠❛❞❛ ❝♦❞✐✜❝❛çã♦ ❞♦ ❝♦❣r❛❢♦✳
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❆❧❣♦r✐t❤♠ ✸✳✷ ❈♦❞✐✜❝❛çã♦
■♥♣✉t✿ ❈♦❣r❛❢♦ G

❖✉t♣✉t✿ s❡q✉ê♥❝✐❛ ❞❡ ❝❛r❛❝t❡r❡s cod(G)

✶✿ ♣r♦❝❡❞✉r❡ cod✭G✮

✷✿ ❙❡❥❛ T (G) ❝♦ár✈♦r❡ ♦r❞❡♥❛❞❛ ❡ r♦t✉❧❛❞❛

✸✿ ■♥✐❝✐❛❧✐③❛ str✐♥❣ S ← “ ′′

✹✿ s❡ raiz(T ) é tipo✲1 ❡♥tã♦ S ← S + “C :′′

✺✿ s❡♥ã♦ S ← S + “d :′′

✻✿ S ← S + “l(raiz(T ))/′′

✼✿ pai← raiz(T )

✽✿ ❢♦r ✐ ← ✷ t♦ ♥í✈❡❧✭❚✮ ❞♦

✾✿ ❢♦r ❛❧❧ v ∈ nivel(T, i) ❞♦
✶✵✿ ✐❢ pai! = pai(v) t❤❡♥

✶✶✿ S ← S + “∗′′

✶✷✿ pai← pai(v)

✶✸✿ ❡♥❞ ✐❢

✶✹✿ S ← S + “l(v),′′

✶✺✿ ❡♥❞ ❢♦r

✶✻✿ S ← S − “,′′ ⊲ ❘❡t✐r❛ ❛ ✈ír❣✉❧❛ ❡①❝❡❞❡♥t❡✳

✶✼✿ S ← S + “/′′

✶✽✿ ❡♥❞ ❢♦r

✶✾✿ r❡t✉r♥ S

✷✵✿ ❡♥❞ ❢✉♥❝t✐♦♥

❉❡✜♥✐çã♦ ✸✳✷✳✹✳ ❙❡❥❛ G ✉♠ ❝♦❣r❛❢♦✱ ❛ s❡q✉ê♥❝✐❛ ❞❡ ❝❛r❛❝t❡r❡s ❣❡r❛❞❛ ♣❡❧♦ r❡t♦r♥♦ ❛❧❣♦✲

r✐t♠♦ ✸✳✷ é ❝❤❛♠❛❞❛ ❝♦❞✐✜❝❛çã♦ ❞❡ G✱ ❡ é ❞❡♥♦t❛❞❛ ♣♦r cod(G)✳

❊①❡♠♣❧♦ ✸✳✷✳✸✳ ❆ ❝♦❞✐✜❝❛çã♦ ❞♦ ❝♦❣r❛❢♦ ❝♦♥❡①♦ ❝✉❥❛ ❝♦ár✈♦r❡ ❡stá tr❛t❛❞❛ ♥♦ ❡①❡♠♣❧♦

✸✳✶✳✶ é✿

cod(G) = C/16/1, 4, 4, 7/1, 3∗2, 2∗1, 1, 5/1, 1, 1∗1, 1∗1, 1∗1, 1, 3/1, 1, 1/

❖♥❞❡ ❛ ✈❡rsã♦ ♦r❞❡♥❛❞❛ ❞❛ ár✈♦r❡ é r❡♣r❡s❡♥t❛❞❛ ❛ s❡❣✉✐r✿



✸✳✷ ❖r❞❡♥❛çã♦ ❞❡ ✈ért✐❝❡s ❡ ár✈♦r❡s ✷✷

❋✐❣✉r❛ ✸✳✼✿ ár✈♦r❡ ❞♦ ❡①❡♠♣❧♦ ✸✳✶✳✶ ♦r❞❡♥❛❞❛

❋❛t♦ ✸✳✷✳✸✳ ❉❛❞♦ ✉♠ ❝♦❣r❛❢♦ G ❡ s✉❛ s❡q✉ê♥❝✐❛ cod(G)✱ ✈❛❧❡ ♦❜s❡r✈❛r q✉❡ ❝❛❞❛ ❝❛r❛❝t❡r❡✿

✶✳ ”/” r❡♣r❡s❡♥t❛ ♦ ✜♠ ♦✉ ✐♥í❝✐♦ ❞❡ ✉♠ ♥í✈❡❧ ♥❛ ár✈♦r❡❀

✷✳ ”∗” s✐♠❜♦❧✐③❛ ♦ ✜♠ ♦✉ ✐♥í❝✐♦ ❞❡ ✉♠❛ ✐r♠❛♥❞❛❞❡❀

✸✳ ✐♥t❡✐r♦ ♣♦s✐t✐✈♦ r❡♣r❡s❡♥t❛ ✉♠ ✈ért✐❝❡ ❞❛ ❝♦ár✈♦r❡❀

✹✳ ′1′ ❡q✉✐✈❛❧❡ ❛ ✉♠❛ ❢♦❧❤❛ ❞❛ ár✈♦r❡✳

❖ t❡♦r❡♠❛ ❛❜❛✐①♦ ❣❛r❛♥t❡ q✉❡ ❝❛❞❛ ❝♦❣r❛❢♦ ♣♦ss✉✐ ✉♠❛ ú♥✐❝❛ ❝♦❞✐✜❝❛çã♦✱ ❜❡♠ ❝♦♠♦

❝❛❞❛ ❝♦❞✐✜❝❛çã♦ r❡♣r❡s❡♥t❛ ✉♠ ú♥✐❝♦ ❝♦❣r❛❢♦✳

❚❡♦r❡♠❛ ✸✳✷✳✶✳ ❉♦✐s ❝♦❣r❛❢♦s G1 ❡ G2✱ ♥ã♦ tr✐✈✐❛✐s✱ sã♦ ✐s♦♠♦r❢♦s s❡✱ ❡ s♦♠❡♥t❡ s❡✱

cod(G1) = cod(G2)✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛♠ G1 ❡ G2 ❝♦❣r❛❢♦s ❡ t♦♠❡ s✉❛s r❡s♣❡❝t✐✈❛s ❝♦ár✈♦r❡s T1 ❡ T2 ♦r❞❡✲

♥❛❞❛s✳

(⇒) ❙✉♣♦♥❤❛ q✉❡ G1
∼= G2✱ ❡♥tã♦ ❛s ❝♦ár✈♦r❡s T1 ❡ T2 sã♦ ✐❞ê♥t✐❝❛s✱ ♣♦✐s ❛♥t❡s

❞❛ ♦r❞❡♥❛çã♦ ❛ ú♥✐❝❛ ❞✐st✐♥çã♦ ❡r❛ ♣♦r ♣❡r♠✉t❛çõ❡s ❞❡ ✐r♠ã♦s✳ ❊♥tã♦ ♦ ❛❧❣♦r✐t♠♦ ✸✳✷

r❡t♦r♥❛ cod(G1) = cod(G2)✳

(⇐) ❋❛r❡♠♦s ❛ ♣r♦✈❛ ♣♦r ❝♦♥tr❛ ♣♦s✐t✐✈❛✳ ❖✉ s❡❥❛✱ ❞❛❞♦s G1(V1, E1) ❡ G2(V2, E2)

❝♦❣r❛❢♦s ♥ã♦ ✐s♦♠♦r❢♦s✱ ✈❛♠♦s ♣r♦✈❛r q✉❡ cod(G1) 6= cod(G2)✳ P♦❞❡♠♦s s✉♣♦r q✉❡ G1

❡ G2 tê♠ ❛ ♠❡s♠❛ q✉❛♥t✐❞❛❞❡ ❞❡ ✈ért✐❝❡s✱ ♣♦✐s ❝❛s♦ ❝♦♥trár✐♦ ♦ ❢❛t♦ ✸✳✷✳✸✳✹ ❣❛r❛♥t❡

q✉❡ cod(G1) 6= cod(G2)✱ ❡ ❛ ♣r♦✈❛ ❡stá ✜♥❛❧✐③❛❞❛✳ P♦r r❛❝✐♦❝í♥✐♦ s❡♠❡❧❤❛♥t❡ t❛♠❜é♠

♣♦❞❡♠♦s s✉♣♦r q✉❡ ❛♠❜♦s ♦s ❝♦❣r❛❢♦s ♣♦ss✉❡♠ ❛ ♠❡s♠❛ ❝♦♥❡①✐❞❛❞❡✱ ✐st♦ é✱ ♦✉ sã♦ ❛♠❜♦s

❝♦♥❡①♦s ♦✉ ❛♠❜♦s ❞❡s❝♦♥❡①♦s✳ ❊♥tã♦ ♣❛r❛ ♣r♦✈❛r ❛ r❡❝í♣r♦❝❛ ❞♦ t❡♦r❡♠❛ ❜❛st❛ ♣r♦✈❛r ❛

✐♠♣❧✐❝❛çã♦✿



✸✳✷ ❖r❞❡♥❛çã♦ ❞❡ ✈ért✐❝❡s ❡ ár✈♦r❡s ✷✸

❙❡ G1 ❡ G2 sã♦ ❝♦❣r❛❢♦s ♥ã♦ ✐s♦♠♦r❢♦s✱ ❛♠❜♦s ❝♦♠ n ✈ért✐❝❡s ❡ ♠❡s♠❛ ❝♦♥❡①✐❞❛❞❡✱

❡♥tã♦ cod(G1) 6= cod(G2)

P❛r❛ t❛❧✱ ❢❛r❡♠♦s ♣♦r ✐♥❞✉çã♦ s♦❜r❡ ♦ ♥ú♠❡r♦ ❞❡ ✈ért✐❝❡s n✳ ❙❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐✲

❞❛❞❡✱ ❝♦♥s✐❞❡r❛r❡♠♦s ❛♣❡♥❛s ♦ ❝❛s♦ ❞❡ ❣r❛❢♦s ❝♦♥❡①♦s✳

❖ ❝❛s♦ ❜❛s❡ s❡ s✉st❡♥t❛ ❡♠ n = 2✱ ♦♥❞❡ ♦ r❡s✉❧t❛❞♦ ✈❛❧❡ ♣♦r ✈❛❝✉✐❞❛❞❡✱ ❥á q✉❡ ♥❡st❡

❝❛s♦ ❡①✐st❡ s♦♠❡♥t❡ ✉♠ ❝♦❣r❛❢♦ ❝♦♥❡①♦ ✭❡ ♦✉tr♦ ❞❡s❝♦♥❡①♦✮✳

❙✉♣♦♥❤❛ q✉❡ s❡ ❞♦✐s ❝♦❣r❛❢♦s sã♦ ♥ã♦ ✐s♦♠♦r❢♦s✱ ❝♦♠ ❛ ♠❡s♠❛ ❝♦♥❡①✐❞❛❞❡ ❡ ❛ ♠❡s♠❛

q✉❛♥t✐❞❛❞❡ k ❞❡ ✈ért✐❝❡s✱ ♦♥❞❡ k ≤ n✱ ❡♥tã♦ s✉❛s ❝♦❞✐✜❝❛çõ❡s sã♦ ❞✐st✐♥t❛s✳

❙❡❥❛♠ G1 ❡ G2 ❝♦❣r❛❢♦s ♥ã♦ ✐s♦♠♦r❢♦s✱ ❝♦♥❡①♦s ❡ ❝♦♠ n+1 ✈ért✐❝❡s✳ ❈♦♥s✐❞❡r❡ ❛✐♥❞❛

T1 ❡ T2 s✉❛s r❡s♣❡❝t✐✈❛s ❝♦ár✈♦r❡s ♦r❞❡♥❛❞❛s✱ ❡♥r❛✐③❛❞❛s ❡♠ r1 ❡ r2✱ ♥❡st❛ ♦r❞❡♠✳ ❊♥tã♦

♣❡❧♦ ❧❡♠❛ ✸✳✷✳✶ ✈❛❧❡ r1 6= r2✳ ❙❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡ ♣♦❞❡♠♦s s✉♣♦r q✉❡ r1 < r2✳

❈♦♥s✐❞❡r❡ filhos(r1) = {v1, . . . , vk} ❡ filhos(r2) = {w1, . . . , wl}✱ t❛✐s q✉❡ v1 ≤ . . . ≤
vk ❡ w1 ≤ . . . ≤ vl ❡ t♦♠❡ ❛✐♥❞❛✱ ♥❡st❛ ♦r❞❡♠✱ ❛s ♣❛rt✐çõ❡s ✐♥❞✉③✐❞❛s (ai)k ❡ (bi)l ♣♦r r1 ❡

r2✱ ♦♥❞❡ l(vi) = ai ❡ l(wi) = bi✳ ❊♥tã♦

{

cod(G1) = C : l(r1)/a1, a2, . . . , ak/ . . .

cod(G2) = C : l(r2)/b1, b2, . . . , bl/ . . .
. ✭✸✳✶✮

P❡❧❛ tr✐❝♦t♦♠✐❛✱ ♦s ✈ért✐❝❡s ❡♠ q✉❡stã♦ s❛t✐s❢❛③❡♠ ♦ ❝❛s♦ ✹✳✶ ♦✉ ✹✳✸❜ ❞❛ ❞❡✜♥✐çã♦

✸✳✷✳✶✿

❼ ❈❆❙❖ ✹✳✶✿ (ai)k < (bi)l✱ ❡♥tã♦ ♣❡❧❛ ❡q✉❛çã♦ ✭✸✳✶✮ t❡♠♦s cod(G1) 6= cod(G2) ❡ ❛

♣r♦✈❛ ❡stá ✜♥❛❧✐③❛❞❛✳

❼ ❈❆❙❖ ✹✳✸❜✿ k = l ❡ (ai)k = (bi)k✱ ♦♥❞❡ ∃j ∈ {1, . . . , k} t❛❧ q✉❡ vj < wj✳ ❊♥tã♦✱

✈❛❧❡♠ ♦s s❡❣✉✐♥t❡s ❢❛t♦s✿

✕ ❈♦♠♦ vj < wj✱ ❡♥tã♦ ♦ ❧❡♠❛ ✸✳✷✳✶ ❣❛r❛♥t❡ q✉❡ ❛s ❝♦ár✈♦r❡s T1(vj) ❡ T2(wj) sã♦

♥ã♦ ✐s♦♠♦r❢❛s✳

✕ ❈♦♠♦ (ai)k = (bi)k✱ ❡♥tã♦ l(vj) = aj = bj = l(wj)✱ ♦✉ s❡❥❛✱ T1(vj) ❡ T2(wj)

♣♦ss✉❡♠ ❝❛❞❛ l(vj) ❢♦❧❤❛s✳

✕ P❡❧♦ ❢❛t♦ ✸✳✶✳✸ t❡♠♦s l(vj) < l(r1) = n✳

✕ ❱❛❧❡ l(wj) = l(vj) > 1✱ ♣♦✐s ❝❛s♦ ❝♦♥trár✐♦ vj ❡ wj s❡r✐❛♠ ❢♦❧❤❛s ❡ t❡rí❛♠♦s

vj = wj✱ ♦ q✉❡ ❣❡r❛r✐❛ ❝♦♥tr❛❞✐çã♦✳



✸✳✸ ●❡r❛♥❞♦ ár✈♦r❡s ❡♠ ♦r❞❡♠ ✷✹

✕ ❈♦♠♦ r1 ❡ r2 sã♦ tipo✲1✱ ❡♥tã♦ vj ❡ wj sã♦ tipo✲0✳

❙❡❥❛♠ Gv ❡ Gw ♦s ❝♦❣r❛❢♦s r❡❢❡r❡♥t❡s às ❝♦ár✈♦r❡s T1(vj) ❡ T2(wj)✳ ❆s ♦❜s❡r✈❛çõ❡s

❛❝✐♠❛ ❣❛r❛♥t❡♠ q✉❡ ♦s ❝♦❣r❛❢♦s ♥ã♦ sã♦ ✐s♦♠♦r❢♦s✱ ♣♦ss✉❡♠ ❛ ♠❡s♠❛ q✉❛♥t✐❞❛❞❡

❞❡ ✈ért✐❝❡s ✭♠❡♥♦r q✉❡ n✮✱ ♥ã♦ sã♦ ❣r❛❢♦s tr✐✈✐❛✐s ❡ tê♠ ❛ ♠❡s♠❛ ❝♦♥❡①✐❞❛❞❡✳ ❊♥tã♦

♣❡❧❛ ❤✐♣ót❡s❡ ✐♥❞✉t✐✈❛ ✈❛❧❡ cod(Gv) 6= cod(Gw)✱ ♦ q✉❡ ❣❛r❛♥t❡ q✉❡ cod(G1) ❡ cod(G2)

sã♦ ❞✐st✐♥t❛s✳

✸✳✸ ●❡r❛♥❞♦ ár✈♦r❡s ❡♠ ♦r❞❡♠

❆ss❡❣✉r❛❞♦ ♣❡❧❛ ♣r♦♣♦s✐çã♦ ✸✳✷✳✶✱ ❛ ❣❡r❛çã♦ ❞♦s ❝♦❣r❛❢♦s s❡rá ❢❡✐t❛ ❛tr❛✈és ❞❛ ❣❡r❛çã♦

❞♦s ❡❧❡♠❡♥t♦s ❞❡ Tn✱ ♦♥❞❡ ✐♥✐❝✐❛♠♦s ♥❛ ♠❡♥♦r ár✈♦r❡ ❞♦ ❝♦♥❥✉♥t♦ ❡ ❡♠ s❡❣✉✐❞❛ ❣❡r❛♠♦s

❛ ár✈♦r❡ ✐♠❡❞✐❛t❛♠❡♥t❡ ♠❛✐♦r q✉❡ ❛ ❛♥t❡❝❡ss♦r❛✱ ❛té ❛❧❝❛♥ç❛r ❛ ♠❛✐♦r ❞♦ ❝♦♥❥✉♥t♦✳ ❆

❝♦♥str✉çã♦ ❞❡st❡ ♣r♦❝❡❞✐♠❡♥t♦ s❡rá ❢❡✐t❛ ♥❡st❛ s❡çã♦✱ q✉❡ ✐♥✐❝✐❛♠♦s ❝♦♠ ❛ ❢♦r♠❛❧✐③❛çã♦

❞❛ ♥♦çã♦ ❞❡ ❡❧❡♠❡♥t♦ ✐♠❡❞✐❛t❛♠❡♥t❡ ♠❛✐♦r✳

❉❡✜♥✐çã♦ ✸✳✸✳✶✳ ❙❡❥❛ X ✉♠ ❝♦♥❥✉♥t♦ ♥ã♦✲✈❛③✐♦ ♠✉♥✐❞♦ ❞❡ ♦r❞❡♠✱ ♦♥❞❡ ✈❛❧❡ ❛ tr✐❝♦t♦♠✐❛✳

❉❛❞♦s a, b ∈ X✱ ❞✐r❡♠♦s q✉❡ ♦ ❡❧❡♠❡♥t♦ b é ✐♠❡❞✐❛t❛♠❡♥t❡ ♠❛✐♦r q✉❡ a ❡♠ X s❡ b ∈ X ❡

b > a✱ ♦♥❞❡ ♣❛r❛ q✉❛❧q✉❡r c ∈ X t❛❧ q✉❡ c > a ❡♥tã♦ c ≥ b✳ ◆❛t✉r❛❧♠❡♥t❡ s❡ a ♥ã♦ ♣♦ss✉✐

❡❧❡♠❡♥t♦ ✐♠❡❞✐❛t❛♠❡♥t❡ ♠❛✐♦r ❡♠ X✱ ❡♥tã♦ a é ♦ ♠❛✐♦r ❡❧❡♠❡♥t♦ ❞♦ ❝♦♥❥✉♥t♦✳

❊①❡♠♣❧♦ ✸✳✸✳✶✳ P❡❧❛ t❛❜❡❧❛ ✸✳✶✱ ✈❡♠♦s q✉❡ ❛ ♣❛rt✐çã♦ ✐♠❡❞✐❛t❛♠❡♥t❡ ♠❛✐♦r q✉❡ a =

(1, 1, 2, 2) ❡♠ Part(6) é b = (1, 1, 4)✳

❉❡s❡♥✈♦❧✈❡♠♦s ❛ s❡❣✉✐r ♦ ♣r♦❝❡❞✐♠❡♥t♦ q✉❡ ♦❜té♠ ❛ ♣❛rt✐çã♦ ✐♠❡❞✐❛t❛♠❡♥t❡ ♠❛✐♦r✳



✸✳✸ ●❡r❛♥❞♦ ár✈♦r❡s ❡♠ ♦r❞❡♠ ✷✺

❆❧❣♦r✐t❤♠ ✸✳✸ P❛rt✐çã♦ ✐♠❡❞✐❛t❛♠❡♥t❡ ♠❛✐♦r
■♥♣✉t✿ (ai)k = (a1, a2, . . . , ak) ∈ Part(n)
❖✉t♣✉t✿ (bi)m ✐♠❡❞✐❛t❛♠❡♥t❡ ♠❛✐♦r q✉❡ (ai)k ❡♠ Part(n)

✶✿ ♣r♦❝❡❞✉r❡ ParticaoSeguinte✭(ai)k✮

✷✿ n←∑k

i=1 ai

✸✿ ✐❢ a1 6= ⌊n/2⌋ t❤❡♥
✹✿ ✐❢ ak − ak−1 ≤ 1 t❤❡♥ r❡t✉r♥ (a1, a2, . . . , ak−2, ak−1 + ak)❀

✺✿ ❡❧s❡ ⊲ ak − ak−1 > 1

✻✿ ak−1 ← ak−1 + 1❀

✼✿ ak ← ak − 1❀

✽✿ ❚♦♠❡ q ❡ r ♦ q✉♦❝✐❡♥t❡ ❡ r❡st♦ ❞❛ ❞✐✈✐sã♦ ak ♣♦r ak−1❀

✾✿ ✐❢ q > 1 t❤❡♥ r❡t✉r♥ (a1, . . . , ak−2, ak−1, . . . , ak−1
︸ ︷︷ ︸

qvezes

, (ak−1 + r))❀

✶✵✿ ❡❧s❡ r❡t✉r♥ (a1, . . . , ak−2, ak−1, ak)❀

✶✶✿ ❡♥❞ ✐❢

✶✷✿ ❡❧s❡

✶✸✿ ✐❢ n 6= 3 t❤❡♥ r❡t✉r♥ ♥✉❧❧

✶✹✿ ❡❧s❡ ⊲ n = 3 ❝❛s♦ ❡s♣❡❝✐❛❧

✶✺✿ ✐❢ a2 = ⌈n/2⌉ t❤❡♥ r❡t✉r♥ ♥✉❧❧ ❀

✶✻✿ ❡❧s❡ r❡t✉r♥ (1, 2)❀

✶✼✿ ❡♥❞ ✐❢

✶✽✿ ❡♥❞ ✐❢

✶✾✿ ❡♥❞ ❢✉♥❝t✐♦♥

❱❛♠♦s ♣r♦✈❛r ❛ ❝♦rr❡t✉❞❡ ❞♦ ❛❧❣♦r✐t♠♦ ❛❝✐♠❛✳

Pr♦♣♦s✐çã♦ ✸✳✸✳✶✳ ❙❡ a ∈ Part(n)✱ ♦ r❡t♦r♥♦ ❞♦ ❛❧❣♦r✐t♠♦ ✸✳✸ é ❛ ♣❛rt✐çã♦ ✐♠❡❞✐❛t❛✲

♠❡♥t❡ ♠❛✐♦r q✉❡ ❛ ❡♠ Part(n)✳ ❈❛s♦ ♦ r❡t♦r♥♦ s❡❥❛ ♥✉❧❧ ❡♥tã♦ a é ♦ ♠❛✐♦r ❡❧❡♠❡♥t♦ ❞❡

Part(n)✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ a = (ai)k ∈ Part(n). P❛r❛ ♦ ❝❛s♦ n = 3 t❡♠♦s ❛♣❡♥❛s ❛s ♣❛rt✐çõ❡s

(1, 1, 1) ❡ (1, 2)✱ ❣❛r❛♥t✐♥❞♦ ❛ ❝♦rr❡t✉❞❡ ❞♦ ❛❧❣♦r✐t♠♦✳

❙❡ n = 2✱ ❡♥tã♦ (1, 1) é ❛ ú♥✐❝❛ ♣❛rt✐çã♦✱ ♣♦rt❛♥t♦ é ❛ ♠❛✐♦r ❞♦ ❝♦♥❥✉♥t♦ Part(2)✳

◆❡st❡ ❝❛s♦ a1 =
⌊
n
2

⌋
= 1 ❡ ❛ ❧✐♥❤❛ 13 r❡t♦r♥❛rá ♥✉❧❧ ✳

P❡❧❛ ❞❡✜♥✐çã♦ ❞❡ ♣❛rt✐çã♦✱ ♥❡❝❡ss❛r✐❛♠❡♥t❡ a1 ≤
⌊
n
2

⌋
✳ ❙✉♣♦♥❤❛ q✉❡ n > 3 ❡ a1 <

⌊
n
2

⌋
✳

❱❛♠♦s s❡♣❛r❛r ❛ ♣r♦✈❛ ❡♠ ❝❛s♦s✿
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❈❆❙❖ ✶✿ ak − ak−1 ≤ 1✳

❊♥tã♦ b := (bi)k−1 = b1, b2, . . . , bk−1✱ ♦♥❞❡

{

bi = ai, s❡ 1 ≤ i ≤ k − 2

bk−1 = ak−1 + ak
✱

é ❛ ♣❛rt✐çã♦ r❡t♦r♥❛❞❛ ♣❡❧♦ ❛❧❣♦r✐t♠♦✳

➱ ❝❧❛r♦ q✉❡ b > a ❡ q✉❡ (bi)k−1 ∈ Part(n)✳ ❱❛♠♦s ♣r♦✈❛r q✉❡ b é ❛ s❡q✉ê♥❝✐❛

✐♠❡❞✐❛t❛♠❡♥t❡ ♠❛✐♦r q✉❡ a✳

❙❡❥❛ c = {ci}m ∈ Part(n) t❛❧ q✉❡ c > a✳ ◗✉❡r❡♠♦s ♣r♦✈❛r q✉❡ c ≥ b✳

P♦r ❞❡✜♥✐çã♦ ∃j ≤ k✱ s❡♥❞♦ j ♦ ♠❡♥♦r í♥❞✐❝❡ t❛❧ q✉❡ cj > aj✳

❼ ❙❡ j ≤ k − 2 ❡♥tã♦ cj > aj = bj✱ ❞♦♥❞❡ s❡❣✉❡ c > b ❡ ❛ ♣r♦✈❛ ❞♦ ❝♦rr❡♥t❡ ❝❛s♦ ❡stá

✜♥❛❧✐③❛❞❛✳

❼ ❙❡ j = k − 1 t❡♠♦s

{

ci = ai = bi, s❡ 1 ≤ i ≤ k − 2 (∗)
ck−1 > ak−1

❊♥tã♦ ck−1 ≥ ak−1 + 1 ≥ ak✱ ♣❡❧❛ ❤✐♣ót❡s❡ ❞♦ ♣r❡s❡♥t❡ ❝❛s♦✳

❖❜s❡r✈❡ q✉❡ c t❡♠ k− 1 t❡r♠♦s✱ ♣♦✐s ❝❛s♦ ❝♦♥trár✐♦ t❡rí❛♠♦s ck ≥ ck−1 ≥ ak✱ ❡♥tã♦
∑k ci >

∑k ai = n✱ ♦ q✉❡ é ❛❜s✉r❞♦✳

P♦rt❛♥t♦✱
k−2∑

i=1

ci + ck−1 =
k−2∑

i=1

ai + ak−1 + ak ⇒ ck−1 = ak−1 + ak,

♦♥❞❡ ❛ ú❧t✐♠❛ ✐♠♣❧✐❝❛çã♦ é ♦❜t✐❞❛ ❞❛s ❡q✉❛çõ❡s (∗)✳ ▲♦❣♦ ck−1 = bk−1✱ ♦✉ s❡❥❛✱

c = b✳

❼ P♦r ú❧t✐♠♦✱ s❡ j = k ❡♥tã♦
∑k ci >

∑k ai = n✱ ♦ q✉❡ é ❛❜s✉r❞♦✳

▲♦❣♦✱ ✈❛❧❡ c ≥ b✳

❈❆❙❖ ✷✿ak − ak−1 > 1

◆❡st❡ ❝❛s♦ ❛s ❧✐♥❤❛s ✻ ❡ ✼✱ ❣❡r❛♠ ❛ ♣❛rt✐çã♦ b := (bi)k = b1, b2, . . . , bk✱

♦♥❞❡







bi = ai✱ s❡ 1 ≤ i ≤ k − 2

bk−1 = ak−1 + 1

bk = ak − 1

❖❜s❡r✈❡ q✉❡

k∑

bi =
k−2∑

bi + bk−1 + bk =
k−2∑

ai + ak−1 + 1 + ak − 1 = n,

❡♥tã♦ b ∈ Part(n)✳ ❚♦♠❡ q ❡ r ♦ q✉♦❝✐❡♥t❡ ❡ r❡st♦ ❞❛ ❞✐✈✐sã♦ bk ♣♦r bk−1 ✭❧✐♥❤❛ ✽✮✳
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❚❡♠♦s ❞♦✐s s✉❜❝❛s♦s ❛ ❝♦♥s✐❞❡r❛r✿

❼ ❈❆❙❖ ✷❛✿ q > 1

❖ r❡t♦r♥♦ ❞♦ ❛❧❣♦r✐t♠♦ é

b′ = (b1, . . . , bk−2, bk−1, bk−1, . . . , bk−1
︸ ︷︷ ︸

q−1 ✈❡③❡s

, (bk−1 + r))✱ q✉❡ ♣♦ss✉✐ k + q − 1 t❡r♠♦s✳

❖❜s❡r✈❡ q✉❡







b′i = ai✱ s❡ 1 ≤ i ≤ k − 2

b′i = ak−1 + 1✱ s❡ k − 1 ≤ i ≤ k + q − 2

b′k+q−1 = ak−1 + 1 + r

✳

k+q−1
∑

i=1

b′i = (
k−2∑

i=1

b′i) + b′k−1 + (

k+q−2
∑

i=k

b′i) + b′k+q−1

= (
k−2∑

i=1

ai) + (ak−1 + 1) +

k+q−2
∑

i=k

(ak−1 + 1) + (ak−1 + 1 + r)

= (
k−2∑

i=1

ai) + (ak−1 + 1) + (ak−1 + 1).(q − 1) + (ak−1 + 1 + r)

= (
k−2∑

i=1

ai) + (ak−1 + 1) + (ak−1 + 1)q + r

= (
k−2∑

i=1

ai) + (ak−1 + 1) + [(bk−1)q + r]

= (
k−2∑

i=1

ai) + (ak−1 + 1) + bk

= (
k−2∑

i=1

ai) + (ak−1 + 1) + ak − 1 =
k∑

i=1

ai = n.

P♦rt❛♥t♦ b′ ∈ Part(n)✳ P❡❧❛ ❝♦♥str✉çã♦ ❞❡ b′ é ❢á❝✐❧ ✈❡r q✉❡ b′ ≥ a✳

❱❛♠♦s ♣r♦✈❛r q✉❡ b′ é ❛ ♣❛rt✐çã♦ ✐♠❡❞✐❛t❛♠❡♥t❡ ♠❛✐♦r q✉❡ a ❡♠ Part(n)✳

❙❡❥❛ c = (ci)m ∈ Part(n) t❛❧ q✉❡ c > a✳ ❱❛♠♦s ♣r♦✈❛r q✉❡ c ≥ b′✳

P♦r ❞❡✜♥✐çã♦ ∃j ≤ k✱ s❡♥❞♦ j ♦ ♠❡♥♦r í♥❞✐❝❡ t❛❧ q✉❡ cj > aj✳ ❉❡ ❢♦r♠❛ s❡♠❡❧❤❛♥t❡

❛♦ ❝❛s♦ ❛♥t❡r✐♦r✱ t❡♠♦s✿

◦ ❙❡ j ≤ k − 2 ❡♥tã♦ cj > aj = b′j✱ ❞♦♥❞❡ s❡❣✉❡ q✉❡ c > b′✳

◦ ❙❡ j = k − 1 t❡♠♦s ck−1 > ak−1 ⇒ ck−1 ≥ ak−1 + 1 = b′k−1✳ ❈♦♠♦ ci = ai = bi

♣❛r❛ 1 ≤ i ≤ k − 2✱ ❡♥tã♦ c ≥ b′✳

◦ ❙❡ j = k ❡♥tã♦
∑k ci >

∑k ai = n✱ ♦ q✉❡ é ❛❜s✉r❞♦✳
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▲♦❣♦ ✈❛❧❡ c ≥ b′

❼ ❈❆❙❖ ✷❜✿ q = 1

◆❡st❡ ❝❛s♦ ♦ ❛❧❣♦r✐t♠♦ r❡t♦r♥❛ ❛ ♣ró♣r✐❛ ♣❛rt✐çã♦ b = (bi)k✳ ❈♦♠♦ bk−1 = ak−1+1 >

ak−1 ❡♥tã♦ b > a✳

❱❛♠♦s ♣r♦✈❛r q✉❡ b é ❛ s❡q✉ê♥❝✐❛ ✐♠❡❞✐❛t❛♠❡♥t❡ ♠❛✐♦r q✉❡ a✳ ❙❡❥❛ c = {ci}m ∈
Part(n) t❛❧ q✉❡ c > a✳ ◗✉❡r❡♠♦s ♣r♦✈❛r q✉❡ c ≥ b✳ P♦r ❞❡✜♥✐çã♦ ∃j ≤ k ♦ ♠❡♥♦r

í♥❞✐❝❡ t❛❧ q✉❡ cj > aj✳

❉❡ ❢♦r♠❛ s❡♠❡❧❤❛♥t❡ ❛♦s ❝❛s♦s ❛♥t❡r✐♦r❡s✱ t❡♠♦s✿

◦ ❙❡ j ≤ k − 2 ❡♥tã♦ ck−2 > ak−2 = bk−2✱ ❞♦♥❞❡ s❡❣✉❡ q✉❡ c > b✳

◦ ❙❡ j = k − 1 t❡♠♦s ck−1 > ak−1 ⇒ ck−1 ≥ ak−1 + 1 = bk−1✳ ❈♦♠♦ ci = ai = bi

♣❛r❛ 1 ≤ i ≤ k − 2✱ ❡♥tã♦ c ≥ b

◦ ❙❡ j = k ❡♥tã♦
∑k ci >

∑k ai = n✱ ♦ q✉❡ é ❛❜s✉r❞♦✳ ▲♦❣♦ ✈❛❧❡ c ≥ b′

P♦r ✜♠✱ s✉♣♦♥❤❛ q✉❡ n > 3 ❡ a1 = ⌊n2 ⌋✳ ❊♥tã♦ ♣❡❧♦ ❢❛t♦ ✸✳✶✳✺✱ (ai)k é ❛ ♠❛✐♦r ♣❛rt✐çã♦

❞❡ n✱ ♦ q✉❡ é ❞❡ ❛❝♦r❞♦ ❝♦♠ ♦ ❛❧❣♦r✐t♠♦ q✉❡ r❡t♦r♥❛rá ✧♥✉❧❧ ✧♥❛ ❧✐♥❤❛ ✶✸✳

Pr♦♣♦s✐çã♦ ✸✳✸✳✷✳ ❖ ❛❧❣♦r✐t♠♦ ParticaoSeguinte((ai)k) t❡♠ ❝♦♠♣❧❡①✐❞❛❞❡ O(n) ❡♠

t❡♠♣♦ ❞❡ ❡①❡❝✉çã♦✱ ♦♥❞❡ ak ∈ Part(n)✳

❉❡♠♦♥str❛çã♦✳ ❈♦♥s✐❞❡r❡ ✉♠❛ ♣❛rt✐çã♦ a = (ai)k ∈ Part(n) ❡ q =
⌊

ak−1
ak−1+1

⌋

✱ ♦ ❛❧❣♦r✐t♠♦

♣♦❞❡ s❡r ❞✐✈✐❞✐❞♦ ❡♠ ❝❛s♦s✳

❼ ❈❆❙❖ ✶✿ a1 6= ⌊n/2⌋

❈❆❙❖ ✶❛✿ ak − ak−1 ≤ 1 ✭❧✐♥❤❛ ✹✮

❈❆❙❖ ✶❜✿ ak − ak−1 > 1 ❡ q > 1 ✭❧✐♥❤❛ ✾✮

❈❆❙❖ ✶❝✿ ak − ak−1 > 1 ❡ q < 1 ✭❧✐♥❤❛ ✶✵✮

❼ ❈❆❙❖ ✷✿ a1 = ⌊n/2⌋ ✭❧✐♥❤❛ ✶✷✮

➱ ❝❧❛r♦ q✉❡ ♦s ❝❛s♦s ✶❛ ✱✶❝ ❡ ✷ sã♦ ❡①❡❝✉t❛❞♦s ❡♠ t❡♠♣♦ ❝♦♥st❛♥t❡✱ ❡♥q✉❛♥t♦ ♦ ❝❛s♦ ✶❜

é ❡❢❡t✉❛❞♦ ❝♦♠ O(q) ♦♣❡r❛çõ❡s✱ ❝✉❥♦ ♣✐♦r ♦❝♦rr❡ ❛♦ ♠❛①✐♠✐③❛r q✱ ✐st♦ é✱ q✉❛♥❞♦ ❛ ❡♥tr❛❞❛

❞♦ ♣r♦❝❡❞✐♠❡♥t♦ é (ai)2 = (1, n − 1)✱ ♦♥❞❡ ♦❜t❡♠♦s q = n−2
2
✳ ▲♦❣♦ ❛ ❝♦♠♣❧❡①✐❞❛❞❡ ❞❡

♣✐♦r ❝❛s♦ ❞♦ ❛❧❣♦r✐t♠♦ é O(n)✳

❉❡✜♥✐çã♦ ✸✳✸✳✷✳ ❙❡❥❛ T ∈ T ✉♠❛ ár✈♦r❡ ♦r❞❡♥❛❞❛✱ ✉♠ ✈ért✐❝❡ v ❞❡ T é ❞✐t♦ ❡s❣♦t❛❞♦

s❡ é ✉♠❛ ❢♦❧❤❛ ♦✉ s✉❛ ♣❛rt✐çã♦ ✐♥❞✉③✐❞❛ é ♦ ♠❛✐♦r ❡❧❡♠❡♥t♦ ❞❡ Part(l(v))✳



✸✳✸ ●❡r❛♥❞♦ ár✈♦r❡s ❡♠ ♦r❞❡♠ ✷✾

❖ ❛❧❣♦r✐t♠♦ ❛❜❛✐①♦ ❢❛③ ✉s♦ ❞✐r❡t♦ ❞❛ ❞❡✜♥✐çã♦ ♣❛r❛ ✈❡r✐✜❝❛r s❡ ✉♠ ✈ért✐❝❡ ❡stá ❡s❣♦✲

t❛❞♦✳

❆❧❣♦r✐t❤♠ ✸✳✹ ❱ért✐❝❡ ❡s❣♦t❛❞♦
■♥♣✉t✿ ár✈♦r❡ T ∈ T ♦r❞❡♥❛❞❛ ❡ r♦t✉❧❛❞❛ ❡ ✈ért✐❝❡ v ❞❡ T ✳

❖✉t♣✉t✿ ✈❛❧♦r ❜♦♦❧❡❛♥♦

✶✿ ♣r♦❝❡❞✉r❡ Esgotado✭T, v✮

✷✿ ✐❢ l(v) > 1 t❤❡♥

✸✿ ❙❡❥❛ filhos(v) = {v1, v2, . . . , vk} ♦r❞❡♥❛❞♦✳
✹✿ ✐❢ l(v1) = ⌊ l(v)2 ⌋ ❛♥❞ l(v2) = ⌈ l(v)2 ⌉ t❤❡♥ r❡t✉r♥ tr✉❡

✺✿ ❡❧s❡ r❡t✉r♥ ❢❛❧s❡

✻✿ ❡♥❞ ✐❢

✼✿ ❡❧s❡ r❡t✉r♥ tr✉❡

✽✿ ❡♥❞ ✐❢

✾✿ ❡♥❞ ❢✉♥❝t✐♦♥

❋❛t♦ ✸✳✸✳✶✳ ❖ ❛❧❣♦r✐t♠♦ Esgotado(T, v) ♣♦ss✉✐ ❝♦♠♣❧❡①✐❞❛❞❡ O(1) ❡♠ t❡♠♣♦ ❞❡ ❡①❡❝✉çã♦✳

❆ s❡❣✉✐r ❞❡✜♥✐r❡♠♦s ♦ ✈ért✐❝❡ ♣✐✈ô ❞❡ ✉♠❛ ár✈♦r❡ T ∈ Tn✱ ❝✉❥❛ ✜♥❛❧✐❞❛❞❡ é ✐♥❞✐❝❛r

❝♦♠♦ ❣❡r❛r ❛ ár✈♦r❡ T ′ ✐♠❡❞✐❛t❛♠❡♥t❡ ♠❛✐♦r q✉❡ T ❡♠ Tn✳

❯♠ ♣❡r❝✉rs♦ ♥✉♠❛ ár✈♦r❡ é ✉♠❛ ✏✈✐s✐t❛✑ s✐st❡♠át✐❝❛ ❛ ❝❛❞❛ ✉♠ ❞❡ s❡✉s ✈ért✐❝❡s✱

♦♥❞❡ ❡♥t❡♥❞❡✲s❡ ♣♦r ✏✈✐s✐t❛✑ ❛❧❣✉♠❛ ♦♣❡r❛çã♦ ❡s♣❡❝í✜❝❛ s♦❜r❡ ♦ ✈ért✐❝❡✱ ♣♦r ❡①❡♠♣❧♦ s✉❛

✐♠♣r❡ssã♦ ♦✉ ❝♦♥s✉❧t❛ ❞❡ ❞❛❞♦s✳ ❖ ♣❡r❝✉rs♦ q✉❡ tr❛t❛r❡♠♦s ❛q✉✐ ♥♦ t❡①t♦ ✈✐s✐t❛ ❝❛❞❛

✈ért✐❝❡ ✉♠❛ ú♥✐❝❛ ✈❡③✳

❉❛❞❛ ✉♠❛ ár✈♦r❡ ♦r❞❡♥❛❞❛ T ∈ T ❞❡✜♥✐♠♦s ♦ ♣❡r❝✉rs♦ ♣ós✲♦r❞❡♠ ✐♥✈❡rt✐❞♦ ❛tr❛✈és

❞♦ s❡❣✉✐♥t❡ ♣r♦❝❡❞✐♠❡♥t♦ r❡❝✉rs✐✈♦✿ ♣r✐♠❡✐r♦ sã♦ ✈✐s✐t❛❞♦s ❛s s✉❜ár✈♦r❡s r❡❢❡r❡♥t❡s ❛♦s

s❡✉s ✜❧❤♦s ❞❛ ❞✐r❡✐t❛ ♣❛r❛ ❛ ❡sq✉❡r❞❛ ❡♠ ♣ós✲♦r❞❡♠ ✐♥✈❡rt✐❞♦ ❡ ♣♦r ú❧t✐♠♦ é ❢❡✐t❛ ❛

✈✐s✐t❛çã♦ ❞❡ raiz(T )✱ ❝♦♥❢♦r♠❡ ❞❡s❝r✐t♦ ♥♦ ♣r♦❝❡❞✐♠❡♥t♦ ❛ s❡❣✉✐r✿



✸✳✸ ●❡r❛♥❞♦ ár✈♦r❡s ❡♠ ♦r❞❡♠ ✸✵

❆❧❣♦r✐t❤♠ ✸✳✺ P❡r❝✉rs♦ ❡♠ Pós✲♦r❞❡♠ ■♥✈❡rt✐❞❛
■♥♣✉t✿ ár✈♦r❡ T ∈ T ♦r❞❡♥❛❞❛ ❡ ✈ért✐❝❡ v

❖✉t♣✉t✿ s❡q✉ê♥❝✐❛ ❞❡ ✈ért✐❝❡s v1, . . . , vm

✶✿ ♣r♦❝❡❞✉r❡ PosOrdemInvertida✭T, v✮

✷✿ ✐❢ v ♥ã♦ é ❢♦❧❤❛ t❤❡♥

✸✿ ❙❡❥❛ filhos(v) = {v1, v2, . . . , vk}
✹✿ ❢♦r i← k t♦ 1 ❞♦ PosOrdemInvertida(T, vi)

✺✿ ❡♥❞ ✐❢

✻✿ visita(v)

✼✿ ❡♥❞ ❢✉♥❝t✐♦♥

❊①❡♠♣❧♦ ✸✳✸✳✷✳ ❆ ✐♠♣r❡ssã♦ ❞♦s ✈ért✐❝❡s ❞❛ ár✈♦r❡ ❛❜❛✐①♦ ♣♦r ✉♠ ♣❡r❝✉rs♦ ♣ós✲♦r❞❡♠

✐♥✈❡rt✐❞❛ é ”k, j, i, h, g, d, f, e, c, b, a”✳

❋✐❣✉r❛ ✸✳✽✿ P❡r❝✉rs♦ ❡♠ ♣ós✲♦r❞❡♠ ✐♥✈❡rt✐❞❛

❈♦♠♦ ❝❛❞❛ ✈ért✐❝❡ ❞♦ ♣❡r❝✉rs♦ ♣ós✲♦r❞❡♠ ✐♥✈❡rt✐❞❛ é ✈✐s✐t❛❞♦ ✉♠❛ ú♥✐❝❛ ✈❡③✱ ❡♥tã♦

❛ ♣r♦♣♦s✐çã♦ ✸✳✶✳✶ ❛ss❡❣✉r❛ ❛ ❝♦♠♣❧❡①✐❞❛❞❡ ❞♦ ♣r♦❝❡❞✐♠❡♥t♦✱ ❡♥✉♥❝✐❛❞❛ ❛❜❛✐①♦✳

❋❛t♦ ✸✳✸✳✷✳ ❙❡❥❛♠ T ∈ Tn ♦r❞❡♥❛❞❛ ❡ r♦t✉❧❛❞❛ ❡ v ✉♠ ✈ért✐❝❡ ❞❡ T ✱ ❡♥tã♦

PosOrdemInvertida(T, v) t❡♠ ❝♦♠♣❧❡①✐❞❛❞❡ O(l(v)))✳

❊♠ ♣❛rt✐❝✉❧❛r✱ ❛♦ ❢❛③❡r ❛ ❝❤❛♠❛❞❛ PosOrdemInvertida(T, raiz(T )) ♣❛r❛ T ∈ Tn✱

s❡rá ❢❡✐t♦ ♦ ♣❡r❝✉rs♦ ❡♠ t♦❞❛ ❛ ár✈♦r❡✱ ❝✉❥❛ ❝♦♠♣❧❡①✐❞❛❞❡ é O(l(raiz(T ))) = O(n)✳

❉❡✜♥✐çã♦ ✸✳✸✳✸✳ ❙❡❥❛ T ∈ T ♦r❞❡♥❛❞❛✳ ❙✉♣♦♥❤❛ q✉❡ ❛ ♦r❞❡♠ ❞❡ ✈✐s✐t❛çã♦ ❞♦ ♣❡r❝✉rs♦

♣ós✲♦r❞❡♠ ✐♥✈❡rt✐❞❛ ❡♠ T é v1, . . . , vm✳ ❖ ♣✐✈ô ❞❡ T ✱ ❝❛s♦ ❡①✐st❛✱ é ♦ ✈ért✐❝❡ vi ❞❡ ♠❡♥♦r

í♥❞✐❝❡ t❛❧ q✉❡ vi ♥ã♦ é ❡s❣♦t❛❞♦✳

❊①❡♠♣❧♦ ✸✳✸✳✸✳ ❖ ✈ért✐❝❡ ❡♠ ❞❡st❛q✉❡ é ♦ ♣✐✈ô ❞❛ ár✈♦r❡✳



✸✳✸ ●❡r❛♥❞♦ ár✈♦r❡s ❡♠ ♦r❞❡♠ ✸✶

❋✐❣✉r❛ ✸✳✾✿ P✐✈ô ❞❡ ✉♠❛ ár✈♦r❡

❖ ❛❧❣♦r✐t♠♦ ❛❜❛✐①♦ é ❝❛♣❛③ ❞❡ ❞❡t❡r♠✐♥❛r ♦ ♣✐✈ô ❞❡ ✉♠❛ ár✈♦r❡ T ∈ T✱ ❝❛s♦ ♥ã♦

❡①✐st❛ r❡t♦r♥❛rá ♥✉❧❧ ✳

❆❧❣♦r✐t❤♠ ✸✳✻ P✐✈ô ❞❡ ✉♠❛ ár✈♦r❡
■♥♣✉t✿ ár✈♦r❡ T ∈ Tn ♦r❞❡♥❛❞❛ ❡ r♦t✉❧❛❞❛

❖✉t♣✉t✿ ✈ért✐❝❡ v ♣✐✈ô ❞❡ T

✶✿ ♣r♦❝❡❞✉r❡ EncontraP ivo✭T, v✮

✷✿ ✐❢ v ♥ã♦ é ❢♦❧❤❛ t❤❡♥

✸✿ ❙❡❥❛ filhos(v) = {v1, v2, . . . , vk} ♦r❞❡♥❛❞♦✳
✹✿ ❢♦r ✐ ← ❦ t♦ ✶ ❞♦

✺✿ w ← EncontraP ivo(T, vi)

✻✿ ✐❢ w 6= ♥✉❧❧ t❤❡♥ r❡t✉r♥ w

✼✿ ❡♥❞ ✐❢

✽✿ ❡♥❞ ❢♦r

✾✿ ✐❢ Esgotado(T, v) t❤❡♥ r❡t✉r♥ ♥✉❧❧

✶✵✿ ❡❧s❡ r❡t✉r♥ v

✶✶✿ ❡♥❞ ✐❢

✶✷✿ ❡❧s❡ r❡t✉r♥ ♥✉❧❧

✶✸✿ ❡♥❞ ✐❢

✶✹✿ ❡♥❞ ❢✉♥❝t✐♦♥

Pr♦♣♦s✐çã♦ ✸✳✸✳✸✳ ❙❡❥❛ T ∈ T✳ ❖ ✈ért✐❝❡ r❡t♦r♥♦ ❞❡ EncontraP ivo(T, raiz(T )) é ♦ ♣✐✈ô

❞❡ T ✱ ❝❛s♦ ♦ r❡t♦r♥♦ s❡❥❛ ♥✉❧❧ ❡♥tã♦ ❛ ár✈♦r❡ ♥ã♦ ♣♦ss✉✐ ♣✐✈ô✳

❉❡♠♦♥str❛çã♦✳ ❖ ♣r♦❝❡❞✐♠❡♥t♦ ❢❛③ ✉♠ ♣❡r❝✉rs♦ ❡♠ ♣ós✲♦r❞❡♠ ✐♥✈❡rt✐❞❛ ❡ r❡t♦r♥❛ ♦

♣r✐♠❡✐r♦ ✈ért✐❝❡ ♥ã♦ ❡s❣♦t❛❞♦ ❡♥❝♦♥tr❛❞♦✳ ❈❛s♦ t❛❧ ✈ért✐❝❡ ♥ã♦ ❡①✐st❛ ♦ r❡t♦r♥♦ ❞❡ t♦❞❛s



✸✳✸ ●❡r❛♥❞♦ ár✈♦r❡s ❡♠ ♦r❞❡♠ ✸✷

❛s ❝❤❛♠❛❞❛s r❡❝✉rs✐✈❛s s❡rá ♥✉❧❧ ✳

❆ ❝♦♠♣❧❡①✐❞❛❞❡ ❞❡❝♦rr❡ ❞✐r❡t❛♠❡♥t❡ ❞♦ ❢❛t♦ ✸✳✸✳✶ ❡ ❞❡s❝r❡✈❡♠♦s ❛❜❛✐①♦✳

❋❛t♦ ✸✳✸✳✸✳ ❙❡❥❛♠ T ∈ Tn ♦r❞❡♥❛❞❛ ❡ r♦t✉❧❛❞❛ ❡ v ✈ért✐❝❡ ❞❡ T ✱ ❡♥tã♦ ❛ ❝♦♠♣❧❡①✐❞❛❞❡

❞❡ EncontraP ivo(T, v) é O(l(v))✳

❊♠ ♣❛rt✐❝✉❧❛r ♦ ❝✉st♦ ♣❛r❛ ❜✉s❝❛r ♦ ♣✐✈ô ❡♠ ✉♠❛ ár✈♦r❡ T ∈ Tn é O(n)✱ ♣❡❧❛ ❝❤❛♠❛❞❛

EncontraP ivo(T, raiz(T ))✳

❊s❝r❡✈❡♠♦s ❛ s❡❣✉✐r ✉♠ ❛❧❣♦r✐t♠♦ q✉❡ r❡❝♦♥stró✐ ✉♠ ✈ért✐❝❡ ❛ ♣❛rt✐r ❞❡ ✉♠❛ ♣❛rt✐çã♦

❞❛❞❛ ❝♦♠♦ ❡♥tr❛❞❛✱ s❡♠ ❛❧t❡r❛r ♦ ♥ú♠❡r♦ ❞❡ ❢♦❧❤❛s ❞❛ ár✈♦r❡✳ ❚❛❧ ❛❧❣♦r✐t♠♦ ❛✉①✐❧✐❛rá ♥❛

❞❡♠♦♥str❛çã♦ ❞♦ ❧❡♠❛ ✸✳✸✳✶ ❡ ♥❛ ❝♦♥str✉çã♦ ❞♦ ❛❧❣♦r✐t♠♦ ✸✳✽✳

❆❧❣♦r✐t❤♠ ✸✳✼ ❘❡❝♦♥str✉çã♦ ❞❡ ✈ért✐❝❡ ❛tr❛✈és ❞❡ ♣❛rt✐çã♦
■♥♣✉t✿ ✈ért✐❝❡ v ❞❡ ár✈♦r❡ T ∈ Tn ♦r❞❡♥❛❞❛ ❡ ♣❛rt✐çã♦ (ai)k ∈ Part(l(v))
❖✉t♣✉t✿ ✈ért✐❝❡ v′ ❝♦♠ ♣❛rt✐çã♦ ✐♥❞✉③✐❞❛ (ai)k

✶✿ ♣r♦❝❡❞✉r❡ ReconstroiV ertice✭v, (ai)k✮

✷✿ ❙✉❜st✐t✉❛ ♦s ✜❧❤♦s ❞❡ v ♣❡❧♦s ✈ért✐❝❡s v1 . . . , vk

✸✿ ❢♦r ✐ ← ✶ t♦ ❦ ❞♦

✹✿ ✐❢ ai > 1 t❤❡♥ ✐♥s✐r❛ ai ❢♦❧❤❛s ❡♠ vi

✺✿ ❡♥❞ ❢♦r

✻✿ r❡t✉r♥ v

✼✿ ❡♥❞ ❢✉♥❝t✐♦♥

❊①❡♠♣❧♦ ✸✳✸✳✹✳ ❆❜❛✐①♦ r❡♣r❡s❡♥t❛♠♦s ❛s ár✈♦r❡s T, T ′ ∈ T12✱ ♥❡st❛ ♦r❞❡♠✳ ❖♥❞❡ ❛

ár✈♦r❡ T ′ é ♦❜t✐❞❛ ♣♦r T ❛♦ s✉❜st✐t✉✐r ❛ s✉❜ár✈♦r❡ ❡♥r❛✐③❛❞❛ ❡♠ v ♣♦r v′✱ ❞❛❞♦ ♣❡❧♦

r❡t♦r♥♦ ❞❡ ReconstroiV ertice(v, (ai)7)✱ ♦♥❞❡ (ai)7 = (1, 6)✳

❋✐❣✉r❛ ✸✳✶✵✿ ❘❡❝♦♥str✉çã♦ ❞❡ ✈ért✐❝❡✳

❋❛t♦ ✸✳✸✳✹✳ ❙❡❥❛♠ T ∈ Tn ♦r❞❡♥❛❞❛✱ v ✉♠ ✈ért✐❝❡ ❡ (ai)k ∈ Part(l(v))✱ ❡♥tã♦ ♦ ♣r♦❝❡❞✐✲

♠❡♥t♦ ReconstroiV ertice(v, (ai)k) t❡♠ ❝♦♠♣❧❡①✐❞❛❞❡ O(l(v))✳



✸✳✸ ●❡r❛♥❞♦ ár✈♦r❡s ❡♠ ♦r❞❡♠ ✸✸

❉❡♠♦♥str❛çã♦✳ ❉❡♥♦t❛r❡♠♦s ♦s ✜❧❤♦s ❞❡ v ❛♥t❡s ❞❛ s✉❜st✐t✉✐çã♦ ♣♦r u1 ≤ . . . ≤ um ❡

❛♣ós ❛ s✉❜st✐t✉✐çã♦ ♣♦r v1 ≤ . . . ≤ vk✱ ♣❡❧❛ ❧✐♥❤❛ ✷✳ ❖ t❡♠♣♦ ♣❛r❛ s✉❜st✐t✉✐çã♦ ❞❡st❡

♣r♦❝❡ss♦ é✿
m∑

1

O(l(ui)) +
k∑

1

O(l(vk)) = O(l(v)) +O(l(v)) = O(l(v))

❖♥❞❡ ❛ ♣r✐♠❡✐r❛ ✐❣✉❛❧❞❛❞❡ ❞❡❝♦rr❡ ❞♦ ❢❛t♦ ✸✳✶✳✷✳ ❈♦♠ r❛❝✐♦❝í♥✐♦ s❡♠❡❧❤❛♥t❡ ✈❡♠♦s q✉❡

♦ ❧♦♦♣ ❞❛ ❧✐♥❤❛ ✸ é ❡①❡❝✉t❛❞♦ ❡♠ t❡♠♣♦ O(l(v))✱ ❧♦❣♦ s❡❣✉❡ ❛ ❝♦♠♣❧❡①✐❞❛❞❡ ❞❡s❡❥❛❞❛✳

▲❡♠❛ ✸✳✸✳✶✳ ❯♠❛ ár✈♦r❡ é ♦ ♠❛✐♦r ❡❧❡♠❡♥t♦ ❞❡ Tn s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ♥ã♦ ♣♦ss✉✐ ♣✐✈ô✳

❉❡♠♦♥str❛çã♦✳ ❋❛r❡♠♦s ❛ ♣r♦✈❛ ♣♦r ❝♦♥tr❛✲♣♦s✐t✐✈❛✳

❙❡❥❛ T ∈ Tn ❝♦♠ ♣✐✈ô v✱ ❝✉❥❛ ♣❛rt✐çã♦ ✐♥❞✉③✐❞❛ é ❛ ∈ Part(l(v))✱ ♣♦rt❛♥t♦ ❡①✐st❡

❜ ∈ Part(l(v)) t❛❧ q✉❡ b > a✳ ❈♦♥s✐❞❡r❡ ❛ ár✈♦r❡ T ′ ♦❜t✐❞❛ ❞❡ T ❛♣ós s✉❜st✐t✉✐çã♦ ❞❡ v

♣❡❧♦ ✈ért✐❝❡ v′ ❞❛❞♦ ♣❡❧♦ r❡t♦r♥♦ ❞❡ ReconstroiV ertice(v,❜)✳ ❊♥tã♦ T ′ > T ✱ ♦✉ s❡❥❛✱ T

♥ã♦ é ♦ ♠❛✐♦r ❡❧❡♠❡♥t♦ ❞❡ Tn✳

❘❡❝✐♣r♦❝❛♠❡♥t❡✱ s✉♣♦♥❤❛ q✉❡ T ♥ã♦ é ♦ ♠❛✐♦r ❡❧❡♠❡♥t♦ ❞❡ Tn✱ ❡♥tã♦ ❡①✐st❡ ❛❧❣✉♠

✈ért✐❝❡ q✉❡ ♥ã♦ ❡stá ❡s❣♦t❛❞♦✱ ♣♦rt❛♥t♦ ♦ ♣✐✈ô ❞❛ ár✈♦r❡ ❡①✐st❡✳

❊①❡♠♣❧♦ ✸✳✸✳✺✳ ❆s ár✈♦r❡s ❛❜❛✐①♦ sã♦ ❛ ♠❡♥♦r ❡ ❛ ♠❛✐♦r ár✈♦r❡s ❞❡ T15✱ ♥❡st❛ ♦r❞❡♠✳

❋✐❣✉r❛ ✸✳✶✶✿ ▼❡♥♦r ❡ ♠❛✐♦r ár✈♦r❡ ❞❡ T15

❖❜s❡r✈❡ q✉❡ ❛ ♠❛✐♦r ár✈♦r❡ ❞❡ Tn é ❜✐♥ár✐❛✱ ♣❛r❛ n ≥ 2✳ ❉❡ ❢❛t♦✱ ♦ ❧❡♠❛ ✸✳✸✳✶

❣❛r❛♥t❡ q✉❡ t♦❞♦s ♦s ✈ért✐❝❡s sã♦ ❡s❣♦t❛❞♦s✱ ❡♥tã♦ ❛ ♣❛rt✐çã♦ ✐♥❞✉③✐❞❛ ♣♦r ❝❛❞❛ ✈ért✐❝❡

♣♦ss✉✐ ❛♣❡♥❛s ❞♦✐s ❡❧❡♠❡♥t♦s✱ ♣❡❧♦ ❢❛t♦ ✸✳✶✳✺✳ P♦ré♠ ❛ r❡❝í♣r♦❝❛ ♥ã♦ é ✈❡r❞❛❞❡✐r❛✱ ❝♦♠♦

♦❜s❡r✈❛❞♦ ♥♦ ❡①❡♠♣❧♦ ❛❜❛✐①♦✳

❊①❡♠♣❧♦ ✸✳✸✳✻✳ ❆ ár✈♦r❡ ❛❜❛✐①♦ é ❜✐♥ár✐❛✱ ♣♦ré♠ ♥ã♦ é ❛ ♠❛✐♦r ❞❡ T15✱ ♣♦✐s ♦ ✈ért✐❝❡

❡♠ ❞❡st❛q✉❡ é s❡✉ ♣✐✈ô✳



✸✳✸ ●❡r❛♥❞♦ ár✈♦r❡s ❡♠ ♦r❞❡♠ ✸✹

❋✐❣✉r❛ ✸✳✶✷✿ ár✈♦r❡ ❜✐♥ár✐❛ ❡ ♥ã♦ ♠❛✐♦r ❞❡ T15

❆❣♦r❛ s♦♠♦s ❝❛♣❛③❡s ❞❡ ❞❡s❡♥✈♦❧✈❡r ♦ ♣r♦❝❡❞✐♠❡♥t♦ q✉❡ ♦❜té♠ ❛ ár✈♦r❡ ✐♠❡❞✐❛t❛✲

♠❡♥t❡ ♠❛✐♦r✱ q✉❡ ❢❛rá ❛ ❝♦♥str✉çã♦ ❞❡ ❝❛❞❛ ár✈♦r❡ ❡♥tr❡ ❛ ♠❡♥♦r ❡ ♠❛✐♦r ❞❡ Tn ✭❡①❡♠♣❧♦

✸✳✸✳✺✮✳ ❚❛❧ ♣r♦❝❡❞✐♠❡♥t♦ é tã♦ ✐♠♣♦rt❛♥t❡ q✉❛♥t♦ ♦ ❛❧❣♦r✐t♠♦ ❣❡r❛❞♦r ❞❡ ❝♦❣r❛❢♦s✱ q✉❡

s❡rá ❝♦♥str✉í❞♦ ♠❛✐s ❛❞✐❛♥t❡✳

❆ ✜♠ ❞❡ ♥ã♦ s♦❜r❡❝❛rr❡❣❛r ❛ ❡s❝r✐t❛ ❞♦ ❛❧❣♦r✐t♠♦ ✜①❛r❡♠♦s ❛ s❡❣✉✐♥t❡ ♥♦t❛çã♦✿ ❉❛❞❛

❛ ✐r♠❛♥❞❛❞❡ I(vj) = {v1, . . . , vj−1, vj, vj+1, . . . , vm} ♦r❞❡♥❛❞❛✱ ❞❡✜♥✐♠♦s ♦s ❝♦♥❥✉♥t♦s

I−(vj) = {v1, . . . , vj−1} ❡ I+(vj) = {vj+1, . . . , vm}✱ ❡♥tã♦ I(vj) ♣♦❞❡ s❡r ♣❛rt✐❝✐♦♥❛❞♦

❡♠ I−(vj) ∪ {vj} ∪ I+(vj)✳



✸✳✸ ●❡r❛♥❞♦ ár✈♦r❡s ❡♠ ♦r❞❡♠ ✸✺

❆❧❣♦r✐t❤♠ ✸✳✽ ➪r✈♦r❡ ✐♠❡❞✐❛t❛♠❡♥t❡ ♠❛✐♦r
■♥♣✉t✿ ár✈♦r❡ T ∈ Tn ♦r❞❡♥❛❞❛ ❡ r♦t✉❧❛❞❛

❖✉t♣✉t✿ ár✈♦r❡ T ′ ∈ Tn ✐♠❡❞✐❛t❛♠❡♥t❡ ♠❛✐♦r q✉❡ T

✶✿ ♣r♦❝❡❞✉r❡ ArvoreSeguinte✭T ✮

✷✿ v ← EncontraP ivo(T, raiz(T ))

✸✿ ✐❢ v 6= ♥✉❧❧ t❤❡♥

✹✿ bm ← ParticaoSeguinte((ai)k)✱ ♦♥❞❡ (ai)k é ♣❛rt✐çã♦ ✐♥❞✉③✐❞❛ ❞❡ v✳

✺✿ v ← ReconstroiV ertice(v, (bi)m)

✻✿ x← v

✼✿ r❡♣❡❛t

✽✿ ❢♦r ❛❧❧ y ∈ I+(x) ❞♦
✾✿ ✐❢ l(y) = l(x) t❤❡♥ ❝♦♣✐❛r s✉❜ár✈♦r❡ T (x) ❡♠ T (y)

✶✵✿ ❡❧s❡ y ← ReconstroiV ertice(y, c)✱ ♦♥❞❡ c = (1)l(y)

✶✶✿ ❡♥❞ ❢♦r

✶✷✿ x← pai(x)

✶✸✿ ✉♥t✐❧ x = ♥✉❧❧

✶✹✿ r❡t✉r♥ T

✶✺✿ ❡❧s❡ r❡t✉r♥ ♥✉❧❧ ⊲ ♥ã♦ ❡①✐st❡ ár✈♦r❡ ♠❛✐♦r

✶✻✿ ❡♥❞ ✐❢

✶✼✿ ❡♥❞ ❢✉♥❝t✐♦♥

❆ ✐❞❡✐❛ ❣❡r❛❧ ❞♦ ❛❧❣♦r✐t♠♦ ❛❝✐♠❛ é ❜✉s❝❛r ♦ ♣✐✈ô ❞❛ ár✈♦r❡✱ ❡ ❡♠ s❡❣✉✐❞❛ ❡✈♦❧✉✐r s✉❛

♣❛rt✐çã♦ ✐♥❞✉③✐❞❛ ❡ ✧r❡s❡t❛r✧ ♣❛r❛ ❛ ♠❡♥♦r ❝♦♥✜❣✉r❛çã♦ ♣♦ssí✈❡❧ t♦❞♦s ♦s ✈ért✐❝❡s q✉❡ ❛

❜✉s❝❛ ❞♦ ♣✐✈ô ✈✐s✐t♦✉ ❛♥t❡r✐♦r♠❡♥t❡✳ ❊ss❛ ✐❞❡✐❛ é ❜❛s❡❛❞❛ ♥♦ ❢❛t♦ ❞❡ q✉❡ ❛ ❝♦♠♣❛r❛çã♦ ❞❡

ár✈♦r❡s é ❢❡✐t❛ ❞❛ ❡sq✉❡r❞❛ ♣❛r❛ ❛ ❞✐r❡✐t❛ ❡♠ ❝❛❞❛ ✐r♠❛♥❞❛❞❡ ✭❞❡✜♥✐çã♦ ✸✳✷✳✶✮✱ ❡♥q✉❛♥t♦

❛ ❜✉s❝❛ ❞♦ ♣✐✈ô ♦❝♦rr❡ ❞❛ ❞✐r❡✐t❛ ♣❛r❛ ❡sq✉❡r❞❛✳

❖❜s❡r✈❡ q✉❡ ♦ ❛❧❣♦r✐t♠♦ ✸✳✽ ❡①✐❣❡ q✉❡ ❛ ár✈♦r❡ ❞❡ ❡♥tr❛❞❛ s❡❥❛ ♦r❞❡♥❛❞❛✱ ❝♦♥t✉❞♦

✉♠❛ ♣r♦♣r✐❡❞❛❞❡ ✐♥t❡r❡ss❛♥t❡ é q✉❡ ❛ ár✈♦r❡ r❡t♦r♥❛❞❛ ♠❛♥té♠ ❛ ♦r❞❡♥❛çã♦✳ ❈♦♥❢♦r♠❡

❞❡s❝r✐t♦ ❡ ♣r♦✈❛❞♦ ♥❛ ♣r♦♣♦s✐çã♦ ❛ s❡❣✉✐r✳

Pr♦♣♦s✐çã♦ ✸✳✸✳✹✳ ❙❡❥❛ T ∈ Tn ♦r❞❡♥❛❞❛ t❛❧ q✉❡ T ♥ã♦ é ♦ ♠❛✐♦r ❡❧❡♠❡♥t♦ ❞❡ Tn✱

❡♥tã♦ ❛ ár✈♦r❡ r❡❢❡r❡♥t❡ ❛♦ r❡t♦r♥♦ ❞❡ ArvoreSeguinte(T ) ❡stá ♦r❞❡♥❛❞❛✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ T ′ ♦ r❡t♦r♥♦ ❞♦ ♣r♦❝❡❞✐♠❡♥t♦✱ ♦❜s❡r✈❡ q✉❡ T ′ ∈ Tn✱ ♣♦✐s ♦ ♥ú♠❡r♦ ❞❡

❢♦❧❤❛s ❡♠ ❝❛❞❛ ✈ért✐❝❡ ❞❛ ár✈♦r❡ é ♠❛♥t✐❞♦✳ ❉❡♥♦t❛r❡♠♦s ♣♦r v ♦ ♣✐✈ô ❞❡ T ✱ ❝✉❥❛ ❡①✐stê♥❝✐❛

é ❣❛r❛♥t✐❞❛ ♣❡❧♦ ❧❡♠❛ ✸✳✸✳✶✱ ❡ ♣♦r v′ ♦ ❝♦rr❡s♣♦♥❞❡♥t❡ ❞❡ v ❡♠ T ′✱ ♣❡❧❛ ♦♣❡r❛çã♦ ❞❛ ❧✐♥❤❛



✸✳✸ ●❡r❛♥❞♦ ár✈♦r❡s ❡♠ ♦r❞❡♠ ✸✻

✺✳ ❊♠ ❣❡r❛❧ ♣❛r❛ ❝❛❞❛ x ❡♠ T ❞❡♥♦t❛r❡♠♦s ♣♦r x′ ♦ s❡✉ ❝♦rr❡s♣♦♥❞❡♥t❡ ❡♠ T ′✱ ❝❛s♦

❡①✐st❛✱ s❡❣✉♥❞♦ ❛s ♦♣❡r❛çõ❡s ♥❛s ❧✐♥❤❛s ✾ ❡ ✶✵✳

P❛r❛ ❝❛❞❛ x′ ❛♥❝❡str❛❧ ❞❡ v′✱ ♣r♦✈❛r❡♠♦s q✉❡ ❛s ✐r♠❛♥❞❛❞❡s IT ′(x′) ❡ IT ′(v′) ❡stã♦

♦r❞❡♥❛❞❛s✳ P♦✐s ❛s ❞❡♠❛✐s ✐r♠❛♥❞❛❞❡s ♥ã♦ s♦❢r❡r❛♠ ❛❧t❡r❛çã♦✱ ❡♥tã♦ ❛ ♦r❞❡♥❛çã♦ ❞❡❝♦rr❡

❞✐r❡t❛♠❡♥t❡ ❞❛ ♦r❞❡♥❛çã♦ ❞❡ T ✳ ▼❛✐s q✉❡ ✐ss♦✱ ♣❡❧♦ ♠❡s♠♦ r❛❝✐♦❝í♥✐♦ ✈❡♠♦s q✉❡ ♦

❝♦♥❥✉♥t♦ I−T ′(x′) ❥á ❡stá ♦r❞❡♥❛❞♦ ♣❛r❛ ❝❛❞❛ x′✱ r❡st❛♥❞♦ ❛♣❡♥❛s ♣r♦✈❛r ❛ ♦r❞❡♥❛çã♦ ❞❡

I+T ′(x′) ❡ I+T ′(v′)✳ ❉❡ ❢❛t♦ ♣❛r❛ ❝❛❞❛ y′ ∈ I+T ′(x′) ∪ {x′} ✈❛❧❡♠ ♦s ❝❛s♦s✿

✶✳ ❙❡ x ≤ y ❡ l(x) = l(y) ❡♥tã♦ ♣❡❧❛ ♦♣❡r❛çã♦ ❞❛ ❧✐♥❤❛ ✾ ❡ ❧❡♠❛ ✸✳✷✳✶ ✈❛❧❡ x′⋍y′✳

✷✳ ❙❡ x < y ❡ l(x) < l(y) ❡♥tã♦ ❛ ♣❛rt✐çã♦ ✐♥❞✉③✐❞❛ ♣♦r y′ é ❛ ♠❡♥♦r ❞❡ Part(l(y))

✭❧✐♥❤❛ ✶✵✮✱ ❡♥tã♦ x′ < y′✱ s❡❣✉♥❞♦ ❛ ❞❡✜♥✐çã♦ ✸✳✷✳✶✳

P♦rt❛♥t♦ ❡♠ ❛♠❜♦s ♦s ❝❛s♦s ❛ ♦r❞❡♥❛çã♦ ❞♦s ✈ért✐❝❡s é ♠❛♥t✐❞❛✱ ✐st♦ é IT ′(x′) ❡stá

♦r❞❡♥❛❞❛✳ ❘❡st❛ ♣r♦✈❛r ❛ ♦r❞❡♥❛çã♦ ❞❡ IT ′(v′)✳

❊s❝r❡✈❡♠♦s IT (v) = {v1 ≤ . . . ≤ vj ≤ vj+1 ≤ . . . ≤ vj+h} ❡ IT ′(v′) = {v′1 ≤ . . . ≤ v′j ≤
v′j+1 ≤ . . . ≤ v′j+h}✱ ♦♥❞❡ vj := v ❡ v′j := v′✳

❈♦♠♦ ♦ ❛❧❣♦r✐t♠♦ só ❛❧t❡r❛ ♦s ✈ért✐❝❡s ❞♦ ❝♦♥❥✉♥t♦ I+T (v)∪{v}✱ ❡♥tã♦ ❛ ♦r❞❡♥❛çã♦ ❞❡

T ❣❛r❛♥t❡ ❛ ♦r❞❡♥❛çã♦ ❞❡ I−T ′(v′)✳

❆✜r♠❛çã♦✿ v′ ❡stá ♦r❞❡♥❛❞♦ ❡♠ r❡❧❛çã♦ ❛♦ ❝♦♥❥✉♥t♦ IT ′(v′)✳

Pr❡❝✐s❛♠♦s ♣r♦✈❛r q✉❡ v′j−1 ≤ v′j ≤ v′j+1✳ ❉❡ ❢❛t♦✱ ♣❡❧❛ ♣r♦♣♦s✐çã♦ ✸✳✸✳✶ ❡ ❝❛s♦

4.1 ❞❛ ❞❡✜♥✐çã♦ ✸✳✷✳✶ t❡♠♦s v′j > vj✱ ♠❛s ♣❡❧❛ ♦r❞❡♥❛çã♦ ❞❡ T ✈❛❧❡ vj ≥ vj−1⋍v
′
j−1✱

♣♦rt❛♥t♦ v′j ≥ v′j−1✳ P♦r ♦✉tr♦ ❧❛❞♦ s❡ l(vj+1) = l(vj) ❡♥tã♦ ♣❡❧❛ ❧✐♥❤❛ ✾ t❡♠♦s v′j+1⋍v
′
j✱

s❡♥ã♦ l(vj+1) > l(vj) ✭♣❡❧❛ ❧✐♥❤❛ ✶✵ ❡ ❞❡✜♥✐çã♦ ✸✳✷✳✶✮ ❡ t❡♠♦s v′j+1 > v′j✱ ❞♦♥❞❡ s❡❣✉❡ ❛

❛✜r♠❛çã♦✳

P♦r ♦✉tr♦ ❧❛❞♦ I+T ′(v′) ❡stá ♦r❞❡♥❛❞♦✱ ♣❡❧❛ ❥✉st✐✜❝❛t✐✈❛ ❛♥á❧♦❣❛ ❛♦ ❢❡✐t♦ ❡♠ I+T ′(x′)✱

♣♦✐s ❛♠❜♦s sã♦ tr❛t❛❞♦s ♣❡❧❛s ♦♣❡r❛çõ❡s ❞❛s ❧✐♥❤❛s ✾ ❡ ✶✵✳ ❉❡st❡ ú❧t✐♠♦ ❢❛t♦ ❡ ❛✜r♠❛çã♦

❛♥t❡r✐♦r ❣❛r❛♥t✐♠♦s ❛ ♦r❞❡♥❛çã♦ ❞❡ IT ′(v′)✱ ❞♦♥❞❡ s❡❣✉❡ ♦ r❡s✉❧t❛❞♦✳

❚❡♦r❡♠❛ ✸✳✸✳✶✳ ❙❡❥❛ T ∈ Tn✳ ❖ r❡t♦r♥♦ ❞♦ ♣r♦❝❡❞✐♠❡♥t♦ ArvoreSeguinte(T ) é ❛ ár✲

✈♦r❡ ✐♠❡❞✐❛t❛♠❡♥t❡ ♠❛✐♦r q✉❡ T ❡♠ Tn✱ ❝❛s♦ s❡❥❛ ♥✉❧❧ ❡♥tã♦ T é ♦ ♠❛✐♦r ❡❧❡♠❡♥t♦ ❞♦

❝♦♥❥✉♥t♦✳

❉❡♠♦♥str❛çã♦✳ ❙❡ ♦ ♣r♦❝❡❞✐♠❡♥t♦ r❡t♦r♥❛ ♥✉❧❧ ✱ ♦ r❡s✉❧t❛❞♦ é ❣❛r❛♥t✐❞♦ ♣❡❧♦ ❧❡♠❛ ✸✳✸✳✶✳

❈❛s♦ ❝♦♥trár✐♦✱ ❝♦♥s✐❞❡r❡ T ′ ♦ r❡t♦r♥♦ ❞♦ ❛❧❣♦r✐t♠♦✳



✸✳✸ ●❡r❛♥❞♦ ár✈♦r❡s ❡♠ ♦r❞❡♠ ✸✼

❈♦♠♦ ❛ ár✈♦r❡ T ′ ❡stá ♦r❞❡♥❛❞❛ ♣❡❧❛ ♣r♦♣♦s✐çã♦ ❛♥t❡r✐♦r✱ ♣♦❞❡♠♦s ❡❢❡t✉❛r ❛ ❝♦♠♣❛✲

r❛çã♦ ❡♥tr❡ T ❡ T ′ ❝♦♠ ❛ ❞✐s♣♦s✐çã♦ ❞♦s ✈ért✐❝❡s r❡t♦r♥❛❞❛ ♣❡❧♦ ❛❧❣♦r✐t♠♦✳ ❈♦♥s✐❞❡r❡ v ♦

♣✐✈ô ❞❡ T ❡ v′ s❡✉ ❝♦rr❡s♣♦♥❞❡♥t❡ ❡♠ T ′✱ ❡♠ ❣❡r❛❧ ♣❛r❛ ❝❛❞❛ x ❡♠ T ❞❡♥♦t❛r❡♠♦s ♣♦r x′

♦ s❡✉ ❝♦rr❡s♣♦♥❞❡♥t❡ ❡♠ T ′✱ ❝❛s♦ ❡①✐st❛✱ s❡❣✉♥❞♦ ❛s ♦♣❡r❛çõ❡s ♥❛s ❧✐♥❤❛s ✾ ❡ ✶✵✱ ♠❡s♠❛

♥♦t❛çã♦ ✉s❛❞❛ ♥❛ ♣r♦✈❛ ❞❛ ♣r♦♣♦s✐çã♦ ❛♥t❡r✐♦r✳

❆✜r♠❛çã♦✿ T ′ > T ✳

❙❡ v = raiz(T ) ❡♥tã♦ é ❝❧❛r♦ q✉❡ T ′ > T ✳ ❙✉♣♦♥❤❛ ♦ ❝♦♥trár✐♦ ❡s❝r❡✈❡♠♦s IT (v) =

{v1 ≤ . . . ≤ vk ≤ vk+1 ≤ . . . ≤ vh} ❡ IT ′(v′) = {v′1 ≤ . . . ≤ v′k ≤ v′k+1 ≤ . . . ≤ v′h}✱ ♦♥❞❡
vk := v ❡ v′k := v′✳

P❡❧❛ ❧✐♥❤❛ ✹ ❡ ♣r♦♣♦s✐çã♦ ✸✳✸✳✶ t❡♠♦s v′ > v✳ ❆❧é♠ ❞✐ss♦ t❡♠♦s vi⋍v′i ♣❛r❛ 1 ≤ i < k✱

♣♦✐s ♦ ❛❧❣♦r✐t♠♦ ♥ã♦ ❢❛③ ❛❧t❡r❛çã♦ ♥♦s ✈ért✐❝❡s ❞❡ I−T (vk)✳ ❉❡st❡s ❢❛t♦s ❣❛r❛♥t✐♠♦s q✉❡

pai(v′) > pai(v)✱ ♣❡❧♦ ❝❛s♦ ✹✳✸❜ ❞❛ ❞❡✜♥✐çã♦ ✸✳✷✳✶✳

❙❡❥❛ x = pai(v)✱ ❡s❝r❡✈❛ IT (x) = {x1 ≤ . . . ≤ xj ≤ . . . ≤ xu} ❡ IT ′(x′) = {x′1 ≤ . . . ≤
x′j ≤ . . . ≤ x′u}✱ ♦♥❞❡ xj := x ❡ x′j := x′✳ ❈♦♠ r❛❝✐♦❝í♥✐♦ s❡♠❡❧❤❛♥t❡ ❛♦ ❢❡✐t♦ ❛❝✐♠❛ t❡♠♦s

xi⋍x
′
i ♣❛r❛ 1 ≤ i < j✱ ❡♥tã♦ ♣❡❧♦ ❝❛s♦ ✹✳✸❜ ❞❛ ❞❡✜♥✐çã♦ ✸✳✷✳✶ ❣❛r❛♥t✐♠♦s pai(x′) > pai(x)✱

✉♠❛ ✈❡③ q✉❡ x′ > x✳ ❊♠ ❣❡r❛❧ ♦ ♠❡s♠♦ r❛❝✐♦❝í♥✐♦ ♣♦❞❡ s❡r ❢❡✐t♦ ❞❡ ❢♦r♠❛ s✉❝❡ss✐✈❛ ♣❛r❛

❝❛❞❛ ❛♥❝❡str❛❧ x ❞❡ v✱ ♦❜t❡♥❞♦ s❡♠♣r❡ x′ > x✳ ❆♦ ❛❧❝❛♥ç❛r ♦ ❝❛s♦ x = raiz(T ) ❣❛r❛♥t✐♠♦s

q✉❡ T ′ > T ✱ ❞♦♥❞❡ s❡❣✉❡ ❛ ❛✜r♠❛çã♦ ❢❡✐t❛✳

❱❛♠♦s ❛❣♦r❛ ♣r♦✈❛r q✉❡ T ′ é ✐♠❡❞✐❛t❛♠❡♥t❡ ♠❛✐♦r q✉❡ T ❡♠ Tn✳

■♥✐❝✐❛❧♠❡♥t❡ ♦ ❛❧❣♦r✐t♠♦ t♦♠❛ ♦ ♣✐✈ô v ❞❡ T ❡ ❝♦♥stró✐ v′ ❝✉❥❛ ♣❛rt✐çã♦ ✐♥❞✉③✐❞❛

é ✐♠❡❞✐❛t❛♠❡♥t❡ ♠❛✐♦r q✉❡ ❛ ❞❡ v✱ ♣❡❧❛ ❧✐♥❤❛ ✺✳ ❙❡❥❛ x ✉♠ ❛♥❝❡str❛❧ ❞❡ v ♦✉ ❛✐♥❞❛

x = v✱ ❡♥tã♦ ♣❛r❛ ❝❛❞❛ y ∈ I+T (x) ♦ ❛❧❣♦r✐t♠♦ ❝♦♥stró✐ y′i ∈ IT ′(x′) ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿

s❡ y ∈ I−T (x) ❡♥tã♦ y′ é ❡q✉✐✈❛❧❡♥t❡ ❛ x′✱ s❡ y ∈ I+T (x)✱ ❡st❡ é ✉♠ ✈ért✐❝❡ ❡s❣♦t❛❞♦ ♣❡❧❛

❞❡✜♥✐çã♦ ❞❡ ♣✐✈ô✱ ❡♥tã♦ y é ❝♦♥str✉í❞♦ ❞❡ ❢♦r♠❛ q✉❡ ❡st❡ s❡❥❛ ♦ ♠❡♥♦r ✈ért✐❝❡ ♣♦ssí✈❡❧✱

❝♦♥❢♦r♠❡ ❞❡t❛❧❤❛❞♦ ❛❜❛✐①♦ ❡ s❡♠❡❧❤❛♥t❡ ❛ ♣r♦✈❛ ❞❛ ♣r♦♣♦s✐çã♦ ❛♥t❡r✐♦r✳

✶✳ ❙❡ x ≤ y ❡ l(x) = l(y) ❡♥tã♦ x′⋍y′ ✭❧✐♥❤❛ ✾✮✳

✷✳ ❙❡ x < y ❡ l(x) < l(y) ❡♥tã♦ y′ é ❝♦♥str✉í❞♦ ❛ ♣❛rt✐r ❞❛ ♠❡♥♦r ♣❛rt✐çã♦ Part(l(y))✱

♦❜t❡♥❞♦ x′ < y′ ✭❧✐♥❤❛ ✶✵✮✳

❈♦♠♦ j = min{i; xi 6⋍x′i} ❡ x′j > xj✱ ❡♥tã♦ pai(x′) > pai(x)✱ ♣♦r ❞❡✜♥✐çã♦✳ ❆❧é♠

❞✐ss♦✱ ♣❡❧♦s ❝❛s♦s ✈✐st♦s ❛❝✐♠❛✱ ♣❛r❛ ❝❛❞❛ i ∈ {j + 1, . . . , u} t❡♠♦s xi ❡s❣♦t❛❞♦ ❡♠ T ❡

x′i ❡♠ T ′ ❝♦♥str✉í❞♦ ❞❡ ❢♦r♠❛ q✉❡ s❡❥❛ ♦ ♠❡♥♦r ♣♦ssí✈❡❧ ❝♦♠ l(xi) ❢♦❧❤❛s✱ ❡♥tã♦ pai(x′) é

✐♠❡❞✐❛t❛♠❡♥t❡ ♠❛✐♦r q✉❡ pai(x)✱ ❞❡♥tr❡ t♦❞♦s ♦s ✈ért✐❝❡s ❝♦♠ l(pai(x)) ❢♦❧❤❛s ✐♥❞✉③✐❞❛s✳



✸✳✸ ●❡r❛♥❞♦ ár✈♦r❡s ❡♠ ♦r❞❡♠ ✸✽

❈♦♠♦ ❡ss❡ ❛r❣✉♠❡♥t♦ ✈❛❧❡ ♣❛r❛ ❝❛❞❛ x ❛♥❝❡str❛❧ ❞❡ v ♦✉ x = v✱ ❡♥tã♦ T ′ é ✐♠❡❞✐❛t❛♠❡♥t❡

♠❛✐♦r q✉❡ T ❡♠ Tn✳

❊①❡♠♣❧♦ ✸✳✸✳✼✳ ❆❜❛✐①♦ ✐❧✉str❛♠♦s ❛s ár✈♦r❡s T, T ′, T ′′ ∈ T40✱ ♦♥❞❡ ❡ T ′′ ✐♠❡❞✐❛t❛♠❡♥t❡

♠❛✐♦r q✉❡ T ′ ❡ ❡st❡ ♣♦r s✉❛ ✈❡③ ✐♠❡❞✐❛t❛♠❡♥t❡ ♠❛✐♦r q✉❡ T ✱ ♦♥❞❡ T ′ ❡ T ′′ sã♦ r❡t♦r♥❛❞❛s

♣❡❧♦ ❛❧❣♦r✐t♠♦ ✸✳✽✳ ◆❛ ✐❧✉str❛çã♦ ❛❜❛✐①♦ ❞❡st❛❝❛♠♦s ♦ ✈ért✐❝❡ ♣✐✈ô ❞❡ ❝❛❞❛ ár✈♦r❡✳

❋✐❣✉r❛ ✸✳✶✸✿ ➪r✈♦r❡s T < T ′ < T ′′ ✐♠❡❞✐❛t❛♠❡♥t❡ ♠❛✐♦r

Pr♦♣♦s✐çã♦ ✸✳✸✳✺✳ ❙❡ T ∈ Tn ♦ ❛❧❣♦r✐t♠♦ ArvoreSeguinte(T ) t❡♠ ❝♦♠♣❧❡①✐❞❛❞❡ O(n)✳

❉❡♠♦♥str❛çã♦✳ ❖ ♣✐♦r ❝❛s♦ ♦❝♦rr❡ q✉❛♥❞♦ ❛ ár✈♦r❡ ♣♦ss✉✐ ♣✐✈ô v✳

❖ ♣r♦❝❡❞✐♠❡♥t♦ ❞❡ ❜✉s❝❛ ❞♦ ♣✐✈ô ❡①❡❝✉t❛❞♦ ♥❛ ❧✐♥❤❛ ✷ t❡♠ ❝♦♠♣❧❡①✐❞❛❞❡ O(n) ♣❡❧♦

❢❛t♦ ✸✳✸✳✸✳ ❇❡♠ ❝♦♠♦ ❛s ❧✐♥❤❛s ✹ ❡ ✺✱ q✉❡ ♣♦ss✉❡♠ ❝♦♠♣❧❡①✐❞❛❞❡ O(l(v)) = O(n)✳

❙❡ v = raiz(T ) ❡♥tã♦ ♦ ❧♦♦♣ ❞❛s ❧✐♥❤❛s 7− 13 ♥ã♦ s❡rá ❡①❡❝✉t❛❞♦ ❡ ♦ ♣r♦❝❡❞✐♠❡♥t♦ é

r❡❛❧✐③❛❞♦ ❡♠ t❡♠♣♦ O(n)✳

❙✉♣♦♥❤❛ ❡♥tã♦ q✉❡ v 6= raiz(T ) ❡ s❡❥❛ Pv : (v = v0, v1, . . . , vk−1, vk = raiz(T )) ♦

❝❛♠✐♥❤♦ ❞♦ ♣✐✈ô ❛té ❛ r❛✐③ ❞❛ ár✈♦r❡✳ P❛r❛ ❝❛❞❛ x ❞❡ Pv ♦ ❧♦♦♣ ✐♥t❡r♥♦ ✭❧✐♥❤❛ 8✮ ❡①❡❝✉t❛rá

♣❛r❛ ❝❛❞❛ y ∈ I+(x) ❛s ♦♣❡r❛çõ❡s ❞❛ ❧✐♥❤❛ ✾ ❡ ✶✵✱ ❡s❝r❡✈❡♥❞♦ I(x) = {x1, . . . , x =

xj, . . . , xk}✱ ❛ ❝♦♠♣❧❡①✐❞❛❞❡ ❞❡st❡ ❧♦♦♣ é
∑k

i=2O(l(xi)) = O(l(pai(x))✱ ♦♥❞❡ ❛ ✐❣✉❛❧❞❛❞❡

❞❡❝♦rr❡ ❞♦ ❢❛t♦ ✸✳✶✳✷✳



✸✳✸ ●❡r❛♥❞♦ ár✈♦r❡s ❡♠ ♦r❞❡♠ ✸✾

❖ ❧♦♦♣ ❡①t❡r♥♦ ✭❧✐♥❤❛ ✼✮ ❡①❡❝✉t❛ ♦ ❧♦♦♣ ✐♥t❡r♥♦ ♣❛r❛ ❝❛❞❛ x ❞❡ Pv ✭❧✐♥❤❛ ✶✷✮✱ ❡♥tã♦

s❡❣✉✐♥❞♦ ❛ ✐❞❡✐❛ ❞❡s❡♥✈♦❧✈✐❞❛ ♥♦ ♣❛rá❣r❛❢♦ ❛♥t❡r✐♦r ❝♦♥❝❧✉í♠♦s ♦ s❡❣✉✐♥t❡ r❛❝✐♦❝í♥✐♦✿

❼ P❛r❛ x = v0 ♦ ♣r♦❝❡ss♦ ❞❛ ❧✐♥❤❛ ✽ é ❢❡✐t♦ ♣❛r❛ ❝❛❞❛ I+(v0) ❝✉❥♦ ❝✉st♦ é O(l(v1))❀

❼ P❛r❛ x = v1 ♦ t❡♠♣♦ ❞❡ ❡①❡❝✉çã♦ ❞♦ ❧♦♦♣ ❡①t❡r♥♦ é O(l(v1))✱ r❡❢❡r❡♥t❡ à ✐t❡r❛çã♦

❛♥t❡r✐♦r✱ s♦♠❛❞♦ ❛
∑

w∈I+(v1)
O(l(w)))✱ ♦ q✉❡ t♦t❛❧✐③❛ t❡♠♣♦ O(l(v2))❀

❼ ❈♦♠ ♠❡s♠♦ r❛❝✐♦❝í♥✐♦✱ ♣❛r❛ x = vi ♦ t❡♠♣♦ ❞❡ ❡①❡❝✉çã♦ é

O(l(vi)) +
∑

w∈I+(vi)

O(l(w))) = O(l(vi+1)),

♦♥❞❡ ❛ ✐❣✉❛❧❞❛❞❡ ❞❡❝♦rr❡ ❞♦ ❢❛t♦ ✸✳✶✳✷✳ ◆♦t❡ q✉❡ ❛ ♣r✐♠❡✐r❛ ♣❛r❝❡❧❛ é r❡❢❡r❡♥t❡ ❛

❝♦♠♣❧❡①✐❞❛❞❡ ❞❛s i ✐t❡r❛çõ❡s ❛♥t❡r✐♦r❡s✳ ◆♦ ❡sq✉❡♠❛ ❛❜❛✐①♦✱ ♦s tr❛❝❡❥❛❞♦s ✐♥❞✐❝❛♠ ❛s

s✉❜ár✈♦r❡s q✉❡ s❡rã♦ ♠♦❞✐✜❝❛❞❛s ♣❡❧♦ ♣r♦❝❡❞✐♠❡♥t♦✳

❋✐❣✉r❛ ✸✳✶✹✿ ❊sq✉❡♠❛ ❞❛ ♣r♦♣♦s✐çã♦ ✸✳✸✳✺

❖ ♣r♦❝❡ss♦ ✜♥❛❧✐③❛ ❛♦ ❛❧❝❛♥ç❛r ♦ ú❧t✐♠♦ ❛♥❝❡str❛❧ x = vk✱ ♣♦rt❛♥t♦ ♦ ❧♦♦♣ t❡♠ ❝♦♠✲

♣❧❡①✐❞❛❞❡ O(l(vk)) = O(n)✳ ❉♦♥❞❡ s❡❣✉❡ ♦ r❡s✉❧t❛❞♦✳

❆ ❣❡r❛çã♦ ❞♦s ❡❧❡♠❡♥t♦s ❞❡ Tn s❡rá ❢❡✐t❛ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿ t♦♠❛♠♦s ❛ ♠❡♥♦r ár✈♦r❡

❞❡ Tn ❡ ❛ ♣❛rt✐r ❞❡st❛ ♦❜t❡♠♦s ❛ ár✈♦r❡ ✐♠❡❞✐❛t❛♠❡♥t❡ ♠❛✐♦r ♣♦r s✉❝❡ss✐✈❛s ❛♣❧✐❝❛çõ❡s ❞♦

❛❧❣♦r✐t♠♦ ✸✳✽✱ ❛té ❛❧❝❛♥ç❛r ❛ ♠❛✐♦r ár✈♦r❡ ❞♦ ❝♦♥❥✉♥t♦ ✭✈❡❥❛ ♦ ❡①❡♠♣❧♦ ✸✳✸✳✺✮✱ ✐♥❞✐❝❛❞❛

♣❡❧❛ ❛✉sê♥❝✐❛ ❞❡ ♣✐✈ô✳



✸✳✸ ●❡r❛♥❞♦ ár✈♦r❡s ❡♠ ♦r❞❡♠ ✹✵

◆♦t❡ q✉❡ ❛ ❡♥tr❛❞❛ ❞♦ ❛❧❣♦r✐t♠♦ ✸✳✽ ❡①✐❣❡ q✉❡ ❛ ár✈♦r❡ ❡st❡❥❛ ♦r❞❡♥❛❞❛✱ ❡♥tã♦ ❛ ♣r✐♥✲

❝í♣✐♦ s❡r✐❛ ♥❡❝❡ssár✐♦✱ ❡♠ ❝❛❞❛ ✐t❡r❛çã♦✱ ♦r❞❡♥❛r ❛ ár✈♦r❡ ♦❜t✐❞❛ ♣❛r❛ ❡♥tã♦ ❢❛③❡r ❛♣❧✐❝❛r

♦ ❛❧❣♦r✐t♠♦ ✸✳✽✱ ♦ q✉❡ s❡r✐❛ ❡①tr❡♠❛♠❡♥t❡ ❝✉st♦s♦ ❡♠ t❡r♠♦s ❞❡ t❡♠♣♦ ❞❡ ❡①❡❝✉çã♦✳

P♦ré♠ ❞❡s❡♥✈♦❧✈❡♠♦s ♦ ❛❧❣♦r✐t♠♦ ❞❡ ❢♦r♠❛ ❛ ♠❛♥t❡r ❛ ♦r❞❡♥❛çã♦ ❞❛ ár✈♦r❡✱ ❝♦♥❢♦r♠❡

❣❛r❛♥t✐♠♦s ♥❛ ♣r♦♣♦s✐çã♦ ✸✳✸✳✹✳ P♦rt❛♥t♦ é ♥❡❝❡ssár✐♦ ❛ ♦r❞❡♥❛çã♦ ❛♣❡♥❛s ♥❛ ♣r✐♠❡✐r❛

ár✈♦r❡✱ q✉❡ é tr✐✈✐❛❧ ✭❢❛t♦ ✸✳✷✳✷✮ q✉❡ ❡ ❛s ❞❡♠❛✐s t❡rã♦ ❛ ♦r❞❡♥❛çã♦ ♠❛♥t✐❞❛✱ ❣❛r❛♥t✐♥❞♦

❛ ❡✜❝✐ê♥❝✐❛ ❞♦ ♣r♦❝❡❞✐♠❡♥t♦✳ ❆ s❡❣✉✐r ❞❡s❝r❡✈❡♠♦s ♦ ❛❧❣♦r✐t♠♦ ❞❡ ❣❡r❛çã♦ ❡♠ Tn✳

❆❧❣♦r✐t❤♠ ✸✳✾ ●❡r❛çã♦ ❞❡ Tn

■♥♣✉t✿ ✐♥t❡✐r♦ n ≥ 2

❖✉t♣✉t✿ Tn = {T1, T2, . . . , TM}
✶✿ ♣r♦❝❡❞✉r❡ GeracaoArvores✭n✮

✷✿ ❙❡❥❛ T1 ❛ ♠❡♥♦r ár✈♦r❡ ❞❡ Tn✳

✸✿ T1 ← Rotular(T1)

✹✿ i← 1

✺✿ r❡♣❡❛t

✻✿ Ti+1 ← ArvoreSeguinte(Ti)

✼✿ i← i+ 1

✽✿ ✉♥t✐❧ Ti+1 = ♥✉❧❧

✾✿ ❡♥❞ ❢✉♥❝t✐♦♥

❆ ❝♦rr❡t✉❞❡ ❞♦ ❛❧❣♦r✐t♠♦ é ♣r♦✈❛❞❛ ❛ s❡❣✉✐r✳

Pr♦♣♦s✐çã♦ ✸✳✸✳✻✳ ❉❛❞♦ n ✐♥t❡✐r♦ ♣♦s✐t✐✈♦✱ ♦ ❛❧❣♦r✐t♠♦ ❛❝✐♠❛ é ❝❛♣❛③ ❞❡ ❣❡r❛r t♦❞♦s ♦s

❡❧❡♠❡♥t♦s T1, T2, . . . TM ❞♦ ❝♦♥❥✉♥t♦ Tn✱ s❡♠ ❣❡r❛çã♦ ❞❡ ár✈♦r❡s ✐s♦♠♦r❢❛s✳ ❆❧é♠ ❞✐ss♦✱

❛ ❣❡r❛çã♦ ♦❝♦rr❡ ❡♠ ♦r❞❡♠ ❝r❡s❝❡♥t❡✳

❉❡♠♦♥str❛çã♦✳ ❈♦♠♦ ♦ ❛❧❣♦r✐t♠♦ ✐♥✐❝✐❛ ♥❛ ♠❡♥♦r ár✈♦r❡ ❞❡ Tn ❡ s✉❛ ❝♦♥❞✐çã♦ ❞❡ ♣❛✲

r❛❞❛ é q✉❛♥❞♦ ❛❧❝❛♥ç❛ ❛ ♠❛✐♦r ár✈♦r❡ Tn✱ ❡♥tã♦ ♣❡❧♦ t❡♦r❡♠❛ ✸✳✸✳✶ ❣❛r❛♥t✐♠♦s q✉❡ ♦

♣r♦❝❡❞✐♠❡♥t♦ ❡♥✉♠❡r❛ t♦❞♦s ♦s ❡❧❡♠❡♥t♦s ❞❡ Tn✳ ❆❧é♠ ❞✐ss♦ ❛s ár✈♦r❡s sã♦ ❣❡r❛❞❛s ❡♠

♦r❞❡♠ ❝r❡s❝❡♥t❡ T1 < T2 < . . . < TM ✱ ♦♥❞❡ t♦❞❛s sã♦ ♥ã♦ ✐s♦♠♦r❢❛s ❞♦✐s ❛ ❞♦✐s✱ ♣❡❧♦ ❧❡♠❛

✸✳✷✳✶✳

➱ ❝❧❛r♦ q✉❡ ♦ ❛❧❣♦r✐t♠♦ ✸✳✾ t❡♠ ❝♦♠♣❧❡①✐❞❛❞❡ t♦t❛❧ ♥ã♦ ♣♦❧✐♥♦♠✐❛❧✱ ✉♠❛ ✈❡③ q✉❡

♦ ♥ú♠❡r♦ ❞❡ ár✈♦r❡s ❞❡ Tn ✭❝♦❣r❛❢♦s n ✈ért✐❝❡s✮ é ❡①♣♦♥❡♥❝✐❛❧✳ ❈♦♥t✉❞♦ ✉♠❛ ♠❡❞✐❞❛

❝♦♥✈❡♥✐❡♥t❡ ❞❡ ❡✜❝✐ê♥❝✐❛ ♣❛r❛ ♦ ❛❧❣♦r✐t♠♦ GeracaoArvores(n) é ❛tr❛✈és ❞♦ s❡✉ ❛tr❛s♦

✭♦✉ ❞❡❧❛②✮✱ ✐st♦ é✱ ♦ t❡♠♣♦ ❡♥tr❡ ❛ ❣❡r❛çã♦ ❞❡ ❞✉❛s ár✈♦r❡s ❝♦♥s❡❝✉t✐✈❛s✳



✸✳✹ ●❡r❛çã♦ ❞❡ ❈♦❣r❛❢♦s ✹✶

Pr♦♣♦s✐çã♦ ✸✳✸✳✼✳ ❉❛❞♦ ✐♥t❡✐r♦ n ≥ 2✱ ❛ ❝♦♠♣❧❡①✐❞❛❞❡ ❞♦ t❡♠♣♦ ❞❡ ❛tr❛s♦ ❞♦ ❛❧❣♦r✐t♠♦

✸✳✾ é O(n)

❉❡♠♦♥str❛çã♦✳ ❊♥tr❡ ❛s ár✈♦r❡s Ti ❡ Ti+1✱ ❡①❡❝✉t❛♠♦s ♦ ❛❧❣♦r✐t♠♦ ✸✳✽ ❝✉❥♦ t❡♠♣♦ ❞❡ ❡①❡✲

❝✉çã♦ é O(n)✱ ♣❡❧❛ ♣r♦♣♦s✐çã♦ ✸✳✸✳✺✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ ❡♥tr❡ ❛s ár✈♦r❡s T1 ❡ T2✱ é ❡①❡❝✉t❛❞♦

♦ ❛❧❣♦r✐t♠♦ Rotular(T1)✱ q✉❡ t❛♠❜é♠ t❡♠ ❝✉st♦ O(n)✳ ❉♦♥❞❡ s❡❣✉❡ ♦ r❡s✉❧t❛❞♦✳

❊①❡♠♣❧♦ ✸✳✸✳✽✳ ❆❜❛✐①♦ r❡♣r❡s❡♥t❛♠♦s ♦s ❡❧❡♠❡♥t♦s ❞❡ T4✱ r❡t♦r♥❛❞♦ ♣❡❧♦ ❛❧❣♦r✐t♠♦

GeracaoArvores(4)✳

❋✐❣✉r❛ ✸✳✶✺✿ ●❡r❛çã♦ ❞❡ T4

✸✳✹ ●❡r❛çã♦ ❞❡ ❈♦❣r❛❢♦s

❆❣♦r❛ ❥á t❡♠♦s t♦❞❛ t❡♦r✐❛ ♥❡❝❡ssár✐❛ ❞❡s❡♥✈♦❧✈✐❞❛ ♣❛r❛ ❡s❝r❡✈❡r♠♦s ♦ ❛❧❣♦r✐t♠♦ ❣❡r❛❞♦r

❞❡ ❝♦❣r❛❢♦s✱ ✐st♦ é✿ ❉❛❞♦ ✉♠ ✐♥t❡✐r♦ ♣♦s✐t✐✈♦ n ❝♦♥str✉✐r ✉♠ ❛❧❣♦r✐t♠♦ q✉❡ ❣❡r❡ t♦❞♦s

♦s ❝♦❣r❛❢♦s ❝♦♠ n ✈ért✐❝❡s✱ ❞❡ ❢♦r♠❛ q✉❡ ♦ k✲és✐♠♦ ❝♦❣r❛❢♦ ❣❡r❛❞♦ ♥ã♦ s❡❥❛ ✐s♦♠♦r❢♦ ❛

♥❡♥❤✉♠ ❞♦s k − 1 ❝♦❣r❛❢♦s ❣❡r❛❞♦s ❛♥t❡r✐♦r♠❡♥t❡✳

❉❡♥♦t❛r❡♠♦s ♣♦r C ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞♦s ♦s ❝♦❣r❛❢♦s✱ t❛❧ ❝♦♥❥✉♥t♦ ♣♦❞❡ s❡r ♣❛rt✐❝✐✲

♦♥❛❞♦ ❝♦♠♦ C =
⋃∞

n=1 Cn✱ ♦♥❞❡ Cn = {G ∈ C ; |V (G)| = n}✳ ◆❛ ❞❡✜♥✐çã♦ ❛ s❡❣✉✐r

❡st❛❜❡❧❡❝❡r❡♠♦s ✉♠❛ ♦r❞❡♥❛çã♦ t♦t❛❧ ♣❛r❛ ♦s ❡❧❡♠❡♥t♦s ❞❡ Cn✱ ❜❛s❡❛❞♦ ♥❛ ♦r❞❡♥❛çã♦ ❞❛s

r❡s♣❡❝t✐✈❛s ❝♦ár✈♦r❡✱ s❡❣✉♥❞♦ ❛ ❞❡✜♥✐çã♦ ✸✳✷✳✸✳

❉❡✜♥✐çã♦ ✸✳✹✳✶✳ ❙❡❥❛♠ G1, G2 ∈ Cn✱ ❡ ❝♦♥s✐❞❡r❡ T1 ❡ T2 s✉❛s r❡s♣❡❝t✐✈❛s ❝♦ár✈♦r❡s

♦r❞❡♥❛❞❛s ❡♥r❛✐③❛❞❛s ❡♠ r1 ❡ r2✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❉❡✜♥✐♠♦s✿

❼ s❡ T1 > T2 ❡♥tã♦ G1 > G2

❼ s❡ T1⋍T2✱ ❡♥tã♦✿

◦ s❡ r1 ❡ r2 sã♦ s✐♠✉❧t❛♥❡❛♠❡♥t❡ tipo✲1 ✭♦✉ tipo✲0✮ ❡♥tã♦ G1⋍G2

◦ s❡ r1 é tipo✲1 ❡ r2 é tipo✲0 ❡♥tã♦ G1 > G2



✸✳✹ ●❡r❛çã♦ ❞❡ ❈♦❣r❛❢♦s ✹✷

❖ ❛❧❣♦r✐t♠♦ ❣❡r❛❞♦r ❞❡ ❝♦❣r❛❢♦s é s✐♠✐❧❛r ❛♦ ❛❧❣♦r✐t♠♦ ✸✳✾✱ ❝♦♥❢♦r♠❡ ❡s❝r❡✈❡♠♦s

❛❜❛✐①♦✳

❆❧❣♦r✐t❤♠ ✸✳✶✵ ●❡r❛❞♦r ❞❡ ❝♦❣r❛❢♦s
■♥♣✉t✿ ■♥t❡✐r♦ n ≥ 2

❖✉t♣✉t✿ ●❡r❛çã♦ ❞❡ t♦❞♦s ❝♦❣r❛❢♦s ❝♦♠ n ✈ért✐❝❡s✳

✶✿ ♣r♦❝❡❞✉r❡ GeradorCografos✭n✮

✷✿ ❙❡❥❛ T1 ❛ ♠❡♥♦r ár✈♦r❡ ❞❡ Tn

✸✿ Rotular(T1)

✹✿ i← 1

✺✿ r❡♣❡❛t

✻✿ ❙❡❥❛ Gi ❝♦❣r❛❢♦ ❛ss♦❝✐❛❞♦ ❛ T ✱ ❝✉❥❛ r❛✐③ é tipo✲0✳

✼✿ ❙❡❥❛ G′
i ❝♦❣r❛❢♦ ❛ss♦❝✐❛❞♦ ❛ T ✱ ❝✉❥❛ r❛✐③ é tipo✲1✳

✽✿ Ti+1 ← ArvoreSeguinte(Ti)

✾✿ i← i+ 1

✶✵✿ ✉♥t✐❧ Ti = ♥✉❧❧

✶✶✿ ❡♥❞ ❢✉♥❝t✐♦♥

❚❡♦r❡♠❛ ✸✳✹✳✶✳ ❉❛❞♦ ✐♥t❡✐r♦ n ≥ 2✱ ♦ ❛❧❣♦r✐t♠♦ GeradorCografos(n) ❣❡r❛ t♦❞♦s ♦s

❡❧❡♠❡♥t♦s ❞❡ Cn ❞❡ ❢♦r♠❛ q✉❡ t♦❞♦s ♦s ❝♦❣r❛❢♦s ❣❡r❛❞♦s sã♦ ❞♦✐s ❛ ❞♦✐s ♥ã♦ ✐s♦♠♦r❢♦s✳

❆❧é♠ ❞✐ss♦ ♦s ❝♦❣r❛❢♦s sã♦ ❣❡r❛❞♦s ❡♠ ♦r❞❡♠ ❝r❡s❝❡♥t❡✳

❉❡♠♦♥str❛çã♦✳ P❡❧❛ ♠❡s♠❛ ❥✉st✐✜❝❛t✐✈❛ ❛♣❧✐❝❛❞❛ ♥❛ ♣r♦✈❛ ❞❛ ♣r♦♣♦s✐çã♦ ✸✳✸✳✻✱ ❣❛r❛♥t✐✲

♠♦s q✉❡ ❞✉r❛♥t❡ ❛ ❡①❡❝✉çã♦ ❞♦ ❛❧❣♦r✐t♠♦ GeradorCografos(n)✱ ♣❛r❛ n ≥ 2✱ sã♦ ❣❡r❛❞♦s

t♦❞♦s ♦s ❡❧❡♠❡♥t♦s ❞❡ Tn ❡♠ ♦r❞❡♠ ❝r❡s❝❡♥t❡ ❡ s❡♠ ✐s♦♠♦r✜s♠♦s✳ ❈♦♠♦ ❝❛❞❛ ár✈♦r❡

❡stá ❛ss♦❝✐❛❞❛ ❛ ❡①❛t❛♠❡♥t❡ ❞♦✐s ❝♦❣r❛❢♦s ✭G ❡ G✮ ❡ ❛ ♣r♦♣♦s✐çã♦ ✸✳✷✳✶ ❣❛r❛♥t❡ q✉❡ ❝❛❞❛

❝♦❣r❛❢♦ ♣♦ss✉✐ ✉♠❛ ú♥✐❝❛ ❝♦ár✈♦r❡ ♦r❞❡♥❛❞❛✱ ❡♥tã♦ ♦ ♣r♦❝❡❞✐♠❡♥t♦ ❡♠ q✉❡stã♦ ❣❡r❛ t♦❞♦s

♦s ❝♦❣r❛❢♦s ❞❡ n ✈ért✐❝❡s✱ s❡♠ ❣❡r❛çã♦ ❞❡ ❝♦❣r❛❢♦s ✐s♦♠♦r❢♦s✳

❆❧é♠ ❞✐ss♦✱ s❡❥❛ Cn = {G1, G
′
1, G2, G

′
2, . . . , GM , G

′
M} ❛ ❣❡r❛çã♦ r❡❛❧✐③❛❞❛ ♣❡❧♦ ❛❧❣♦✲

r✐t♠♦✳

❼ P❛r❛ ß ∈ {1, . . . ,M} t❡♠♦s Gi < G′
i✱ ♣♦✐s T (Gi)⋍T (G

′
i) ❡ raiz(T (Gi)) é tipo✲0

❡♥q✉❛♥t♦ ❛ raiz(T (G′
i)) é tipo✲1✱ ♣❡❧❛s ❧✐♥❤❛s 6 ❡ 7✳

❼ P❛r❛ ß ∈ {1, . . . ,M − 1} t❡♠♦s G′
i < Gi+1✱ ♣♦✐s ♣♦✐s T (G′

i) < T (Gi+1) ♣❡❧❛ ❧✐♥❤❛ ✽

❡ t❡♦r❡♠❛ ✸✳✸✳✶✳

▲♦❣♦ G1 < G′
1 < G2 < G′

2 < . . . < GM < G′
M ✳



✸✳✹ ●❡r❛çã♦ ❞❡ ❈♦❣r❛❢♦s ✹✸

❊①❡♠♣❧♦ ✸✳✹✳✶✳ ❆❜❛✐①♦ ❡stã♦ r❡♣r❡s❡♥t❛❞♦s ❡♠ ♦r❞❡♠ ❝r❡s❝❡♥t❡ t♦❞♦s ♦s ❝♦❣r❛❢♦s ❝♦♠ 4

✈ért✐❝❡s✱ ❣❡r❛❞♦s ♣♦r GeradorCografos(4)✳

❋✐❣✉r❛ ✸✳✶✻✿ ❈♦❣r❛❢♦s ❝♦♠ ✹ ✈ért✐❝❡s

❆ ♣r♦♣♦s✐çã♦ ❛❜❛✐①♦ ♠♦str❛ ❛ ❡✜❝✐ê♥❝✐❛ ❞♦ ❣❡r❛❞♦r ❞❡ ❝♦❣r❛❢♦s✳

Pr♦♣♦s✐çã♦ ✸✳✹✳✶✳ ❖ ❛❧❣♦r✐t♠♦ GeradorCografos(n) ♣♦ss✉✐ ❛tr❛s♦ O(n)✳

❉❡♠♦♥str❛çã♦✳ ❉✐r❡t♦ ❞❛ ❞❡✜♥✐çã♦ ❞❡ ❝♦ár✈♦r❡ ✈❡♠♦s q✉❡ ❛ ♦♣❡r❛çã♦ ❞❡ ❝♦♥str✉çã♦ ❞♦

❝♦❣r❛❢♦ ❛ ♣❛rt✐r ❞❛ ❝♦ár✈♦r❡ ✭❧✐♥❤❛s ✻ ❡ ✼✮ é ❢❡✐t♦ ❡♠ t❡♠♣♦ O(n)✳ ❆❧é♠ ❞✐ss♦ ❛ ♣r♦♣♦s✐çã♦

✸✳✸✳✺ ❣❛r❛♥t❡ q✉❡ ❛ ♦♣❡r❛çã♦ ❞❛ ❧✐♥❤❛ 8 t❛♠❜é♠ t❡♠ ❝✉st♦ ❧✐♥❡❛r✳ ▲♦❣♦ ❛ ❣❡r❛çã♦ ❡♥tr❡

❞♦✐s ❝♦❣r❛❢♦s ❝♦♥s❡❝✉t✐✈♦s ❞❡ Cn é ❢❡✐t♦ ❡♠ t❡♠♣♦ O(n)✳

P❛r❛ ❡s❝❧❛r❡❝❡r ♠❡❧❤♦r ❛ ✐♠♣♦rtâ♥❝✐❛ ❞♦ ❛❧❣♦r✐t♠♦ ❛❝✐♠❛ ❧✐st❛r❡♠♦s s✉❛s ❝❛r❛❝t❡rís✲

t✐❝❛s✳ ❉❛❞♦ ✉♠ n ✐♥t❡✐r♦✱ ♦ ❛❧❣♦r✐t♠♦ GeradorCografos(n)✿

❼ ➱ ❝❛♣❛③ ❞❡ ❣❡r❛r t♦❞♦s ♦s ❝♦❣r❛❢♦s ❝♦♠ n ✈ért✐❝❡s❀

❼ P♦ss✉✐ ❛tr❛s♦ ❧✐♥❡❛r ❡♠ n✱ ✐st♦ é✱ ♦ t❡♠♣♦ ❞❡ ❣❡r❛çã♦ ❡♥tr❡ ✉♠ ❝♦❣r❛❢♦ ❡ ♦ ❝♦♥s❡❝✉t✐✈♦

é O(n)✳

❼ ◆ã♦ ❣❡r❛ ❝♦❣r❛❢♦s ✐s♦♠♦r❢♦s ❡♠ ♥❡♥❤✉♠ ♠♦♠❡♥t♦✱ ♦ q✉❡ ❞❡s❝❛rt❛ ❛ ♥❡❝❡ss✐❞❛❞❡ ❞❡

✉♠❛ ✈❛rr❡❞✉r❛ ❡♠ ❜✉s❝❛ ❞❡ ❝♦❣r❛❢♦s ❞✉♣❧✐❝❛❞♦s ♥❛ ❣❡r❛çã♦✳ ❊st❡ ❢❛t♦ é ❣❛r❛♥t✐❞♦

♣❡❧♦ ▲❡♠❛ ✸✳✷✳✶ ❡ Pr♦♣♦s✐çã♦ ✸✳✸✳✻✳



✸✳✹ ●❡r❛çã♦ ❞❡ ❈♦❣r❛❢♦s ✹✹

➱ ♥❛t✉r❛❧ ♥♦s ❞❡♣❛r❛r♠♦s ❝♦♠ ♣♦ssí✈❡✐s ❛♣❧✐❝❛çõ❡s ❞♦ ❛❧❣♦r✐t♠♦ ❣❡r❛❞♦r ❞❡ ❝♦❣r❛❢♦s✱

✉♠❛ ✈❡③ q✉❡ ❡st❛ ❝❧❛ss❡ é ❢♦rt❡♠❡♥t❡ ❡st✉❞❛❞❛ ❡ t❛❧ ♣r♦❝❡❞✐♠❡♥t♦ ♣❡r♠✐t❡ ❢♦r♠✉❧❛çã♦ ❞❡

♥♦✈❛s ❝♦♥❥❡❝t✉r❛s✱ ✉♠❛ ✈❡③ q✉❡ ♣♦❞❡♠ s❡r t❡st❛❞❛s ♣r♦♣r✐❡❞❛❞❡s ❡♠ t♦❞♦s ♦s ❝♦❣r❛❢♦s

❝♦♠ ❞❡t❡r♠✐♥❛❞♦ ♥ú♠❡r♦ ❞❡ ✈ért✐❝❡s✳ P❡❧♦s ♠❡s♠♦s ♠♦t✐✈♦s é t❛♠❜é♠ ✉♠ ❢❛❝✐❧✐t❛❞♦r

♥❛ ❜✉s❝❛ ❞❡ ❝♦♥tr❛✲❡①❡♠♣❧♦s ♣❛r❛ ❝♦♥❥❡❝t✉r❛s ♥❡st❛ ❢❛♠í❧✐❛✳ ❱❛❧❡ r❡ss❛❧t❛r q✉❡ ♠✉✐t♦s

♣❛râ♠❡tr♦s ♣❛r❛ ❝♦❣r❛❢♦s sã♦ ♦❜t✐❞♦s ❞✐r❡t❛♠❡♥t❡ ❞❛ ❝♦ár✈♦r❡ ✭❝♦♠♦ ♥ú♠❡r♦ ❝r♦♠át✐❝♦✱

❜✲❝r♦♠át✐❝♦✱ ♥ú♠❡r♦ ❝❧✐q✉❡✮✱ ♦ q✉❡ t♦r♥❛ ❛ ❛♣❧✐❝❛çã♦ ❛✐♥❞❛ ♠❛✐s ❡✈✐❞❡♥t❡✱ ✉♠❛ ✈❡③ q✉❡ ❛

❝♦♥str✉çã♦ ❞♦ ❛❧❣♦r✐t♠♦ é ❜❛s❡❛❞❛ ✉♥✐❝❛♠❡♥t❡ ♥❛ ❝♦ár✈♦r❡✱ ♦♥❞❡ ❛ ❝♦♥str✉çã♦ ❞♦ ❝♦❣r❛❢♦

❡♠ s✐ ♥ã♦ é ♥❡❝❡ssár✐❛✳

❆✐♥❞❛ ♦❜s❡r✈❛♥❞♦ ❛s ❛♣❧✐❝❛çõ❡s✱ s❛❜❡♠♦s q✉❡ é ♥❛t✉r❛❧ r❡str✐♥❣✐r ♣r♦❜❧❡♠❛s s♦♠❡♥t❡

❛♦s ❣r❛❢♦s ❝♦♥❡①♦s✳ ■♥❝❧✉s✐✈❡ ♥♦ss♦ ❛❧❣♦r✐t♠♦ ❞❡ ❣❡r❛çã♦ ♣♦❞❡ s❡r ❢❛❝✐❧♠❡♥t❡ ❛❞❛♣t❛❞♦

♣❛r❛ ❣❡r❛r s♦♠❡♥t❡ ❝♦❣r❛❢♦s ❝♦♥❡①♦s✱ ❜❛st❛ r❡t✐r❛r ❛ ❧✐♥❤❛ 7 ❞♦ ❛❧❣♦r✐t♠♦

GeradorCografos(n)✱ ❝♦♥❢♦r♠❡ ❡①♣❧✐❝✐t❛♠♦s ❛❜❛✐①♦✳

❆❧❣♦r✐t❤♠ ✸✳✶✶ ●❡r❛çã♦ ❞❡ ❝♦❣r❛❢♦s ❝♦♥❡①♦s
■♥♣✉t✿ ✐♥t❡✐r♦ n

❖✉t♣✉t✿ ●❡r❛çã♦ ❞❡ t♦❞♦s ❝♦❣r❛❢♦s ❝♦♥❡①♦s ❝♦♠ n ✈ért✐❝❡s✳

✶✿ ♣r♦❝❡❞✉r❡ GeracaoArvores✭n✮

✷✿ ❙❡❥❛ T1 ❛ ♠❡♥♦r ár✈♦r❡ ❞❡ Tn✳

✸✿ T1 ← Rotular(T1)

✹✿ i← 1

✺✿ r❡♣❡❛t

✻✿ ❙❡❥❛ G′
i ❝♦❣r❛❢♦ ❛ss♦❝✐❛❞♦ ❛ T ✱ ❝✉❥❛ r❛✐③ é tipo✲1✳

✼✿ Ti+1 ← ArvoreSeguinte(Ti)

✽✿ i← i+ 1

✾✿ ✉♥t✐❧ Ti+1 6= ♥✉❧❧

✶✵✿ ❡♥❞ ❢✉♥❝t✐♦♥

▼♦t✐✈❛❞♦s ♣❡❧❛ ✐♠♣♦rtâ♥❝✐❛ ❞♦ ❛❧❣♦r✐t♠♦ ❛❝✐♠❛✱ ✜③❡♠♦s ❛ ✐♠♣❧❡♠❡♥t❛çã♦ ♥❛ ❧✐♥❣✉❛✲

❣❡♠ C♯ ❡ ❣❡r❛♠♦s ❛rq✉✐✈♦s q✉❡ ❛r♠❛③❡♥❛♠ t♦❞♦s ♦s ❝♦❣r❛❢♦s ❝♦♥❡①♦s ♣❛r❛ ✉♠ ♥ú♠❡r♦

✜①❛❞♦ ❞❡ ✈ért✐❝❡s✱ q✉❡ ❡stã♦ ❞✐s♣♦♥✐❜✐❧✐③❛❞♦s ♣❛r❛ ❞♦✇♥❧♦❛❞ ♣❡❧♦ ❧✐♥❦ ❣♦♦✳❣❧✴✾❝❘③P❳✳

❖ ❢♦r♠❛t♦ ✉s❛❞♦ ♣❛r❛ ❛r♠❛③❡♥❛♠❡♥t♦ ❞♦s ❣r❛❢♦s é ♦ ✳❣r❛♣❤✻✱ ❢♦r♠❛ ❝♦♠♣❛❝t❛ ❞❡ r❡♣r❡✲

s❡♥t❛r ✉s❛♥❞♦ ❛ ❡s❝r✐t❛ ❆❙❈■■✳ ▼❛✐s ❞❡t❛❧❤❡s s♦❜r❡ ❡st❡ ❢♦r♠❛t♦ ♣♦❞❡♠ s❡r ✈✐st♦s ❡♠

❬✹✸❪✳



❈❛♣ít✉❧♦ ✹

❆♣❧✐❝❛çã♦ ❞♦ ●❡r❛❞♦r ❞❡ ❈♦❣r❛❢♦s ❡♠ ❚❡✲

♦r✐❛ ❊s♣❡❝tr❛❧

❆ ❣❡r❛çã♦ ❞❡ ❡❧❡♠❡♥t♦s ❞❡ ✉♠ ❝♦♥❥✉♥t♦ é út✐❧ ♥♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞❡ ♥♦✈❛s t❡♦r✐❛s✱ ✉♠❛

✈❡③ q✉❡ s❡r❡♠♦s ❝❛♣❛③❡s ❞❡ ❛✈❛❧✐❛r ❝❡rt❛s ♣r♦♣r✐❡❞❛❞❡s ❡♠ t♦❞♦s ♦s ❡❧❡♠❡♥t♦s ❞♦ ❝♦♥❥✉♥t♦✳

❯♠ ♣♦♥t♦ ✐♠♣♦rt❛♥t❡ é ❛ ✈❡r✐✜❝❛çã♦ ❞❡ ❝♦♥❥❡❝t✉r❛s✱ ❢❛❝✐❧✐t❛♥❞♦ ✐♥❝❧✉s✐✈❡ ♣❛r❛ ❝♦♥str✉çã♦

❞❡ ❝♦♥tr❛✲❡①❡♠♣❧♦s✳

❈♦♥❢♦r♠❡ ❞❡s❝r✐t♦ ♥❛ ✐♥tr♦❞✉çã♦ ❞❡st❡ t❡①t♦✱ ♥❛ ❞✐ss❡rt❛çã♦ ❬✸✵❪ é ❡st✐♠❛❞❛ ✉♠❛

❞❡s✐❣✉❛❧❞❛❞❡ ❡♥tr❡ ♣❛râ♠❡tr♦s ❞❛ t❡♦r✐❛ ❡s♣❡❝tr❛❧ ❡ ❞❛ t❡♦r✐❛ ❞❡ ❜✲❝♦❧♦r❛çã♦✱ ♥❛ ❝❧❛ss❡

❞♦s P4✲❡s♣❛rs♦s✳ ❆ s❛❜❡r✱ t❛❧ ❞❡s✐❣✉❛❧❞❛❞❡ ❢♦✐ ♦ q✉❡ ♠♦t✐✈♦✉ t♦❞♦ ♥♦ss♦ ❡st✉❞♦ ♣❛r❛

♦❜t❡♥çã♦ ❞♦ ❛❧❣♦r✐t♠♦ ❞❡ ❣❡r❛çã♦ ❞♦s ❝♦❣r❛❢♦s✱ ❞❡s❡♥✈♦❧✈✐❞❛ ♥♦ ❝❛♣ít✉❧♦ ✸✳

■♥✐❝✐❛❧♠❡♥t❡ ❢❛r❡♠♦s ✉♠❛ ❜r❡✈❡ ✐♥tr♦❞✉çã♦ ❝♦♠ ♦s r❡s✉❧t❛❞♦s ♥❡❝❡ssár✐♦s ♣❛r❛ ❝♦♠✲

♣r❡❡♥sã♦ ❞❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❡st✐♠❛❞❛✱ ❡♠ s❡❣✉✐❞❛ ❞❡s❝r❡✈❡r❡♠♦s ♦s ❛❧❣♦r✐t♠♦s ✉s❛❞♦s ♥❛

✐♠♣❧❡♠❡♥t❛çã♦✱ ❞❡t❛❧❤❛r❡♠♦s ❛ ❡①❡❝✉çã♦ ❞♦s t❡st❡s ❛♣❧✐❝❛❞♦s ❡ ♦s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s✳

✹✳✶ ❘❡s✉❧t❛❞♦s ♣r❡❧✐♠✐♥❛r❡s

✹✳✶✳✶ ❜✲❝♦❧♦r❛çã♦

❯♠ ❞♦s t❡♠❛s ❝❧áss✐❝♦s ❞❛ t❡♦r✐❛ ❞❡ ❣r❛❢♦s é ♦ ♣r♦❜❧❡♠❛ ❞❡ ❝♦❧♦r❛çã♦ ❞❡ ✈ért✐❝❡s ❡ s✉❛s

✈❛r✐❛çõ❡s✳ ❋♦r♠❛❧♠❡♥t❡ ✉♠❛ k✲❝♦❧♦r❛çã♦ ❞❡ ✉♠ ❣r❛❢♦ G(V,E) ♥❛❞❛ ♠❛✐s é q✉❡ ✉♠❛

❢✉♥çã♦ s♦❜r❡❥❡t✐✈❛ c : V (G) → {1, . . . , k} ❡ ❛ ❝❧❛ss❡ ❞❛ ❝♦r i é ♦ ❝♦♥❥✉♥t♦ Ci = {v ∈
V (G); c(v) = i}✱ ♦♥❞❡ ♦s ✈❛❧♦r❡s 1, . . . , k sã♦ ❝❤❛♠❛❞♦s ❝♦r❡s✳ ❆ r❡str✐çã♦ ♠❛✐s ♥❛t✉r❛❧

❛ s❡r ✐♠♣♦st❛ é ✉s❛r k ❝♦r❡s ❞❡ ❢♦r♠❛ q✉❡ ✈ért✐❝❡s ❛❞❥❛❝❡♥t❡s t❡♥❤❛♠ ❝♦r❡s ❞✐st✐♥t❛s✱

❝❤❛♠❛❞♦ ❞❡ k✲❝♦❧♦r❛çã♦ ♣ró♣r✐❛✱ ♦ q✉❡ é r❡s♦❧✈✐❞♦ ❢❛❝✐❧♠❡♥t❡ ❛tr✐❜✉✐♥❞♦ ✉♠❛ ❝♦r ♣❛r❛



✹✳✶ ❘❡s✉❧t❛❞♦s ♣r❡❧✐♠✐♥❛r❡s ✹✻

❝❛❞❛ ✈ért✐❝❡✳ ▼❛s ♦ ♣r♦❜❧❡♠❛ ❞❡ ❢❛t♦ é ♦❜t❡r ❛ s♦❧✉çã♦ ót✐♠❛✱ ♦✉ s❡❥❛✱ ♦ ♠❡♥♦r ♥ú♠❡r♦

❞❡ ❝♦r❡s ❝♦♠ ❡ss❛ ♣r♦♣r✐❡❞❛❞❡✱ ❝❤❛♠❛❞♦ ♥ú♠❡r♦ ❝r♦♠át✐❝♦ ❞♦ ❣r❛❢♦✱ ❞❡♥♦t❛❞♦ ♣♦r

χ(G)✳ ◆❛ ❞✐ss❡rt❛çã♦ ❬✸✵❪✱ é tr❛t❛❞❛ ✉♠❛ ✈❛r✐❛çã♦ ❞♦ ♣r♦❜❧❡♠❛✿ ❝❤❛♠❛❞❛ ❜✲❝♦❧♦r❛çã♦✳

■♥tr♦❞✉③✐❞❛ ♣♦r ■r✈✐♥❣ ❡ ▼❛♥❧♦✈❡ ❬✷✼❪ ❛ ❜✲❝♦❧♦r❛çã♦ t❡♠ ♦r✐❣❡♠ ♥♦ ♣r♦❝❡ss♦ ❝❤❛♠❛❞♦

♠ét♦❞♦ ❣✉❧♦s♦ ❞❡ ❝♦❧♦r❛çã♦✱ ❛♣❧✐❝❛❞♦ ❡♠ ❣r❛❢♦s ❛ ✜♠ ❞❡ r❡❞✉③✐r ♦ ♥ú♠❡r♦ ❞❡ ❝♦r❡s ✉s❛❞❛s

♥✉♠❛ ❝♦❧♦r❛çã♦ ♣ró♣r✐❛✳

❉❛❞♦ ✉♠ ❣r❛❢♦ G ❝♦❧♦r✐❞♦ ❝♦♠ k ❝♦r❡s✱ ❞✐③❡♠♦s q✉❡ ✉♠ ✈ért✐❝❡ é ❜✲❞♦♠✐♥❛♥t❡ s❡ é

❛❞❥❛❝❡♥t❡ ❛ ♣❡❧♦ ♠❡♥♦s ✉♠ ✈ért✐❝❡ ❞❡ ❝❛❞❛ ✉♠❛ ❞❛s ♦✉tr❛s ❝♦r❡s ✭❞✐❢❡r❡♥t❡ ❞❛ s✉❛✮✳ ❯♠❛

❜✲❝♦❧♦r❛çã♦ é ✉♠❛ ❝♦❧♦r❛çã♦ ♦♥❞❡ ❝❛❞❛ ❝❧❛ss❡ ❞❡ ❝♦r ♣♦ss✉✐ ❛❧❣✉♠ ✈ért✐❝❡ ❞♦♠✐♥❛♥t❡

❝♦♠ ❛q✉❡❧❛ ❝♦r✳ ❋♦r♠❛❧♠❡♥t❡✿

❉❡✜♥✐çã♦ ✹✳✶✳✶✳ ❯♠❛ ❜✲❝♦❧♦r❛çã♦ é ✉♠❛ k✲❝♦❧♦r❛çã♦ t❛❧ q✉❡ ∀i ∈ {1, . . . , k}✱ ∃u ∈ Ci

✭❜✲❞♦♠✐♥❛♥t❡✮ t❛❧ q✉❡ ∀j ∈ {1, . . . , k}\{i}✱ ∃v ∈ Cj ❝♦♠ (u, v) ∈ E(G)✳ ❖ ♥ú♠❡r♦ ❜✲

❝r♦♠át✐❝♦✱ ❞❡♥♦t❛❞♦ ♣♦r χb(G)✱ é ♦ ♠❛✐♦r k ♦♥❞❡ ♦ ❣r❛❢♦ ❛❞♠✐t❡ ✉♠❛ ❜✲❝♦❧♦r❛çã♦ ❝♦♠

k ❝♦r❡s✳

❊①❡♠♣❧♦ ✹✳✶✳✶✳ ◆❛ ✜❣✉r❛ ✹✳✶ t❡♠♦s ♦ ❣r❛❢♦ G à ❡sq✉❡r❞❛ ❝♦♠ ✉♠❛ 3✲❝♦❧♦r❛çã♦ ❡

à ❞✐r❡✐t❛ G ❜✲❝♦❧♦r✐❞♦ ❝♦♠ ✹ ❝♦r❡s ✭❜✲❞♦♠✐♥❛♥t❡s ❡♠ ❞❡st❛q✉❡✮✳ ❈♦♠♦ ♥ã♦ é ♣♦ssí✈❡❧

❞✐♠✐♥✉✐r ♦ 3 ♥❛ ❝♦❧♦r❛çã♦ ♣ró♣r✐❛ ❡ ♥❡♠ ❛✉♠❡♥t❛r ♦ 4 ♥❛ ❜✲❝♦❧♦r❛çã♦✱ ❡♥tã♦ χ(G) = 3 ❡

χb(G) = 4✳

❋✐❣✉r❛ ✹✳✶✿ ❊①❡♠♣❧♦ ♥ú♠❡r♦ ❝r♦♠át✐❝♦ ❡ ❜✲❝r♦♠át✐❝♦

■r✈✐♥❣ ❡ ▼❛♥❧♦✈❡ ✐♥tr♦❞✉③❡♠ t❛♠❜é♠ ♦ ❝♦♥❝❡✐t♦ ❞❡ ♠✲❣r❛✉ ❞❡ ✉♠ ❣r❛❢♦ G✱ ❞❡♥♦t❛❞♦

♣♦r m(G) ❝♦♠♦ ♦ ♠❛✐♦r ✐♥t❡✐r♦ m t❛❧ q✉❡ ♦ ❣r❛❢♦ ♣♦ss✉❛m ✈ért✐❝❡s ❞❡ ❣r❛✉ ♠❛✐♦r ♦✉ ✐❣✉❛❧

❛m−1✳ ❊st❡ é ✉♠ ♣❛râ♠❡tr♦ s✐♠♣❧❡s ❞❡ s❡r ❝❛❧❝✉❧❛❞♦✿ ❜❛st❛ ♦r❞❡♥❛r ♦s ❣r❛✉s ❞♦s ✈ért✐❝❡s

❞♦ ❣r❛❢♦ ❡♠ d(v1) ≥ . . . ≥ d(vn) ❡ ♦❜t❡♠♦s m(G) = max{i; d(vi) ≥ i− 1, 1 ≤ i ≤ n}✳ ◆♦

❡①❡♠♣❧♦ ❛♥t❡r✐♦r t❡♠♦s m(G) = 4✳

Pr♦♣♦s✐çã♦ ✹✳✶✳✶✳ ❬✷✼❪ P❛r❛ t♦❞♦ ❣r❛❢♦ G ✈❛❧❡ χ(G) ≤ χb(G) ≤ m(G)✳



✹✳✶ ❘❡s✉❧t❛❞♦s ♣r❡❧✐♠✐♥❛r❡s ✹✼

❉❡♠♦♥str❛çã♦✳ ❉❡ ❢❛t♦ s❡ χb(G) = k✱ ❡♥tã♦ ❡♥tã♦ ❡①✐st❡♠ ♣❡❧♦ ♠❡♥♦s k ✈ért✐❝❡s ❜✲

❞♦♠✐♥❛♥t❡s ❡♠ G✱ ♦♥❞❡ ❝❛❞❛ ✉♠ t❡♠ ❣r❛✉ ♣❡❧♦ ♠❡♥♦s k − 1✱ ❞♦♥❞❡ s❡❣✉❡ ❛ s❡❣✉♥❞❛

❞❡s✐❣✉❛❧❞❛❞❡✳ P❛r❛ ❛ ♣r✐♠❡✐r❛ ❜❛st❛ ♦❜s❡r✈❛r q✉❡ χ(G) é ♦ ♠❡♥♦r ♥ú♠❡r♦ ❞❡ ❝♦r❡s t❛❧

q✉❡ ❣r❛❢♦ ❛❞♠✐t❡ ❝♦❧♦r❛çã♦ ♣ró♣r✐❛✳

✹✳✶✳✷ ❚❡♦r✐❛ ❊s♣❡❝tr❛❧ ❞♦s ●r❛❢♦s

❖ ❛ss✉♥t♦ ♣r✐♥❝✐♣❛❧ ❞❛ ❞✐ss❡rt❛çã♦ ❝✐t❛❞❛ é ♥❛ ❚❡♦r✐❛ ❊s♣❡❝tr❛❧ ❞❡ ●r❛❢♦s✱ q✉❡ ❝♦♥s✐st❡ ❡♠

❡st✉❞❛r ❛s ♣r♦♣r✐❡❞❛❞❡s ❡str✉t✉r❛✐s ❞❡ ❣r❛❢♦s ❛tr❛✈és ❞❡ s✉❛s r❡♣r❡s❡♥t❛çõ❡s ♠❛tr✐❝✐❛✐s ❡

s❡✉s r❡s♣❡❝t✐✈♦s ❛✉t♦✈❛❧♦r❡s✱ q✉❡ t❡♠ ❝♦♠♦ ♠❛r❝♦ ✐♥✐❝✐❛❧ ❛ t❡s❡ ❞❡ ❞♦✉t♦r❛❞♦ ❞❡ ❈✈❡t❦♦✈✐➣✱

✶✾✼✶✳ ❆ r❡♣r❡s❡♥t❛çã♦ ♠❛tr✐❝✐❛❧ ♠❛✐s ❝♦♠✉♠ ❞❡ ✉♠ ❣r❛❢♦ é ♣♦r ♠❡✐♦ ❞❛ ♠❛tr✐③ ❞❡

❛❞❥❛❝ê♥❝✐❛✳

❆♥t❡s ❞♦s ❝♦♥❝❡✐t♦s ✐♥✐❝✐❛✐s ❞❛ t❡♦r✐❛ ❡s♣❡❝tr❛❧ ❞❡ ❣r❛❢♦s✱ ✈❛❧❡ ❧❡♠❜r❛r ♦ ❝♦♥❝❡✐t♦ ❞❡

❛✉t♦✈❡t♦r❡s ❡ ❛✉t♦✈❛❧♦r❡s ❡♠ ➪❧❣❡❜r❛ ▲✐♥❡❛r✳

❉❛❞❛ ✉♠❛ ♠❛tr✐③ A r❡❛❧ q✉❛❞r❛❞❛ ❞❡ ♦r❞❡♠ n✱ ❞✐r❡♠♦s q✉❡ ♦ ✈❡t♦r ♥ã♦✲♥✉❧♦ v ∈ Rn é

✉♠ ❛✉t♦✈❡t♦r ❞❡ A s❡ ❡①✐st❡ λ r❡❛❧ t❛❧ q✉❡ A.v = λ.v✱ ♥❡st❡ ❝❛s♦ ❞✐r❡♠♦s q✉❡ λ é ❛✉t♦✈❛❧♦r

❞❡ A ❛ss♦❝✐❛❞♦ ❛♦ ❛✉t♦✈❡t♦r v✳

❊♥tã♦ ♦❜t❡r ❛✉t♦✈❛❧♦r❡s ❡ ❛✉t♦✈❡t♦r❡s ❞❡ ✉♠❛ ♠❛tr✐③ ❝♦♥s✐st❡ ❡♠ r❡s♦❧✈❡r ♦ s✐st❡♠❛

❤♦♠♦❣ê♥❡♦✿

(A− λ.In).v = ✵, ✭✹✳✶✮

♦♥❞❡ In é ❛ ♠❛tr✐③ ✐❞❡♥t✐❞❛❞❡ ❞❡ ♦r❞❡♠ n✳

❆ ❡①♣r❡ssã♦ p(λ) = det(A− λ.In) é ✉♠ ♣♦❧✐♥ô♠✐♦ ❞❡ ❣r❛✉ n ❡♠ λ✱ ❝✉❥❛s r❛í③❡s sã♦ ♦s

❛✉t♦✈❛❧♦r❡s ❞❛ ♠❛tr✐③ A✳

❊ ♣♦❞❡♠♦s ✐♥tr♦❞✉③✐r ❛ ❞❡✜♥✐çã♦ ❞❛ ♠❛tr✐③ ❞❡ ❛❞❥❛❝ê♥❝✐❛✳

❉❡✜♥✐çã♦ ✹✳✶✳✷✳ ❉❛❞♦ ✉♠ ❣r❛❢♦ G ❝♦♠ V (G) = {v1, . . . , vn} ❞❡✜♥✐♠♦s ❛ s✉❛ ♠❛tr✐③

❞❡ ❛❞❥❛❝ê♥❝✐❛ ❝♦♠♦ ❛ ♠❛tr✐③ A(G) ❝✉❥❛ ❡♥tr❛❞❛ aij ✈❛❧❡ 1 s❡ (vi, vj) ∈ E(G) ❡ ✈❛❧❡ 0✱

❝❛s♦ ❝♦♥trár✐♦✳

❉❡✜♥✐♠♦s ♦s ❛✉t♦✈❛❧♦r❡s ❞♦ ❣r❛❢♦ G ❝♦♠♦ ♦s ❛✉t♦✈❛❧♦r❡s ❞❛ ♠❛tr✐③ A(G)✳ ❖ ❡s♣❡❝tr♦

❞♦ ❣r❛❢♦ é ♦ ❝♦♥❥✉♥t♦ ❢♦r♠❛❞♦ ♣❡❧♦s s❡✉s ❛✉t♦✈❛❧♦r❡s ❡ s✉❛s r❡s♣❡❝t✐✈❛s ♠✉❧t✐♣❧✐❝✐❞❛❞❡s✳

❖ ♠❛✐♦r ❛✉t♦✈❛❧♦r é ❝❤❛♠❛❞♦ í♥❞✐❝❡ ❡ ❞❡♥♦t❛❞♦ ♣♦r λ(G)✳

❊①❡♠♣❧♦ ✹✳✶✳✷✳ ●r❛❢♦ H ❡ ♠❛tr✐③ A(H)✿



✹✳✶ ❘❡s✉❧t❛❞♦s ♣r❡❧✐♠✐♥❛r❡s ✹✽

❋✐❣✉r❛ ✹✳✷✿ ❣r❛❢♦ ❡①❡♠♣❧♦

A(H) =













0 1 0 1 0

1 0 0 1 0

0 0 0 1 0

1 1 1 0 1

0 0 0 1 0













❖ ❡s♣❡❝tr♦ ❞❡ H é {2, 342... ; 0, 470...; 0 ; −1 ; −1, 813...}✳

❖❜s❡r✈❡ q✉❡ ❛ ♠❛tr✐③ ❞❡ ❛❞❥❛❝ê♥❝✐❛ é s❡♠♣r❡ r❡❛❧ ❡ s✐♠étr✐❝❛ ❡♥tã♦ t♦❞♦s s❡✉s ❛✉t♦✲

✈❛❧♦r❡s sã♦ r❡❛✐s✱ ♠❛✐s ❞❡t❛❧❤❡s ♣♦❞❡♠ s❡r ✈✐st♦s ❡♠ ❬✷✻❪✳

❱❛❧❡ r❡ss❛❧t❛r q✉❡ ❛ ♦❜t❡♥çã♦ ❞♦ ❡s♣❡❝tr♦ ❞❡ ✉♠ ❣r❛❢♦ G✱ ❝♦♠ n ✈ért✐❝❡s✱ ♥ã♦ é ✉♠❛

t❛r❡❢❛ tr✐✈✐❛❧✱ ✉♠❛ ✈❡③ q✉❡ ❡♥✈♦❧✈❡ ♦ ❝á❧❝✉❧♦ ❞❡ ✉♠ ❞❡t❡r♠✐♥❛♥t❡ ❞❡ ♦r❞❡♠ n s❡❣✉✐❞❛ ♣❡❧❛

♦❜t❡♥çã♦ ❞❡ r❛í③❡s ❞❡ ✉♠ ♣♦❧✐♥ô♠✐♦ ❞❡ ❣r❛✉ n✳

❆❜❛✐①♦ ❡♥✉♥❝✐❛♠♦s ❞♦✐s r❡s✉❧t❛❞♦s ❝♦♥❤❡❝✐❞♦s ❞❛ ❧✐t❡r❛t✉r❛ q✉❡ ✈❛❧❡♠ r❡ss❛❧t❛r✱ ♠❛✐s

❞❡t❛❧❤❡s ❛❝❡r❝❛ ❞❛ t❡♦r✐❛ ❡s♣❡❝tr❛❧ ❞❡ ❣r❛❢♦s ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞♦ ❡♠ ❬✾❪✿

Pr♦♣♦s✐çã♦ ✹✳✶✳✷✳ ❖s ❛✉t♦✈❛❧♦r❡s sã♦ ♥ú♠❡r♦s ✐rr❛❝✐♦♥❛✐s ♦✉ ✐♥t❡✐r♦s✳

❉❡♠♦♥str❛çã♦✳ P❡❧❛ ♦❜s❡r✈❛çã♦ ❛♥t❡r✐♦r ❜❛st❛ ♣r♦✈❛r q✉❡ ♥ã♦ ♣♦❞❡♠ s❡r ♥ú♠❡r♦s r❛❝✐♦✲

♥❛✐s ♥ã♦ ✐♥t❡✐r♦s✳ ❙✉♣♦♥❤❛ q✉❡ ❛ ❢r❛çã♦ c
d
∈ Q é ❛✉t♦✈❛❧♦r ❞♦ ❣r❛❢♦✱ ♦♥❞❡ ♣♦❞❡♠♦s t♦♠❛r

c ❡ d ♣r✐♠♦s ❡♥tr❡ s✐✳ P♦r ♦✉tr♦ ❧❛❞♦ ❝♦♠♦ t♦❞❛s ❛s ❡♥tr❛❞❛s ❞❛ ♠❛tr✐③ sã♦ ✵ ❡ ✶✱ ❡♥tã♦

s❡✉ ♣♦❧✐♥ô♠✐♦ ❝❛r❛❝t❡ríst✐❝♦ é ❞❛ ❢♦r♠❛

p(x) = xn + an−1x
n−1 . . .+ a1x+ a0 ∈ Z[x]

✳

▼❛s c
d
é r❛✐③ ❞♦ ♣♦❧✐♥ô♠✐♦✱ ❡♥tã♦

(
c

d
)n + an−1(

c

d
)n−1 . . .+ a1

c

d
+ a0 = 0✱ ❞♦♥❞❡

cn = −(an−1c
n−1.d+ an−2c

n−2.d2 + . . .+ a1.c.d
n−1 + a0.d

n).



✹✳✷ ❆ ❞❡s✐❣✉❛❧❞❛❞❡ ♣r♦♣♦st❛ ✹✾

❈♦♠♦ d ❞✐✈✐❞❡ ♦ s❡❣✉♥❞♦ ♠❡♠❜r♦ ❞❛ ✐❣✉❛❧❞❛❞❡ ❡♥tã♦ d|cn✱ ♠❛s c ❡ d sã♦ ♣r✐♠♦s ❡♥tr❡ s✐✱

❡♥tã♦ ❛ ú♥✐❝❛ ♦♣çã♦ é d = 1✱ ♦✉ s❡❥❛✱ c
d
∈ Z✳

Pr♦♣♦s✐çã♦ ✹✳✶✳✸✳ ❖ ❡s♣❡❝tr♦ ❞❡ ✉♠ ❣r❛❢♦ é ❜❡♠ ❞❡✜♥✐❞♦✳

❉❡♠♦♥str❛çã♦✳ ❉❛❞♦ ✉♠ ❣r❛❢♦ G✱ ♣♦❞❡♠♦s ❝♦rr❡s♣♦♥❞ê✲❧♦ à ♠❛tr✐③❡s ❞❡ ❛❞❥❛❝ê♥❝✐❛ ❞✐s✲

t✐♥t❛s✱ ✉♠❛ ✈❡③ q✉❡ ❛ ❞❡✜♥✐çã♦ ❞❡♣❡♥❞❡ ❞❛ r♦t✉❧❛çã♦ ❛tr✐❜✉í❞❛ ❛♦s ✈ért✐❝❡s✳ ❙❡❥❛ A ♠❛tr✐③

❞❡ ❛❞❥❛❝ê♥❝✐❛ ❞♦ ❣r❛❢♦ G ❡ ❛♣ós ✉♠❛ ♣❡r♠✉t❛çã♦ ❞❡ ✈ért✐❝❡s ♦❜t❡♠♦s ❛ ♠❛tr✐③ ❞❡ ❛❞❥❛✲

❝ê♥❝✐❛ B ❞♦ ♠❡s♠♦ ❣r❛❢♦✱ t❛❧ ♠❛tr✐③ ♥❛❞❛ ♠❛✐s é q✉❡ ♣❡r♠✉t❛çõ❡s ❞❡ ❧✐♥❤❛s ❡ ❝♦❧✉♥❛s ❞❛

♠❛tr✐③ A✱ ✐st♦ é✱ ❡①✐st❡ ✉♠❛ ♠❛tr✐③ ❞❡ ♣❡r♠✉t❛çã♦ P t❛❧ q✉❡ B = P.A.P−1✱ ❡♥tã♦

pB(x) = |B − xI| = |P.A.P−1 − xI| = |P.(A− xI).P−1| = |A− xI| = pA(x).

▲♦❣♦ ❛s ♠❛tr✐③❡s B ❡ A tê♠ ♦ ♠❡s♠♦ ❡s♣❡❝tr♦✳ ❊♠ ❝♦♥tr❛♣❛rt✐❞❛ é ❢á❝✐❧ ✈❡r q✉❡ ❞❛❞❛

✉♠❛ ♠❛tr✐③ ❞❡ ❛❞❥❛❝ê♥❝✐❛ ❡st❛ é ❛ss♦❝✐❛❞❛ ❛ ✉♠ ú♥✐❝♦ ❣r❛❢♦✳

✹✳✷ ❆ ❞❡s✐❣✉❛❧❞❛❞❡ ♣r♦♣♦st❛

❖ ❡st✉❞♦ ❞❡ ❝♦t❛s ❡♥✈♦❧✈❡♥❞♦ ♦ ♥ú♠❡r♦ ❝r♦♠át✐❝♦ ❞❡ ✉♠ ❣r❛❢♦ ❡ ♦ s❡✉ í♥❞✐❝❡ ❞❡s♣❡rt❛

✐♥t❡r❡ss❡ ❤á ♠❛✐s ❞❡ ✹✵ ❛♥♦s✱ ❝♦♠♦ ♣♦❞❡ s❡r ✈✐st♦ ❡♠ ❬✶✸❪✳ ❊♠ ♣❛rt✐❝✉❧❛r ❲✐❧❢ ♣r♦✈♦✉ ♦

s❡❣✉✐♥t❡ t❡♦r❡♠❛✿

❚❡♦r❡♠❛ ✹✳✷✳✶✳ ❬✺✼❪ ❚♦❞♦ ❣r❛❢♦ G s❛t✐s❢❛③ χ(G) ≤ λ(G) + 1✳

❊♠ r❡❧❛çã♦ ❛♦ ♥ú♠❡r♦ ❜✲❝r♦♠át✐❝♦ t❛♠❜é♠ ❥á ❡①✐st❡♠ r❡s✉❧t❛❞♦s ❡♥✈♦❧✈❡♥❞♦ ❝♦t❛s✱

❝♦♠♦ ❡♠ ❬✶❪✱ ♠❛s ❛✐♥❞❛ ♥ã♦ ❤á ❡st✉❞♦s s♦❜r❡ ❝♦t❛s ❡♥✈♦❧✈❡♥❞♦ ♦s ❛✉t♦✈❛❧♦r❡s ❞❡ ✉♠

❣r❛❢♦✳ ◆❛ ❞✐ss❡rt❛çã♦ ❬✸✵❪ ❢♦r❛♠ ♣r♦✈❛❞♦s ❛❧❣✉♥s r❡s✉❧t❛❞♦s q✉❡ ❡st❛❜❡❧❡❝❡♠ ❝♦t❛s ♣❛r❛

♦ ♥ú♠❡r♦ ❜✲❝r♦♠át✐❝♦ ❡♠ ❢✉♥çã♦ ❞♦ í♥❞✐❝❡✳ ❉❡♥tr❡ ♦s r❡s✉❧t❛❞♦s r❡ss❛❧t❛♠♦s ♦ s❡❣✉✐♥t❡✿

Pr♦♣♦s✐çã♦ ✹✳✷✳✶✳ ❬✸✵❪ ❚♦❞♦ ❣r❛❢♦ ❛r❛♥❤❛ G ❝✉❥❛ ❝❛❜❡ç❛ ✐♥❞✉③ ✉♠ ❣r❛❢♦ r✲r❡❣✉❧❛r s❛t✐s❢❛③

χb(G) ≤ λ(G) + 1✳

▼♦t✐✈❛❞♦ ♣❡❧❛ ❡str❡✐t❛ r❡❧❛çã♦ ❡♥tr❡ ♦s ❣r❛❢♦s ❛r❛♥❤❛ ❡ ♦s P4✲❡s♣❛rs♦s✱ ❡st❛❜❡❧❡❝✐❞❛

❡♠ ❬✷✾❪✱ ❢♦✐ ❧❡✈❛♥t❛❞❛ ❛ s❡❣✉✐♥t❡ q✉❡stã♦ ♥❛ ❞✐ss❡rt❛çã♦✿ ❚♦❞♦ ❣r❛❢♦ P4✲❡s♣❛rs♦ ❝♦♥❡①♦ G

s❛t✐s❢❛③ χb(G) ≤ λ(G) + 1✳

❱❛❧❡ ❧❡♠❜r❛r q✉❡ ✉♠ ❣r❛❢♦ é P4✲❡s♣❛rs♦ s❡ ❛ ❝❛❞❛ ❝✐♥❝♦ ✈ért✐❝❡s ❡①✐st❡ ♥♦ ♠á①✐♠♦ ✉♠

P4 ✐♥❞✉③✐❞♦✳ ◆❛t✉r❛❧♠❡♥t❡ ❡st❛ ❝❧❛ss❡ ❝♦♥té♠ ❛ ❞♦s ❝♦❣r❛❢♦s✳ ❆ q✉❡stã♦ ❛❝✐♠❛ s✉❣❡r❡



✹✳✸ ❆❧❣♦r✐t♠♦s ✐♠♣❧❡♠❡♥t❛❞♦s ✺✵

✉♠❛ ❞❡s✐❣✉❛❧❞❛❞❡ r❛③♦á✈❡❧ ♥♦ s❡♥t✐❞♦ q✉❡ ❛ ✐❣✉❛❧❞❛❞❡ é ✈á❧✐❞❛ ♣❛r❛ ❣r❛❢♦s ❝♦♠♣❧❡t♦s✱ ♣♦✐s

sã♦ P4✲❡s♣❛rs♦s ❡ s❛t✐s❢❛③❡♠ λ(Kn) = n− 1 ❡ χb(Kn) = n✳

◆❡st❡ tr❛❜❛❧❤♦ ❢♦❝❛r❡♠♦s ♥♦ ❝❛s♦ r❡str✐t♦ ❞♦s ❝♦❣r❛❢♦s✱ ♦♥❞❡ ❢❛r❡♠♦s ✉s♦ ❞♦ ❛❧❣♦r✐t♠♦

✸✳✶✵ q✉❡ ❞❡s❡♥✈♦❧✈❡♠♦s ♥❛ s❡çã♦ ✸✳✹✳ ■st♦ é✱ ✈❡r✐✜❝❛r❡♠♦s s❡ ❛ s❡❣✉✐♥t❡ ❛✜r♠❛çã♦ é

✈❡r❞❛❞❡✐r❛✿

❚♦❞♦ ❝♦❣r❛❢♦ ❝♦♥❡①♦ G s❛t✐s❢❛③ χb(G) ≤ λ(G) + 1✳ (∆1)

❯♠ ❣r❛❢♦ é ❞✐t♦ ❜✲♣❡r❢❡✐t♦ s❡ q✉❛❧q✉❡r s✉❜❣r❛❢♦ ✐♥❞✉③✐❞♦ H ❞❡ G s❛t✐s❢❛③ χ(H) =

χb(H) ✭✐♥❝❧✉s✐✈❡ ♦ ♣ró♣r✐♦ G✮✳ ❊♥tã♦✱ ♣❡❧♦ t❡♦r❡♠❛ ❞❡ ❲✐❧❢ ❞❡s❝r✐t♦ ❛❝✐♠❛✱ ❛ ❛✜r♠❛çã♦ é

❢❛❝✐❧♠❡♥t❡ s❛t✐s❢❡✐t❛ ♣❛r❛ ❣r❛❢♦s ❜✲♣❡r❢❡✐t♦s✱ r❡st❛♥❞♦ ✈❡r✐✜❝❛r ♥♦s ❣r❛❢♦s ♥ã♦ ❜✲♣❡r❢❡✐t♦s✳

◆♦ ❝❛s♦ ❞♦s ❝♦❣r❛❢♦s ♥♦s ❛♣♦✐❛♠♦s ♥♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦✿

❚❡♦r❡♠❛ ✹✳✷✳✷✳ ❬✷✹❪ ❯♠ ❝♦❣r❛❢♦ é ❜✲♣❡r❢❡✐t♦ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ❢♦r ❧✐✈r❡ ❞❡ 3P3 ❡ 2D✳

❖ ❣r❛❢♦ D ♠❡♥❝✐♦♥❛❞♦ ♥♦ t❡♦r❡♠❛ ❛♥t❡r✐♦r é ❝❤❛♠❛❞♦ ❣r❛❢♦ ❞✐❛♠❛♥t❡ ❡ é ♦❜t✐❞♦ ♣❡❧♦

K4 ❛♣ós r❡t✐r❛❞❛ ❞❡ ✉♠❛ ❛r❡st❛✳ ❆❜❛✐①♦ ✐❧✉str❛♠♦s ♦s ❣r❛❢♦s 3P3 ❡ 2D

❋✐❣✉r❛ ✹✳✸✿ ●r❛❢♦s 3P3 ❡ 2D

✹✳✸ ❆❧❣♦r✐t♠♦s ✐♠♣❧❡♠❡♥t❛❞♦s

❆ ✜♠ ❞❡ ✈❡r✐✜❝❛r ❛ ❡①✐stê♥❝✐❛ ❞❡ ❝♦♥tr❛✲❡①❡♠♣❧♦s ♣❛r❛ ❛ ❛✜r♠❛çã♦ (∆1)✱ ❡❢❡t✉❛♠♦s

t❡st❡s ❝♦♠♣✉t❛❝✐♦♥❛✐s ❢❛③❡♥❞♦ ✉♠❛ ❜✉s❝❛ ♥♦s ❝♦❣r❛❢♦s ❝♦♥❡①♦s✳ ◆❛s s✉❜s❡çõ❡s s❡❣✉✐♥✲

t❡s ❞❡t❛❧❤❛r❡♠♦s ❛ ❡str✉t✉r❛ ❞❡ ❞❛❞♦s ✉t✐❧✐③❛❞❛✱ ❜❡♠ ❝♦♠♦ ❞❡s❝r❡✈❡♠♦s ♦s ❛❧❣♦r✐t♠♦s

✐♠♣❧❡♠❡♥t❛❞♦s✳

✹✳✸✳✶ ❊str✉t✉r❛ ❞❡ ❞❛❞♦s ❞♦ ❝♦❣r❛❢♦

❈♦♠♦ t♦❞♦ ❝♦❣r❛❢♦ é r❡♣r❡s❡♥t❛❞♦ ♣♦r ✉♠❛ ár✈♦r❡ ❡ ♦s ♣❛râ♠❡tr♦s q✉❡ ❞❡s❡❥❛♠♦s ♣♦❞❡♠

s❡r ♦❜t✐❞♦s ❞✐r❡t❛♠❡♥t❡ ❞❛ ár✈♦r❡✱ é ♥❛t✉r❛❧ r❡♣r❡s❡♥t❛r♠♦s ♦ ❝♦❣r❛❢♦ ❛tr❛✈és ❞❡ s✉❛



✹✳✸ ❆❧❣♦r✐t♠♦s ✐♠♣❧❡♠❡♥t❛❞♦s ✺✶

ár✈♦r❡✱ q✉❡ ♣♦r s✉❛ ✈❡③ s❡rá ✐♠♣❧❡♠❡♥t❛❞❛ ❛tr❛✈és ❞❡ ❧✐st❛s ❡♥❝❛❞❡❛❞❛s ❞❡ ✈ért✐❝❡s✱ ❝✉❥❛

❡str✉t✉r❛ ❜ás✐❝❛ ❞❡s❝r❡✈❡♠♦s ❛❜❛✐①♦✳

❆❧❣♦r✐t❤♠ ✹✳✶✷ ❊str✉t✉r❛ ❞♦ ❱ért✐❝❡
✶✿ ♣r♦❝❡❞✉r❡ V ertice

✷✿ V ertice P❛✐❀

✸✿ V etor < V ertice > ❋✐❧❤♦s❀

✹✿ double ❉✐❛❣❀

✺✿ integer ❋♦❧❤❛s■♥❞✉③✐❞❛s❀ ⊲ ❱❛❧♦r l(v)

✻✿ integer ❧❛❜❡❧❀ ⊲ ◆ó ✐♥t❡r♥♦✿ ✵✱ ✶✳ ❋♦❧❤❛✿ ✷

✼✿ integer ❈r♦♠❛t✐❝♦❀

✽✿ integer ◆✐✈❡❧❀

✾✿ integer ●r❛✉❀

✶✵✿ ❡♥❞ ❢✉♥❝t✐♦♥

❉❛❞❛ ✉♠❛ ár✈♦r❡ T ❡ ✉♠ ✈ért✐❝❡ ❡str✉t✉r❛❞♦ ❝♦♠♦ ❛❝✐♠❛✱ ❞❡t❛❧❤❛♠♦s ❛❜❛✐①♦ ❛ ❢✉♥çã♦

❞❡ ❝❛❞❛ ❝❛♠♣♦✳

❼ ✈ért✐❝❡ P❛✐ ❛r♠❛③❡♥❛rá pai(v)❀

❼ ❱❡t♦r ❋✐❧❤♦s ❛r♠❛③❡♥❛rá Filhos(v)❀

❼ ❡s❝❛❧❛r ❉✐❛❣ s❡rá ✈✐st♦ ♣♦st❡r✐♦r♠❡♥t❡✱ ❝✉❥❛ ✉t✐❧✐❞❛❞❡ é ♦❜t❡♥çã♦ ❞❡ ❡st✐♠❛t✐✈❛ ♣❛r❛

♦ í♥❞✐❝❡ ❞❡ T ❀

❼ ✐♥t❡✐r♦ ❋♦❧❤❛s■♥❞✉③✐❞❛s ❛r♠❛③❡♥❛ ♦ ✈❛❧♦r l(v)❀

❼ ✐♥t❡✐r♦ ❧❛❜❡❧ ❛r♠❛③❡♥❛ s❡ ♦ ✈ért✐❝❡ é ✐♥t❡r♥♦ ✭tipo✲1 ♦✉ tipo✲0✮ ♦✉ ✉♠❛ ❢♦❧❤❛ ✭❞❡♥♦t❛❞♦

♣♦r tipo− 2✮

❼ ✐♥t❡✐r♦ ❈r♦♠❛t✐❝♦ ❛r♠❛③❡♥❛ ♦ ♥ú♠❡r♦ ❝r♦♠át✐❝♦ ❞♦ ❝♦❣r❛❢♦ ❝✉❥❛ ❝♦ár✈♦r❡ é T (v)✱

s❡rá ✈✐st♦ ❡♠ ❞❡t❛❧❤❡s ♥❛ s❡çã♦ s❡❣✉✐♥t❡✳

❼ ✐♥t❡✐r♦ ◆✐✈❡❧ ❛r♠❛③❡♥❛ ♦ ✈❛❧♦r nivel(v)❀

❼ ✐♥t❡✐r♦ ●r❛✉ ❛r♠❛③❡♥❛ ♦ ❣r❛✉ ❞♦ ✈ért✐❝❡ v ♥♦ ❝♦❣r❛❢♦ r❡❢❡r❡♥t❡ ❛ T ✳ ❈❧❛r♦ q✉❡ ❡st❡

❝❛♠♣♦ só ❢❛③ s❡♥t✐❞♦ ♥♦s ✈ért✐❝❡s ❢♦❧❤❛✳

❆ ár✈♦r❡ é ❛❝❡ss❛❞❛ ❛tr❛✈és ❞❡ s❡✉ ✈ért✐❝❡ r❛✐③✱ q✉❡ ♣❡r♠✐t❡ ♦♣❡r❛r ❡ ♦❜t❡r ✐♥❢♦r♠❛çõ❡s

❞❡ t♦❞❛ ❛ ár✈♦r❡✳

❖ ❛❝❡ss♦ ❛ q✉❛❧q✉❡r ❝❛♠♣♦ ❞❛ ❡str✉t✉r❛ ✈ért✐❝❡✱ s❡rá ❞❡♥♦t❛❞♦ ♣♦r ✏.✑✳ P♦r ❡①❡♠♣❧♦

❛♦ ❛❝❡ss❛r ♦ ❧❛❜❡❧ ❞❡ ✉♠ ✈ért✐❝❡ v✱ ✉s❛r❡♠♦s ❛ ♥♦t❛çã♦ v.label✳



✹✳✸ ❆❧❣♦r✐t♠♦s ✐♠♣❧❡♠❡♥t❛❞♦s ✺✷

❖ ♣r❡❡♥❝❤✐♠❡♥t♦ ❞♦ ❝❛♠♣♦ ❋♦❧❤❛s■♥❞✉③✐❞❛s ❢♦✐ ❢❡✐t♦ ❞❡ ❢♦r♠❛ r❡❝✉rs✐✈❛ ❛tr❛✈és ❞♦

♣r♦❝❡❞✐♠❡♥t♦ ❞❡s❝r✐t♦ ❛❜❛✐①♦✿

❆❧❣♦r✐t❤♠ ✹✳✶✸ ❈❛❧❝✉❧❛ ♦ ♥ú♠❡r♦ ❞❡ ❢♦❧❤❛s ✐♥❞✉③✐❞❛s ♥✉♠❛ ár✈♦r❡
■♥♣✉t✿ ❱ért✐❝❡ v ❞❡ ✉♠❛ ár✈♦r❡ T

❖✉t♣✉t✿ ◆ú♠❡r♦ ❞❡ ❢♦❧❤❛s ✐♥❞✉③✐❞❛s ♣❡❧❛ s✉❜ár✈♦r❡ T (v)

✶✿ ♣r♦❝❡❞✉r❡ NumDeFolhas✭v✮

✷✿ ✐❢ v ♥ã♦ é ❢♦❧❤❛ t❤❡♥

✸✿ v.FolhasInduzidas =
∑

x∈filhos(v)NumDeFolhas(x)

✹✿ ❡❧s❡

✺✿ v.FolhasInduzidas = 1

✻✿ ❡♥❞ ✐❢

✼✿ r❡t✉r♥ v.FolhasInduzidas

✽✿ ❡♥❞ ❢✉♥❝t✐♦♥

❖ ♣r❡❡♥❝❤✐♠❡♥t♦ ❞♦ ❝❛♠♣♦ ♥✐✈❡❧ é ❛ ❛♣❧✐❝❛çã♦ ❞✐r❡t❛ ❞❛ ❞❡✜♥✐çã♦✱ ♦✉ s❡❥❛✱ ❛ r❛✐③ t❡♠

♥í✈❡❧ 1 ❡ ❛ ❝❛❞❛ ♥♦✈♦ ✈ért✐❝❡ v ✐♥st❛♥❝✐❛❞♦✱ ❛tr✐❜✉í♠♦s ❛♦ ❝❛♠♣♦ v.nivel ← v.pai.nivel+1✳

❆ s❡❣✉✐r ❞❡t❛❧❤❛♠♦s ♦ ♣r❡❡♥❝❤✐♠❡♥t♦ ❞♦ ❝❛♠♣♦ ●r❛✉✳ ❖❜s❡r✈❡ q✉❡ ♥ã♦ ♥♦s r❡❢❡r✐♠♦s

❛♦ ❣r❛✉ ❞♦ ✈ért✐❝❡ ♥❛ ár✈♦r❡✱ ♠❛s s✐♠ ♥♦ ✈ért✐❝❡ ❝♦rr❡s♣♦♥❞❡♥t❡ ♥♦ ❝♦❣r❛❢♦ ❛ss♦❝✐❛❞♦ ❛ ❡st❛

ár✈♦r❡✱ ♣♦rt❛♥t♦ ❡st❡ ❝❛♠♣♦ só ❢❛③ s❡♥t✐❞♦ ♥❛s ❢♦❧❤❛s ❞❛ ár✈♦r❡✱ ♣❛r❛ ♦s ❞❡♠❛✐s ✈ért✐❝❡s

♦ ❝❛♠♣♦ é út✐❧ ♥♦ ♣r♦❝❡❞✐♠❡♥t♦✳ ❱❛❧❡ r❡ss❛❧t❛r q✉❡ ❡st❛♠♦s ❝❛❧❝✉❧❛♥❞♦ ❞✐r❡t❛♠❡♥t❡ ♥❛

❝♦ár✈♦r❡ ✉♠ ♣❛râ♠❡tr♦ ❞♦ ❝♦❣r❛❢♦✱ ♦ q✉❡ ❢♦r♥❡❝❡ ❡✜❝✐ê♥❝✐❛ ♥♦ ♣r♦❝❡ss♦✳ ❆ ❝♦♥str✉çã♦ ❞♦

❛❧❣♦r✐t♠♦ é ❜❛s❡❛❞❛ ♥♦ ❢❛t♦ ✷✳✸✳✶✳



✹✳✸ ❆❧❣♦r✐t♠♦s ✐♠♣❧❡♠❡♥t❛❞♦s ✺✸

❆❧❣♦r✐t❤♠ ✹✳✶✹ ❈❛❧❝✉❧❛ ♦ ❣r❛✉ ✭❝♦❣r❛❢♦✮ ❞❡ ❝❛❞❛ ✈ért✐❝❡
■♥♣✉t✿ ❱ért✐❝❡ v ❞❡ ✉♠❛ ❝♦ár✈♦r❡ T

❖✉t♣✉t✿ ❈❛❧❝✉❧❛ ♦ ❣r❛✉ ❞❡ ❝❛❞❛ ✈ért✐❝❡ ♥❛ s✉❜ár✈♦r❡ T (v)

✶✿ ♣r♦❝❡❞✉r❡ CalculaGrau✭v✮

✷✿ ✐❢ v.label = 1 t❤❡♥

✸✿ ❢♦r ❛❧❧ w ∈ v.F ilhos ❞♦
✹✿ aux←∑

x∈I(w)\{w} x.FolhasInduzidas

✺✿ w.Grau← v.Grau+ aux

✻✿ CalculaGrau(w)

✼✿ ❡♥❞ ❢♦r

✽✿ ❡❧s❡

✾✿ ✐❢ v.label = 0 t❤❡♥

✶✵✿ ❢♦r ❛❧❧ w ∈ v.F ilhos ❞♦
✶✶✿ w.Grau← v.Grau

✶✷✿ CalculaGrau(w)

✶✸✿ ❡♥❞ ❢♦r

✶✹✿ ❡♥❞ ✐❢

✶✺✿ ❡♥❞ ✐❢

✶✻✿ ❡♥❞ ❢✉♥❝t✐♦♥

❖♠✐t✐r❡♠♦s ♠❛✐s ❞❡t❛❧❤❡s s♦❜r❡ ♦ ♣r❡❡♥❝❤✐♠❡♥t♦ ❞♦s ❞❡♠❛✐s ❝❛♠♣♦s✱ ♣♦✐s ❢♦❣❡♠ ❞♦

♦❜❥❡t✐✈♦ ❞♦ ♣r❡s❡♥t❡ t❡①t♦✳ ❉❛q✉✐ ❡♠ ❞✐❛♥t❡ ❛ss✉♠✐r❡♠♦s q✉❡ t♦❞♦ ✈ért✐❝❡ ❥á ♣♦ss✉✐ s❡✉s

❝❛♠♣♦s ❋♦❧❤❛s■♥❞✉③✐❞❛s✱ ◆✐✈❡❧✱ P❛✐✱ ❋✐❧❤♦s✱ ❧❛❜❡❧ ❡ ●r❛✉ ❞❡✈✐❞❛♠❡♥t❡ ♣r❡❡♥❝❤✐❞♦s✳

✹✳✸✳✷ ❈á❧❝✉❧♦ ❞♦ ❜✲❝r♦♠át✐❝♦

❖ ❝á❧❝✉❧♦ ❞♦ ♥ú♠❡r♦ ❜✲❝r♦♠át✐❝♦ é ✉♠ ♣r♦❜❧❡♠❛ NP ✲❞✐❢í❝✐❧ ♣❛r❛ ❝❧❛ss❡s ❣❡r❛✐s ❞❡ ❣r❛❢♦s✱

❝♦♠♦ ♣r♦✈❛❞♦ ❡♠ ❬✷✼❪✳ ❈♦♥t✉❞♦ ❇♦♥♦♠♦ ❡t ❛❧ ♣r♦✈❛♠ ❡♠ ❬✻❪ q✉❡ ❡st❡ ❝á❧❝✉❧♦ é ♣♦❧✐♥♦♠✐❛❧

♣❛r❛ ❝♦❣r❛❢♦s✱ ✉s❛r❡♠♦s ❛ ❡str❛té❣✐❛ ♣r♦♣♦st❛ ♥♦ ❛rt✐❣♦ ♣❛r❛ ♦❜t❡r ♦ ♥ú♠❡r♦ ❜✲❝r♦♠át✐❝♦

❞❡ ❢♦r♠❛ ❡✜❝✐❡♥t❡✳ ❆♥t❡s ❞❡ ❞❡s❝r❡✈❡r♠♦s ♦ ♣r♦❝❡❞✐♠❡♥t♦✱ é ♥❡❝❡ssár✐♦ ✐♥tr♦❞✉③✐r ♦

❝♦♥❝❡✐t♦ ❞❡ ✈❡t♦r ❜✲❞♦♠✐♥❛♥t❡✳

❉❡✜♥✐çã♦ ✹✳✸✳✶✳ ❬✻❪ ❉❛❞♦ ✉♠ ❣r❛❢♦ G✱ ♦ ✈❡t♦r ❜✲❞♦♠✐♥❛♥t❡ domG é ✉♠ ✈❡t♦r✱ ♦♥❞❡ ♣❛r❛

❝❛❞❛ t✱ χ(G) ≤ t ≤ |V (G)|✱ ❛ ❡♥tr❛❞❛ domG[t] é ♦ ♠❛✐♦r ♥ú♠❡r♦ ❞❡ ❝❧❛ss❡s ❞❡ ❝♦r❡s q✉❡

♣♦ss✉❡♠ ✈ért✐❝❡ ❜✲❞♦♠✐♥❛♥t❡ ❞❡♥tr❡ q✉❛❧q✉❡r ❝♦❧♦r❛çã♦ ♣ró♣r✐❛ ❞❡ G ❝♦♠ t ❝♦r❡s✳ P❛r❛

✈❛❧♦r❡s ❞❡ t ❢♦r❛ ❞❛ ✐♥t❡r✈❛❧♦✱ ♦❜s❡r✈❡ q✉❡ domG[t] = 0 ♣❛r❛ t > |V (G)| ❡ domG[t] ♥ã♦ ❢❛③



✹✳✸ ❆❧❣♦r✐t♠♦s ✐♠♣❧❡♠❡♥t❛❞♦s ✺✹

s❡♥t✐❞♦ ♣❛r❛ ✈❛❧♦r❡s t < χ(G)✳

❊①❡♠♣❧♦ ✹✳✸✳✶✳ ❖ ✈❡t♦r ❜✲❞♦♠✐♥❛♥t❡ ❞♦ ❣r❛❢♦ ❛❜❛✐①♦ é (3, 3, 2, 0)✱ ♦♥❞❡ χ(G) = 3✳

❋✐❣✉r❛ ✹✳✹✿ ●r❛❢♦ ❝♦❧♦r✐❞♦ ❝♦♠ ✸✱✹✱✺ ❡ ✻ ❝♦r❡s✱ ♥❡st❛ ♦r❞❡♠✳

❊♥tã♦ ♦❜s❡r✈❡ q✉❡ ♦ ♥ú♠❡r♦ ❜✲❝r♦♠át✐❝♦ ❞❡ ✉♠ ❣r❛❢♦ G é ♦ ♠❛✐♦r ✐♥t❡✐r♦ k ♦♥❞❡

domG[k] = k✳ ❆❧é♠ ❞✐ss♦ ❇♦♥♦♠♦ ❡t ❛❧✳ ♣r♦✈❛♠ ♦ s❡❣✉✐♥t❡ ❧❡♠❛✿

▲❡♠❛ ✹✳✸✳✶✳ ❬✻❪ ❙❡ G é ✉♠ ❣r❛❢♦ ❡ t ≥ χ(G)✱ ❡♥tã♦ ♦✉ domG[t+1] = t+1 ♦✉ domG[t+1] ≤
domG[t]✳

❈♦♠ ♦ ❧❡♠❛ ❛❝✐♠❛ ❡ ❛ ♦❜s❡r✈❛çã♦ ❛♥t❡r✐♦r✱ ✜❝❛ ♥❛t✉r❛❧ ✉♠ ♣r♦❝❡❞✐♠❡♥t♦ ♣❛r❛ ♦

❝á❧❝✉❧♦ ❞♦ ❜✲❝r♦♠át✐❝♦ ❞❡ ✉♠ ❣r❛❢♦ ❛tr❛✈és ❞❡ s❡✉ ✈❡t♦r ❜✲❞♦♠✐♥❛♥t❡✿ ❜❛st❛ t♦♠❛r ♦

✐♥t❡✐r♦ t ≥ χ(G) t❛❧ q✉❡ domG[t + 1] 6= (t + 1)✳ ❊♥tã♦ ♥♦s ❞❡♣❛r❛♠♦s ❝♦♠ ✉♠ ♥♦✈♦

♣r♦❜❧❡♠❛✿ ❝♦♠♦ ❝❛❧❝✉❧❛r ♦ ✈❡t♦r ❜✲❞♦♠✐♥❛♥t❡ ❞❡ ❝♦❣r❛❢♦s❄

❯♠❛ ❜♦❛ ❡str❛té❣✐❛ ♣❛r❛ ❝❛❧❝✉❧❛r ✉♠ ♣❛râ♠❡tr♦ ❡♠ ✉♠ ❝♦❣r❛❢♦ é ❡st✉❞❛r ♦ ❝♦♠♣♦r✲

t❛♠❡♥t♦ ❞❡st❡ ♥❛s ♦♣❡r❛çõ❡s ❞❡ ✉♥✐ã♦ ❡ ❥♦✐♥ ✭❝♦♥❢♦r♠❡ ❛❧❣♦r✐t♠♦ ✹✳✶✹✮ ❡ ❡♠ s❡❣✉✐❞❛ ❢❛③❡r

♦ ❝á❧❝✉❧♦ ❞❡ ❢♦r♠❛ r❡❝✉rs✐✈❛ ❛ ♣❛rt✐r ❞❡ s✉❛ ❝♦ár✈♦r❡✳ ■st♦ ❢♦✐ ❡①❛t❛♠❡♥t❡ ♦ q✉❡ ❇♦♥♦♠♦

❡t ❛❧✳ ♣r♦♣õ❡♠ ♣❛r❛ ♦ ❝á❧❝✉❧♦ ❞♦ ✈❡t♦r ❜✲❞♦♠✐♥❛♥t❡✱ ❛ s❡❣✉✐r✿

❚❡♦r❡♠❛ ✹✳✸✳✶✳ ❬✻❪ ❙❡❥❛♠ G1(V1, E1) ❡ G2(V2, E2) ❞♦✐s ❣r❛❢♦s t❛✐s q✉❡ V1 ∩ V2 = ∅✳ ❙❡

G = G1 ∪G2 ❡ t ≥ χ(G)✱ ❡♥tã♦

domG[t] = min{t, domG1
[t] + domG2

[t]}

❚❡♦r❡♠❛ ✹✳✸✳✷✳ ❬✻❪ ❙❡❥❛♠ G1(V1, E1) ❡ G2(V2, E2) ❞♦✐s ❣r❛❢♦s t❛✐s q✉❡ V1 ∩ V2 = ∅✳
❙❡ G = G1∨G2 ❡ χ(G) ≤ t ≤ |V (G)|✳ ❙❡❥❛ ❛✐♥❞❛ a = max{χ(G1), t − |V2|} ❡ b =

{|V1|, t− χ(G2)}✳ ❊♥tã♦ a ≤ b ❡

domG[t] = max{domG1
[j] + domG2

[t− j]; a ≤ j ≤ b}

➱ ❢á❝✐❧ ✈❡r✐✜❝❛r q✉❡ ♣❛r❛ q✉❛✐sq✉❡r ❣r❛❢♦s G1 ❡ G2 ♦ ♥ú♠❡r♦ ❜✲❝r♦♠át✐❝♦ ❞♦ ❥♦✐♥

❞❡st❡s é ❝❛❧❝✉❧❛❞♦ ❞❡ ❢♦r♠❛ ❞✐r❡t❛✱ ❛ s❛❜❡r χb(G1∨G2) = χb(G1) + χb(G2)✳ ▼❛s s❡ ♥♦s

❜❛s❡❛r♠♦s s♦♠❡♥t❡ ♥❡st❛ ❡q✉❛çã♦ ♥ã♦ ❝♦♥s❡❣✉✐r❡♠♦s ❝❛❧❝✉❧❛r ♦ ❜✲❝r♦♠át✐❝♦ ❞♦ ❝♦❣r❛❢♦✱



✹✳✸ ❆❧❣♦r✐t♠♦s ✐♠♣❧❡♠❡♥t❛❞♦s ✺✺

♣♦✐s ❛ ♦♣❡r❛çã♦ ❞❡ ✉♥✐ã♦ ♥ã♦ ❞❡♣❡♥❞❡ ❡①❝❧✉s✐✈❛♠❡♥t❡ ❞♦ ❜✲❝r♦♠át✐❝♦ ❞♦s ❣r❛❢♦s q✉❡ ♦

❝♦♠♣õ❡♠✱ ♠❛s s✐♠ ❞❡ t♦❞♦ ♦ ✈❡t♦r ❜✲❞♦♠✐♥❛♥t❡ ❞♦ ❣r❛❢♦✳ ❖❜s❡r✈❡ ♦ s❡❣✉✐♥t❡ ❡①❡♠♣❧♦✿

❊①❡♠♣❧♦ ✹✳✸✳✷✳ ❖ ❣r❛❢♦ ❡str❡❧❛ é ❞❡✜♥✐❞♦ ♣♦r Sn = K1∨Kn✳ ➱ ❢á❝✐❧ ♦❜s❡r✈❛r q✉❡

χb(Sn) = 2✱ ❡♠ ♣❛rt✐❝✉❧❛r χb(S4) = 2 ❡ χb(2S4) = 2✳ P♦ré♠ χb(5S4) = 5✱ ❝♦♥❢♦r♠❡ ♣♦❞❡

s❡r ✈✐st♦ ♥❛ ✐❧✉str❛çã♦ ❛❜❛✐①♦✿

❋✐❣✉r❛ ✹✳✺✿ ❜✲❝♦❧♦r❛çã♦ ❞♦ ❣r❛❢♦ 5S4

P♦rt❛♥t♦ ♦ ♣r♦❝❡ss♦ ❞❡ ❝❛❧❝✉❧❛r ♦ ♥ú♠❡r♦ ❜✲❝r♦♠át✐❝♦ ❞❡ ✉♠❛ ✉♥✐ã♦ ❞❡ ❣r❛❢♦s ❡♥✈♦❧✈❡

♦ ❝á❧❝✉❧♦ ❞♦ ✈❡t♦r ❜✲❞♦♠✐♥❛♥t❡✱ ❝♦♥❢♦r♠❡ ❞❡t❛❧❤❛❞♦ ♥♦ t❡♦r❡♠❛ ✹✳✸✳✶✳ ■st♦ ❥✉st✐✜❝❛t✐✈❛ ♦

❝á❧❝✉❧♦ ❞❡st❡ ✈❡t♦r q✉❛♥❞♦ ❞❡s❡❥❛♠♦s ♦❜t❡r ♦ ♥ú♠❡r♦ ❜✲❝r♦♠át✐❝♦ ❞❡ ✉♠ ❝♦❣r❛❢♦✳ ❖❜s❡r✲

✈❛♥❞♦ ♦ ❡♥✉♥❝✐❛❞♦ ❞♦s t❡♦r❡♠❛s ✹✳✸✳✶ ❡ ✹✳✸✳✷ ✈❡♠♦s q✉❡ é ♥❡❝❡ssár✐♦ ❝❛❧❝✉❧❛r ✐♥✐❝✐❛❧♠❡♥t❡

♦ ♥ú♠❡r♦ ❝r♦♠át✐❝♦ ❞❡ ❝♦❣r❛❢♦s✱ ♦♥❞❡ ♥♦s ❛♣♦✐❛r❡♠♦s ♥♦ t❡♦r❡♠❛ ❞❡ ❈♦r♥❡✐❧ ❡t ❛❧ ✿

❚❡♦r❡♠❛ ✹✳✸✳✸✳ ❬✶✶❪ ❙❡ G é ♦ ❣r❛❢♦ tr✐✈✐❛❧✱ ❡♥tã♦ χ(G) = 1✳ ❙❡❥❛♠ G1(V1, E1) ❡

G2(V2, E2) ❞♦✐s ❣r❛❢♦s t❛✐s q✉❡ V1 ∩ V2 = ∅✱ ❡♥tã♦ χ(G1 ∪ G2) = max{χ(G1), χ(G2)}
❡ χ(G1∨G2) = χ(G1) + χ(G2)

❊♥tã♦ ♦s t❡♦r❡♠❛s ❛♥t❡r✐♦r❡s s❡rã♦ ♥♦ss❛s ❢❡rr❛♠❡♥t❛s ♣❛r❛ ♦ ❝á❧❝✉❧♦ ❞♦s ♥ú♠❡r♦s

❝r♦♠át✐❝♦ ❡ ❜✲❝r♦♠át✐❝♦ ❞❡ ✉♠ ❝♦❣r❛❢♦✳ ❈♦♥t✉❞♦✱ ♦❜s❡r✈❡ q✉❡ ♦s r❡s✉❧t❛❞♦s sã♦ ❞❡s❝r✐t♦s

♣❛r❛ ♦♣❡r❛çã♦ ❞❡ ❡①❛t❛♠❡♥t❡ ❞♦✐s ❣r❛❢♦s✱ ❡ ♥❛ ❝♦ár✈♦r❡ é ❝♦♠✉♠ ❡♥❝♦♥tr❛r♠♦s ♦♣❡r❛çõ❡s

❞❡♥tr❡ três ♦✉ ♠❛✐s ❣r❛❢♦s✱ ❧❡♠❜r❛♥❞♦ q✉❡ ❛s ♦♣❡r❛çõ❡s sã♦ r❡♣r❡s❡♥t❛❞❛s ♣♦r ♥ós ✐♥t❡r♥♦s

❞❛ ár✈♦r❡✳ ◆ã♦ é ❞✐❢í❝✐❧ ❡s❝r❡✈❡r ❛s ❣❡♥❡r❛❧✐③❛çõ❡s ❞♦s t❡♦r❡♠❛s ✹✳✸✳✶ ❡ ✹✳✸✳✸ ♣❛r❛ ✉♠❛

♦♣❡r❛çã♦ ❞❡ k ❣r❛❢♦s✱ ♠❛s ❡ss❛ ❢❛❝✐❧✐❞❛❞❡ ♥ã♦ ♦❝♦rr❡ ❝♦♠ ♦ t❡♦r❡♠❛ ✹✳✸✳✷✳ ❊♥tã♦ ❜✉s❝❛♠♦s

✉♠❛ s♦❧✉çã♦ ❛❧t❡r♥❛t✐✈❛✿ tr❛♥s❢♦r♠❛r ❛ ❝♦ár✈♦r❡ ❡♠ ✉♠❛ ár✈♦r❡ ❜✐♥ár✐❛ ❡str✐t❛ ✶ ❡ ❡♠

s❡❣✉✐❞❛ ❝♦♥str✉✐r ♣r♦❝❡❞✐♠❡♥t♦s q✉❡ s❡ ❜❛s❡✐❛♠ s♦♠❡♥t❡ ❡♠ ♦♣❡r❛çõ❡s ❞❡♥tr❡ ❞♦✐s ❣r❛❢♦s✳

❆ tr❛♥s❢♦r♠❛çã♦ ❞❡ ✉♠❛ ❝♦ár✈♦r❡ ❡♠ ✉♠❛ ár✈♦r❡ ❜✐♥ár✐❛ ❡str✐t❛ ❞❡✈❡ s❡r ❢❡✐t❛ ❞❡

❢♦r♠❛ q✉❡ ❛s ♦♣❡r❛çõ❡s s❡❥❛♠ ♠❛♥t✐❞❛s✳ P❛r❛ t❛❧✱ ❜❛st❛ ♦❜s❡r✈❛r q✉❡ ❞❛❞♦s ♦s ❣r❛❢♦s

G1, . . . , Gk ✈❛❧❡✿

G1∗G2∗ . . . ∗Gk = (((G1∗G2)∗G3) . . . ∗Gk−1)∗Gk,

✶t♦❞♦ ✈ért✐❝❡ ✐♥t❡r♥♦ ♣♦ss✉✐ ❡①❛t❛♠❡♥t❡ ✷ ✜❧❤♦s



✹✳✸ ❆❧❣♦r✐t♠♦s ✐♠♣❧❡♠❡♥t❛❞♦s ✺✻

♦♥❞❡ ∗ ❞❡♥♦t❛ ❛ ♦♣❡r❛çã♦ ❥♦✐♥ ♦✉ ✉♥✐ã♦✳

❆ s❡❣✉✐r ❡s❝r❡✈❡♠♦s ♦ ❛❧❣♦r✐t♠♦ q✉❡ ❝♦♥✈❡rt❡ ✉♠❛ ár✈♦r❡ ❡♥r❛✐③❛❞❛ ❡♠ v ♥✉♠❛ ár✈♦r❡

❜✐♥ár✐❛ ❡str✐t❛✳

❆❧❣♦r✐t❤♠ ✹✳✶✺ ❈♦♥✈❡rt❡ ❝♦ár✈♦r❡ ♥✉♠❛ ❜✐♥ár✐❛ ❡str✐t❛
■♥♣✉t✿ ❈♦ár✈♦r❡ T ❝♦♠ r❛✐③ v

❖✉t♣✉t✿ ❈♦ár✈♦r❡ T ❡s❝r✐t❛ ♥❛ ❢♦r♠❛ ❜✐♥ár✐❛ ❡str✐t❛

✶✿ ♣r♦❝❡❞✉r❡ ConverteEmBinaria✭v✮

✷✿ ✇❤✐❧❡ |filhos(v)| ≥ 3 ❞♦

✸✿ ❙❡❥❛ v′ ✈ért✐❝❡✳

✹✿ ❚♦♠❡ a, b ✜❧❤♦s ❞❡ v✳

✺✿ v′.pai← v

✻✿ ❉❡✜♥❛ tipo ❞❡ v′ ✐❣✉❛❧ ❛♦ tipo ❞❡ v

✼✿ a.pai← v′

✽✿ b.pai← v′

✾✿ ❡♥❞ ✇❤✐❧❡

✶✵✿ ♣❛r❛ ❝❛❞❛ u ∈ filhos(v) ❢❛ç❛ ConverteEmBinaria(u)

✶✶✿ ❡♥❞ ❢✉♥❝t✐♦♥

P❛r❛ ✉♠❛ ♠❡❧❤♦r ❝♦♠♣r❡❡♥sã♦ ❞♦ ❛❧❣♦r✐t♠♦✱ s❡❣✉❡ ✉♠ ❡sq✉❡♠❛ ❞❡ s✉❛ ❡①❡❝✉çã♦✿

❋✐❣✉r❛ ✹✳✻✿ ❊①❡❝✉çã♦ ❞♦ ❆❧❣♦r✐t♠♦ ✹✳✶✺ s♦❜r❡ ♦ ✈ért✐❝❡ v

◆❛ ❞❡✜♥✐çã♦ ❢♦r♠❛❧ ❞❡ ❝♦ár✈♦r❡✱ ✈❡♠♦s q✉❡ ❛ ❝♦♥✜❣✉r❛çã♦ ♠✐♥✐♠✐③❛ ♦ ♥ú♠❡r♦ ❞❡ ♥ós

✐♥t❡r♥♦s✱ ♥♦ s❡♥t✐❞♦ ❞❡ q✉❡ q✉❛❧q✉❡r ❝❛♠✐♥❤♦ t♦♠❛❞♦ ♦s ✈ért✐❝❡s ✐♥t❡r♥♦s ❛❧t❡r♥❛♠ ❞❡♥tr❡

❥♦✐♥ ❡ ✉♥✐ã♦✳ ❖ q✉❡ ♥ã♦ ♦❝♦rr❡ ♥❛ s✉❛ ❢♦r♠❛ ❜✐♥ár✐❛ ❡str✐t❛✱ ♦ q✉❡ ♣♦❞❡ ♣❛r❡❝❡r ❡str❛♥❤♦✱

♣♦✐s ❛✜♥❛❧ ❛ ❝♦ár✈♦r❡ é ú♥✐❝❛ ❛ ♠❡♥♦s ❞❡ ♣❡r♠✉t❛çã♦ ❞❡ ✈ért✐❝❡s✳ ❖ q✉❡ ❢❛③❡♠♦s ❛q✉✐ é

✉♠ ❛❜✉s♦ ❞❡ ❧✐♥❣✉❛❣❡♠✱ ♣♦✐s ❞❡ ❢❛t♦ ♥❛ ❢♦r♠❛ ❜✐♥ár✐❛ é ❢á❝✐❧ ✈❡r q✉❡ ❛ ár✈♦r❡ ❝♦♥t✐♥✉❛

r❡♣r❡s❡♥t❛♥❞♦ ♦ ♠❡s♠♦ ❝♦❣r❛❢♦✱ ♠❛s ❢♦r♠❛❧♠❡♥t❡ ♥ã♦ é ♠❛✐s ✉♠❛ ❝♦ár✈♦r❡✳



✹✳✸ ❆❧❣♦r✐t♠♦s ✐♠♣❧❡♠❡♥t❛❞♦s ✺✼

❆ ❝♦rr❡t✉❞❡ ❞♦ ❛❧❣♦r✐t♠♦ ❛♥t❡r✐♦r é ✈á❧✐❞❛✱ ✉♠❛ ✈❡③ q✉❡ ❡st❡ ❡❢❡t✉❛ s♦❜r❡ ❝❛❞❛ ✈ért✐❝❡

✉♠❛ r❡♦r❣❛♥✐③❛çã♦ ❞♦s s❡✉s ✜❧❤♦s✱ ❛tr❛✈és ❞❛ ✐♥s❡rçã♦ ❞❡ ❛✉①✐❧✐❛r❡s q✉❡ ♥ã♦ ✐♥t❡r❢❡r❡♠

♥❛ ❡str✉t✉r❛ ❞♦ ❝♦❣r❛❢♦✳

❋❛③❡♥❞♦ ✉s♦ ❞♦ ú❧t✐♠♦ ❛❧❣♦r✐t♠♦ ❡ ❞♦ t❡♦r❡♠❛ ✹✳✸✳✸✱ ♣♦❞❡♠♦s ❡s❝r❡✈❡r ♦ ♣r♦❝❡ss♦ q✉❡

❝❛❧❝✉❧❛ ♦ ♥ú♠❡r♦ ❝r♦♠át✐❝♦ ❞❡ ✉♠ ❝♦❣r❛❢♦ ❛tr❛✈és ❞❡ s✉❛ ❝♦ár✈♦r❡✳ ❉❛❞♦ ✉♠ ❝♦❣r❛❢♦ G

❝♦♠ ❝♦ár✈♦r❡ ❛ss♦❝✐❛❞❛ T ✱ ❛ ✐❞❡✐❛ ❣❡r❛❧ ❞♦ ♣r♦❝❡❞✐♠❡♥t♦ é ❛r♠❛③❡♥❛r✱ ❞❡ ❢♦r♠❛ r❡❝✉rs✐✈❛✱

♥♦ ❝❛♠♣♦ ❈r♦♠❛t✐❝♦ ❞❡ ❝❛❞❛ ✈ért✐❝❡ v ♦ ♥ú♠❡r♦ ❝r♦♠át✐❝♦ ❞♦ ❝♦❣r❛❢♦ r❡❢❡r❡♥t❡ ❛ ❝♦ár✈♦r❡

T (v)✳ ▲♦❣♦ ♦ ♥ú♠❡r♦ ❝r♦♠át✐❝♦ ❞♦ ❝♦❣r❛❢♦ G é ♦ ✈❛❧♦r ❛r♠❛③❡♥❛❞♦ ♥❛ r❛✐③ ❞❡ T ✳

❆❧❣♦r✐t❤♠ ✹✳✶✻ ❈á❧❝✉❧♦ ❞♦ ♥ú♠❡r♦ ❝r♦♠át✐❝♦
■♥♣✉t✿ ❱ért✐❝❡ v

❖✉t♣✉t✿ ◆ú♠❡r♦ ❝r♦♠át✐❝♦ ❞❡ v

✶✿ ♣r♦❝❡❞✉r❡ Cromatico✭v✮

✷✿ ✐❢ v é ❢♦❧❤❛ t❤❡♥

✸✿ r❡t✉r♥ ✶❀

✹✿ ❡❧s❡

✺✿ ✐❢ v.label = 0 t❤❡♥ ⊲ ♥ó ✉♥✐ã♦

✻✿ v.Cromatico← max{Cromatico(x); x ∈ filhos(v)}✳
✼✿ ❡❧s❡ ⊲ ♥ó ❥♦✐♥

✽✿ v.Cromatico←∑

x∈filhos(v)Cromatico(x)✳

✾✿ ❡♥❞ ✐❢

✶✵✿ ❡♥❞ ✐❢

✶✶✿ r❡t✉r♥ v.Cromatico

✶✷✿ ❡♥❞ ❢✉♥❝t✐♦♥

❆ ❝♦rr❡t✉❞❡ ❞♦ ❛❧❣♦r✐t♠♦ ❛❝✐♠❛ é ❣❛r❛♥t✐❞❛ ♣❡❧♦ t❡♦r❡♠❛ ✹✳✸✳✸✳

❈♦♠ ♥ú♠❡r♦ ❝r♦♠át✐❝♦ ❝❛❧❝✉❧❛❞♦ ❡ ❛r♠❛③❡♥❛❞♦ ❡♠ ❝❛❞❛ ✈ért✐❝❡✱ ♣♦❞❡♠♦s ❡s❝r❡✈❡r

♦ ❛❧❣♦r✐t♠♦ r❡❝✉rs✐✈♦ q✉❡ ❝❛❧❝✉❧❛ ❛ ❝♦♦r❞❡♥❛❞❛ t ❞♦ ✈❡t♦r ❜✲❞♦♠✐♥❛♥t❡ ❞♦ ✈ért✐❝❡ v✱ q✉❡

r❡♣r❡s❡♥t❛ ♦ ❝♦❣r❛❢♦ r❡❢❡r❡♥t❡ ❛ ❝♦ár✈♦r❡ T (v)✳ ❆♥t❡s ✈❛❧❡ r❡ss❛❧t❛r q✉❡ ♦ ♣r♦❝❡❞✐♠❡♥t♦

❛♥t❡r✐♦r ♥ã♦ ♥❡❝❡ss✐t❛ ❞❛ ár✈♦r❡ ♥❛ ❢♦r♠❛ ❜✐♥ár✐❛ ❡str✐t❛✱ ♣♦ré♠ ♥♦ s❡❣✉✐♥t❡ ❛ss✉♠✐♠♦s

q✉❡ ❛ ❡♥tr❛❞❛ é ✉♠❛ ár✈♦r❡ ❝♦♠ t❛❧ r❡str✐çã♦✳



✹✳✸ ❆❧❣♦r✐t♠♦s ✐♠♣❧❡♠❡♥t❛❞♦s ✺✽

❆❧❣♦r✐t❤♠ ✹✳✶✼ ❈á❧❝✉❧♦ ❞❡ ❝♦♦r❞❡♥❛❞❛ ❞♦ ✈❡t♦r ❜✲❞♦♠✐♥❛♥t❡
■♥♣✉t✿ ❱ért✐❝❡ v ❡ ♣❛râ♠❡tr♦ t

❖✉t♣✉t✿ ❱❛❧♦r domG[t]✱ ♦♥❞❡ G é ❝♦❣r❛❢♦ ❛ss♦❝✐❛❞♦ ❛ T (v)

✶✿ s❡ ✭t > v.FolhasInduzidas✮ ❡♥tã♦ r❡t✉r♥ ✵❀

✷✿ ♣r♦❝❡❞✉r❡ dom✭v, t✮

✸✿ ✐❢ v é ❢♦❧❤❛ t❤❡♥

✹✿ r❡t✉r♥ ✶❀

✺✿ ❡❧s❡

✻✿ ❙❡❥❛♠ x, y ♦s ✜❧❤♦s ❞❡ v ⊲ ár✈♦r❡ ❜✐♥ár✐❛

✼✿ ✐❢ v é tipo✲0 t❤❡♥

✽✿ r❡t✉r♥ min{t, dom(x, t) + dom(y, t)}
✾✿ ❡❧s❡

✶✵✿ a← max{x.Cromatico, t− y.FolhasInduzidas}
✶✶✿ b← min{x.FolhasInduzidas, t− y.Cromatico}
✶✷✿ r❡t✉r♥ max{dom(x, j) + dom(y, t− j); a ≤ j ≤ b}
✶✸✿ ❡♥❞ ✐❢

✶✹✿ ❡♥❞ ✐❢

✶✺✿ ❡♥❞ ❢✉♥❝t✐♦♥

❆ s✉❛ ❝♦rr❡t✉❞❡ é ❣❛r❛♥t✐❞❛ ♣❡❧♦s t❡♦r❡♠❛s ✹✳✸✳✶ ❡ ✹✳✸✳✷✳

❈♦♠ ♦s três ❛❧❣♦r✐t♠♦s ❛❝✐♠❛ ♣♦❞❡♠♦s✱ ♣♦r ✜♠✱ ❡s❝r❡✈❡r ♦ ❛❧❣♦r✐t♠♦ q✉❡ ❝❛❧❝✉❧❛ ♦

♥ú♠❡r♦ ❜✲❝r♦♠át✐❝♦ ❞❡ ✉♠ ❣r❛❢♦✳

❆❧❣♦r✐t❤♠ ✹✳✶✽ ❈á❧❝✉❧♦ ❞♦ ♥ú♠❡r♦ ❜✲❝r♦♠át✐❝♦
■♥♣✉t✿ ❈♦ár✈♦r❡ T

❖✉t♣✉t✿ ◆ú♠❡r♦ ❜✲❝r♦♠át✐❝♦ ❞♦ ❝♦❣r❛❢♦ G ❛ss♦❝✐❛❞♦ à T

✶✿ ♣r♦❝❡❞✉r❡ Bcromatico✭T ✮

✷✿ r ← raiz(T )

✸✿ ConverteEmBinaria(r)

✹✿ s❡ r é ❢♦❧❤❛ ❡♥tã♦ r❡t✉r♥ ✶❀

✺✿ t← Cromatico(r)

✻✿ ❡♥q✉❛♥t♦ t = dom(r, t) ❢❛ç❛ t← t+ 1

✼✿ r❡t✉r♥ t− 1❀

✽✿ ❡♥❞ ❢✉♥❝t✐♦♥

❆ ❝♦rr❡t✉❞❡ ❞♦ ❛❧❣♦r✐t♠♦ ❛♥t❡r✐♦r é ❛ss❡❣✉r❛❞♦ ♣❡❧♦ ❧❡♠❛ ✹✳✸✳✶✳



✹✳✸ ❆❧❣♦r✐t♠♦s ✐♠♣❧❡♠❡♥t❛❞♦s ✺✾

✹✳✸✳✸ ❈á❧❝✉❧♦ ❞♦ í♥❞✐❝❡

❆ ♦❜t❡♥çã♦ ❞♦ í♥❞✐❝❡ ❞❡ ✉♠ ❣r❛❢♦ G ❝♦♠ n ✈ért✐❝❡s✱ ❡♥✈♦❧✈❡ ♦ ❝á❧❝✉❧♦ ❞❡ ❞❡t❡r♠✐♥❛♥t❡s

❞❡ ♦r❞❡♠ n ❡ ❞❡ r❛í③❡s ❞❡ ♣♦❧✐♥ô♠✐♦s ❞❡ ❣r❛✉ n✱ ♦ q✉❡ ♣♦❞❡ s❡r ❝✉st♦s♦ ❝♦♠♣✉t❛❝✐♦✲

♥❛❧♠❡♥t❡✳ ❈♦♠♦ ♥♦ss♦ ♣r♦♣ós✐t♦ é ❡①❡❝✉t❛r ✈ár✐♦s t❡st❡s ❛ ✜♠ ❞❡ ✈❡r✐✜❝❛r ❛ ❛✜r♠❛çã♦

(∆1)✱ ♦ ❝á❧❝✉❧♦ ♣❡❧❛ ❞❡✜♥✐çã♦ ♥ã♦ é ✉♠ ❝❛♠✐♥❤♦ ✈✐á✈❡❧✳ ❈♦♠♦ só q✉❡r❡♠♦s ✈❡r✐✜❝❛r ✉♠❛

❞❡s✐❣✉❛❧❞❛❞❡ ✉t✐❧✐③❛♠♦s ✉♠ ♠ét♦❞♦ ♠❛✐s ❡✜❝✐❡♥t❡ ❝❛♣❛③ ❞❡ ♠❛❥♦r❛r ♦s ❛✉t♦✈❛❧♦r❡s✳

❊♠ ❬✷✽❪ é ♣r♦♣♦st♦ ✉♠ ❛❧❣♦r✐t♠♦ ❞❡ ❧♦❝❛❧✐③❛çã♦ ❞❡ ❛✉t♦✈❛❧♦r❡s ❡♠ ❝♦❣r❛❢♦s✳ ❆ ❡♥tr❛❞❛

❞♦ ❛❧❣♦r✐t♠♦ é ✉♠❛ ❝♦ár✈♦r❡ T ♥❛ ❢♦r♠❛ st❛♥❞❛r❞✱ ✐st♦ é✱ ❝♦ár✈♦r❡ ❡str✉t✉r❛❞❛ ❞❡ ❢♦r♠❛

q✉❡ t♦❞❛s ❛s ❢♦❧❤❛s ❡st❡❥❛♠ ♥♦ ú❧t✐♠♦ ♥í✈❡❧✳ ❖ ♣r♦❝❡❞✐♠❡♥t♦ ❛ s❡❣✉✐r ❞❡s❝r❡✈❡ ❛s ♦♣❡r❛çõ❡s

q✉❡ tr❛♥s❢♦r♠❛♠ ✉♠❛ ❝♦ár✈♦r❡ ♥❛ s✉❛ ✈❡rsã♦ st❛♥❞❛r❞✱ ❝✉❥❛ ✐❞❡✐❛ ♣r✐♥❝✐♣❛❧ ♥❛❞❛ ♠❛✐s é

q✉❡ ✐♥s❡r✐r ✈ért✐❝❡s ✐♥t❡r♠❡❞✐ár✐♦s q✉❡ ♥ã♦ ❛❧t❡r❛♠ ❛ ❡str✉t✉r❛ ❞♦ ❝♦❣r❛❢♦✱ ❛té q✉❡ t♦❞❛s

❛s ❢♦❧❤❛s s❡❥❛♠ ♣♦st❛s ♥♦ ú❧t✐♠♦ ♥í✈❡❧✳

❆❧❣♦r✐t❤♠ ✹✳✶✾ ❚r❛♥s❢♦r♠❛ ❡♠ ❝♦ár✈♦r❡ st❛♥❞❛r❞
■♥♣✉t✿ ❈♦ár✈♦r❡ T

❖✉t♣✉t✿ ❈♦ár✈♦r❡ T ′ st❛♥❞❛r❞

✶✿ ♣r♦❝❡❞✉r❡ Standard✭T ✮

✷✿ ❢♦r i ← 2 t♦ nivel(T ) ❞♦

✸✿ ❢♦r ❛❧❧ ❢♦❧❤❛ v ❞❡ nivel(T, i) ❞♦

✹✿ ✇❤✐❧❡ v.Nivel < nitel(T ) ❞♦

✺✿ ❙❡❥❛ w ← v.pai

✻✿ ❙❡❥❛ ♦ ✈ért✐❝❡ aux

✼✿ ❊st❛❜❡❧❡❝❡ aux ❝♦♠♦ ✜❧❤♦ ❞❡ w

✽✿ ❆tr✐❜✉❛ ❡♠ aux ♦ t✐♣♦ ♦♣♦st♦ ❛♦ ❞❡ ✇

✾✿ ❘❡♠♦✈❡ ♣❛r❡♥t❡s❝♦ ❡♥tr❡ v ❡ w

✶✵✿ ❊st❛❜❡❧❡❝❡ v ❝♦♠♦ ✜❧❤♦ ❞❡ aux

✶✶✿ v.Nivel ← v.Nivel + 1

✶✷✿ ❡♥❞ ✇❤✐❧❡

✶✸✿ ❡♥❞ ❢♦r

✶✹✿ ❡♥❞ ❢♦r

✶✺✿ ❡♥❞ ❢✉♥❝t✐♦♥

❊①❡♠♣❧♦ ✹✳✸✳✸✳ ❆ s❡❣✉✐r s❡❣✉❡ ✉♠ ❡①❡♠♣❧♦ ❞❛ ❛♣❧✐❝❛çã♦ ❞♦ ❛❧❣♦r✐t♠♦ ❛❝✐♠❛ ♥✉♠❛

❝♦ár✈♦r❡



✹✳✸ ❆❧❣♦r✐t♠♦s ✐♠♣❧❡♠❡♥t❛❞♦s ✻✵

❋✐❣✉r❛ ✹✳✼✿ ❈♦ár✈♦r❡ T ❡ s✉❛ ✈❡rsã♦ st❛♥❞❛r❞

❆ ✐❞❡✐❛ ❞♦ ❆❧❣♦r✐t♠♦ ♣r♦♣♦st♦ ❡♠ ❬✷✽❪ é ❛ s❡❣✉✐♥t❡✿ ❞❛❞❛ ✉♠❛ ❝♦ár✈♦r❡ st❛♥❞❛r❞ T

❡ ✉♠ ✈❛❧♦r r❡❛❧ x✱ ❛ ❝❛❞❛ ❢♦❧❤❛ v ❞❡ T é ❛ss♦❝✐❛❞♦ ✉♠ ♥ú♠❡r♦ diag(v)✱ ❝❤❛♠❛❞♦ ✈❛❧♦r

❞✐❛❣♦♥❛❧✱ ✐♥✐❝✐❛❧✐③❛❞♦ ❝♦♠ x✳ ❊♥tã♦ sã♦ r❡❛❧✐③❛❞❛s ❞♦✐s t✐♣♦s ❞❡ ♦♣❡r❛çõ❡s✿ ❛t✉❛❧✐③❛çã♦

❞♦s ✈❛❧♦r❡s diag(v) ❡ r❡♠♦çã♦ ❞❡ ❛❞❥❛❝ê♥❝✐❛s ❡♠ T ✱ ♦♥❞❡ ✐♠♣❧✐❝✐t❛♠❡♥t❡ t❛✐s ♣r♦❝❡ss♦s

sã♦ ❡q✉✐✈❛❧❡♥t❡s ❛ ♦♣❡r❛çõ❡s ♥❛ ♠❛tr✐③ A(G) + x.I✳ ❆♣ós ❛ ❡①❡❝✉çã♦✱ ❝❛❞❛ ✈ért✐❝❡ t❡rá

s❡✉ ✈❛❧♦r ❞✐❛❣♦♥❛❧ ❞❡✜♥✐t✐✈♦✱ ♦ q✉❡ ❡q✉✐✈❛❧❡ ❛ ♠❛tr✐③ ❡st❛r ♥❛ s✉❛ ❢♦r♠❛ ❞✐❛❣♦♥❛❧✐③❛❞❛✳

❊♥tã♦ é ❣❛r❛♥t✐❞♦ q✉❡✿

❼ ❆ q✉❛♥t✐❞❛❞❡ ❞❡ ❛✉t♦✈❛❧♦r❡s ♠❡♥♦r❡s q✉❡ −x ❝♦✐♥❝✐❞❡ ❝♦♠ ❛ q✉❛♥t✐❞❛❞❡ ❞❡ ❢♦❧❤❛s

❝♦♠ ✈❛❧♦r ❞✐❛❣♦♥❛❧ ♥❡❣❛t✐✈♦✳

❼ ❆ q✉❛♥t✐❞❛❞❡ ❞❡ ❛✉t♦✈❛❧♦r❡s ✐❣✉❛✐s ❛ −x ❝♦✐♥❝✐❞❡ ❝♦♠ ❛ q✉❛♥t✐❞❛❞❡ ❞❡ ❢♦❧❤❛s ❝♦♠

✈❛❧♦r ❞✐❛❣♦♥❛❧ ♥✉❧♦✳

❼ ❆ q✉❛♥t✐❞❛❞❡ ❞❡ ❛✉t♦✈❛❧♦r❡s ♠❛✐♦r❡s q✉❡ −x ❝♦✐♥❝✐❞❡ ❝♦♠ ❛ q✉❛♥t✐❞❛❞❡ ❞❡ ❢♦❧❤❛s

❝♦♠ ✈❛❧♦r ❞✐❛❣♦♥❛❧ ♣♦s✐t✐✈♦✳

❈♦♠♦ ♦ ♥♦ss♦ ♦❜❥❡t✐✈♦ é ✈❡r✐✜❝❛r ❛ ✈❛❧✐❞❛❞❡ ❞❛ ❛✜r♠❛çã♦ (∆1)✱ ♦✉ s❡❥❛✱ ❝♦♥st❛t❛r s❡

♦ í♥❞✐❝❡ ❞❡ G é ♠❛✐♦r q✉❡ ♦ ♣❛râ♠❡tr♦ χb(G)−1✱ ❡♥tã♦ ❜❛st❛ ❛♣❧✐❝❛r ♦ ✈❛❧♦r x = 1−χb(G)

❝♦♠♦ ❡♥tr❛❞❛ ❞♦ ♣r♦❝❡❞✐♠❡♥t♦ ❡ ✈❡r✐✜❝❛r♠♦s s❡ ♥♦ ✜♥❛❧ ❞♦ ♣r♦❝❡ss♦ ❡①✐st❡ ❛❧❣✉♠ ✈ért✐❝❡

❝♦♠ ✈❛❧♦r ❞✐❛❣♦♥❛❧ ♣♦s✐t✐✈♦ ♦✉ ♥✉❧♦✳ ❈❛s♦ ❛✜r♠❛t✐✈♦ ❡♥tã♦ ❡①✐st❡ ❛♦ ♠❡♥♦s ✉♠ ❛✉t♦✈❛❧♦r

♠❛✐♦r ♦✉ ✐❣✉❛❧ ❛ −x✱ ♣♦rt❛♥t♦ λ(G) ≥ −x ❝♦♥✜r♠❛♥❞♦ ❛ ❛✜r♠❛çã♦✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ✉♠

❝♦♥tr❛ ❡①❡♠♣❧♦ ♣❛r❛ ❛ ❛✜r♠❛çã♦ é ✉♠ ❝♦❣r❛❢♦ G q✉❡ ❛♣ós ❛♣❧✐❝❛çã♦ ❞♦ ♣r♦❝❡❞✐♠❡♥t♦ ❝♦♠

❡♥tr❛❞❛ x✱ t♦❞♦s ♦s ✈ért✐❝❡s ♣♦ss✉❡♠ ✈❛❧♦r ❞✐❛❣♦♥❛❧ ♥❡❣❛t✐✈♦✱ ❝♦♥st❛t❛♥❞♦ q✉❡ t♦❞♦s ♦s

❛✉t♦✈❛❧♦r❡s✱ ✐♥❝❧✉s✐✈❡ ♦ í♥❞✐❝❡✱ sã♦ ♠❡♥♦r❡s q✉❡ −x✳ ◆♦✈❛♠❡♥t❡ ✈❛❧❡ r❡ss❛❧t❛r q✉❡ ♣❛r❛

❛♣❧✐❝❛r ♦ ❛❧❣♦r✐t♠♦ ♥ã♦ é ♥❡❝❡ssár✐♦ ❡♠ ♠♦♠❡♥t♦ ❛❧❣✉♠ ❞❛ ❡str✉t✉r❛ ❞♦ ❝♦❣r❛❢♦✱ t♦❞❛s

❛s ♦♣❡r❛çõ❡s sã♦ ❢❡✐t❛s s♦❜r❡ ❛ ár✈♦r❡✳



✹✳✸ ❆❧❣♦r✐t♠♦s ✐♠♣❧❡♠❡♥t❛❞♦s ✻✶

❆ s❡❣✉✐r ❡s❝r❡✈❡♠♦s ♦ ♣r♦❝❡❞✐♠❡♥t♦ ♣r♦♣♦st♦ ♥♦ ❛rt✐❣♦✳ ❆♥t❡s ♦❜s❡r✈❡ q✉❡ ❛s n

❢♦❧❤❛s ❞❛ ár✈♦r❡ ❡stã♦ ❧♦❝❛❧✐③❛❞❛s ♥♦ ♥í✈❡❧ m := nivel(T )✱ ❛s q✉❛✐s r♦t✉❧❛♠♦s ❡♠ ♦r❞❡♠

❞❡❝r❡s❝❡♥t❡ ❞❡ í♥❞✐❝❡✿ vk, vk−1, . . . , v2, v1✳ ❖ ✈❛❧♦r Diag(v) s❡rá ❛r♠❛③❡♥❛❞♦ ♥♦ ❝❛♠♣♦

v.Diag✳



✹✳✸ ❆❧❣♦r✐t♠♦s ✐♠♣❧❡♠❡♥t❛❞♦s ✻✷

❆❧❣♦r✐t❤♠ ✹✳✷✵ ❬✷✽❪ ❆❧❣♦r✐t♠♦ ❞✐❛❣♦♥❛❧✐③❛çã♦
■♥♣✉t✿ ❈♦ár✈♦r❡ st❛♥❞❛r❞ T ❡ r❡❛❧ x

❖✉t♣✉t✿ ❈á❧❝✉❧♦ ❞♦ ✈❛❧♦r ❞✐❛❣♦♥❛❧ ❞❡ ❝❛❞❛ ✈ért✐❝❡

✶✿ ♣r♦❝❡❞✉r❡ LocalizacaoAutovalores✭T, x✮

✷✿ ❋♦r ❡❛❝❤ v ❢♦❧❤❛ ❞❡ T ❞♦ vk.Diag ← x

✸✿ ❢♦r ✐ ← m− 1 t♦ ✶ ❞♦ ⊲ ❛♥á❧✐s❡ ❞♦ ♥í✈❡❧ i✳

✹✿ ✇❤✐❧❡ ∃vk✱ vl ✭k < l✮ ♦♥❞❡ nivel(lca(vk, vl)) = i ❞♦

✺✿ β ← vk.Diag

✻✿ α← vl.Diag

✼✿ ✐❢ lca(vk, vl) é tipo✲1 t❤❡♥

✽✿ ✐❢ α + β 6= 2 t❤❡♥

✾✿ vl.Diag ← αβ−1
α+β−2

vk.Diag ← α + β − 2

✶✵✿ ❡❧s❡

✶✶✿ ✐❢ β = 1 t❤❡♥

✶✷✿ vl.Diag ← 1 vk.Diag = 0

✶✸✿ ❡❧s❡

✶✹✿ vl.Diag ← 1 vk.Diag = −(1− β)2

✶✺✿ r❡♠♦✈❛ ❛❞❥❛❝ê♥❝✐❛s ❡♥tr❡ vl ❡ lca(vk, vl)

✶✻✿ ❡♥❞ ✐❢

✶✼✿ ❡♥❞ ✐❢

✶✽✿ r❡♠♦✈❛ ❛❞❥❛❝ê♥❝✐❛s ❡♥tr❡ vk ❡ lca(vk, vl)

✶✾✿ ❡❧s❡

✷✵✿ ✐❢ α + β 6= 0 t❤❡♥

✷✶✿ vl.Diag ← αβ

α+β
vk.Diag ← α + β

✷✷✿ ❡❧s❡

✷✸✿ ✐❢ β = 0 t❤❡♥

✷✹✿ vl.Diag ← 0 vk.Diag = 0

✷✺✿ ❡❧s❡

✷✻✿ vl.Diag ← β vk.Diag = −β
✷✼✿ r❡♠♦✈❛ ❛❞❥❛❝ê♥❝✐❛s ❡♥tr❡ vl ❡ lca(vk, vl)

✷✽✿ ❡♥❞ ✐❢

✷✾✿ ❡♥❞ ✐❢

✸✵✿ r❡♠♦✈❛ ❛❞❥❛❝ê♥❝✐❛s ❡♥tr❡ vk ❡ lca(vk, vl)

✸✶✿ ❡♥❞ ✐❢

✸✷✿ ❡♥❞ ✇❤✐❧❡

✸✸✿ ❡♥❞ ❢♦r

✸✹✿ ❡♥❞ ❢✉♥❝t✐♦♥



✹✳✹ ❱❡r✐✜❝❛çã♦ ❞❛ ❛✜r♠❛çã♦ (∆1) ✻✸

◆♦ss♦ ✐♥t❡r❡ss❡ é ✈❡r✐✜❝❛r s❡ ♦ í♥❞✐❝❡ ❞❡ ✉♠ ❣r❛❢♦ é ♠❛✐♦r q✉❡ ✉♠ ❡s♣❡❝í✜❝♦ ✈❛❧♦r x

❞❛❞♦ ❝♦♠♦ ❡♥tr❛❞❛✱ ♦ q✉❡ é ❢❡✐t♦ ♣❡❧♦ ❛❧❣♦r✐t♠♦ ❛❜❛✐①♦✳

❆❧❣♦r✐t❤♠ ✹✳✷✶ ❱❡r✐✜❝❛ s❡ ♦ í♥❞✐❝❡ é ♠❛✐♦r q✉❡ x
■♥♣✉t✿ ❈♦ár✈♦r❡ T ❡ ❡s❝❛❧❛r x

❖✉t♣✉t✿ ❱❛❧♦r ❜♦♦❧❡❛♥♦

✶✿ ♣r♦❝❡❞✉r❡ IndiceMaiorQue✭T, x✮

✷✿ T ← Standard(T )

✸✿ LocalizacaoAutovalores(T,−x)
✹✿ ❢♦r ❛❧❧ v ❢♦❧❤❛ ❞❡ T ❞♦

✺✿ s❡ v.Diag ≥ 0 ❡♥tã♦ r❡t✉r♥ tr✉❡

✻✿ ❡♥❞ ❢♦r

✼✿ r❡t✉r♥ ❢❛❧s❡

✽✿ ❡♥❞ ❢✉♥❝t✐♦♥

✹✳✹ ❱❡r✐✜❝❛çã♦ ❞❛ ❛✜r♠❛çã♦ (∆1)

❈♦♠♦ ❥á ❝✐t❛♠♦s ❡♠ ♦✉tr♦s ♠♦♠❡♥t♦s ❞♦ t❡①t♦✱ ❛ t❡♦r✐❛ q✉❡ ❞❡s❡♥✈♦❧✈❡♠♦s ♥♦ ❝❛♣ít✉❧♦

✸ ❢♦✐ ♠♦t✐✈❛❞❛ ♣❡❧❛ ✈❡r✐✜❝❛çã♦ ❞❛ ❛✜r♠❛çã♦ (∆1)✳ P♦rt❛♥t♦ ♦s t❡st❡s ❢♦r❛♠ r❡❛❧✐③❛❞♦s

❡♠ ❞♦✐s ♠♦♠❡♥t♦s✿ Pr✐♠❡✐r♦ t❡st❛♠♦s ❛ ❛✜r♠❛çã♦ ❡♠ ❣r❛❢♦s ❣❡r❛❞♦s ❞❡ ❢♦r♠❛ ❛❧❡❛tór✐❛✱

♣♦✐s ❛✐♥❞❛ ♥ã♦ ❤❛✈í❛♠♦s ❡❧❛❜♦r❛❞♦ ♦ ❛❧❣♦r✐t♠♦ ❣❡r❛❞♦r ❞❡ ❝♦❣r❛❢♦s✳ ❉✐❛♥t❡ ❞♦s r❡s✉❧t❛❞♦s

♦❜t✐❞♦s✱ ❞❡s❝r✐t♦s ♥❛ s✉❜s❡çã♦ ✹✳✹✳✶✱ ✈✐♠♦s ❛ ♥❡❝❡ss✐❞❛❞❡ ❞❡ ❣❡r❛r ❝♦❣r❛❢♦s ❞❡ ❢♦r♠❛ s✐st❡✲

♠át✐❝❛ ❡ ❡♥tã♦ ❞❡s❡♥✈♦❧✈❡♠♦s ♦ ❛❧❣♦r✐t♠♦ ❣❡r❛❞♦r ❞❡ ❝♦❣r❛❢♦s ✸✳✶✵✳ ❖ s❡❣✉♥❞♦ ♠♦♠❡♥t♦

tr❛t❛ ❞❛ ✈❡r✐✜❝❛çã♦ ❞❡ ✉♠❛ r❡❢♦r♠✉❧❛çã♦ ❞❛ ❛✜r♠❛çã♦ (∆1) ❡♠ t♦❞♦s ♦s ❝♦❣r❛❢♦s ❝♦♠

✜①❛❞♦ ♥ú♠❡r♦ ❞❡ ✈ért✐❝❡s✱ ♦♥❞❡ ♦❜t❡♠♦s r❡s✉❧t❛❞♦s s❛t✐s❢❛tór✐♦s✱ ❞❡s❝r✐t♦s ♥❛ s✉❜s❡çã♦

✹✳✹✳✷✳

❚♦❞♦s ♦s t❡st❡s ❢♦r❛♠ ❢❡✐t♦s ❛tr❛✈és ❞♦s ❛❧❣♦r✐t♠♦s ❞❡s❝r✐t♦s ♥❡st❡ tr❛❜❛❧❤♦✱ ✐♠♣❧❡✲

♠❡♥t❛❞♦s ♥❛ ❧✐♥❣✉❛❣❡♠ C#✱ ♦♥❞❡ ❢♦r❛♠ ❡①❡❝✉t❛❞♦s ♥✉♠❛ ♠áq✉✐♥❛ ✈✐rt✉❛❧ ❢♦r♥❡❝✐❞❛ ♣❡❧❛

♣❧❛t❛❢♦r♠❛ ●♦♦❣❧❡ ❈❧♦✉❞ ♥✉♠❛ ♠áq✉✐♥❛ ❡q✉✐♣❛❞❛ ❝♦♠ ❈P❯ ■♥t❡❧ ❙❛♥❞② ❇r✐❞❣❡ ❝♦♠ ❝❧♦❝❦

✸✳✸ ●❤③✱ ✶✷●❇ ❞❡ ♠❡♠ór✐❛ ❘❆▼ ❡ ❲✐♥❞♦✇s ✼ ✻✹ ❜✐ts✳

✹✳✹✳✶ ❚❡st❡s ❝♦♠ ❝♦❣r❛❢♦s ❣❡r❛❞♦s ❛❧❡❛t♦r✐❛♠❡♥t❡

◆❡st❛ s❡çã♦ ❞❡s❝r❡✈❡r❡♠♦s ♦s t❡st❡s r❡❛❧✐③❛❞♦s ❡♠ ❝♦❣r❛❢♦s ❣❡r❛❞♦s ❛❧❡❛t♦r✐❛♠❡♥t❡✳ ❆❜❛✐①♦

❞❡s❝r❡✈❡♠♦s ♦ ❛❧❣♦r✐t♠♦✳



✹✳✹ ❱❡r✐✜❝❛çã♦ ❞❛ ❛✜r♠❛çã♦ (∆1) ✻✹

❆❧❣♦r✐t❤♠ ✹✳✷✷ ●❡r❛❞♦r ❛❧❡❛tór✐♦ ❞❡ ❝♦ár✈♦r❡s
■♥♣✉t✿ ■♥t❡✐r♦ max ❡ ✈ért✐❝❡ v

❖✉t♣✉t✿ ❝♦ár✈♦r❡ ❛❧❡❛tór✐❛ ❝♦♠ ❛♣r♦①✐♠❛❞❛♠❡♥t❡ max ✈ért✐❝❡s

✶✿ ♣r♦❝❡❞✉r❡ GeraCoarvoreAleatoria✭v,max✮

✷✿ ✐❢ ❙❡ v ♥ã♦ é ❢♦❧❤❛ t❤❡♥

✸✿ ✐❢ |V (T )| < max t❤❡♥

✹✿ ❙❡❥❛ k ♥ú♠❡r♦ ❛❧❡❛tór✐♦ ❞♦ ❝♦♥❥✉♥t♦ {2, 3, 4, 5}
✺✿ ❢♦r ✐ ← ✵ t♦ ❦ ❞♦

✻✿ ■♥s❡r❡ ❡♠ v ✉♠ ✜❧❤♦ w❀

✼✿ ❉❡❝✐❞❡ ❛❧❡❛t♦r✐❛♠❡♥t❡ s❡ w é ✐♥t❡r♥♦ ♦✉ ❢♦❧❤❛✳

✽✿ ✐❢ w é ❢♦❧❤❛ t❤❡♥

✾✿ GeraCoarvoreAleatoria(w,max)

✶✵✿ ❡♥❞ ✐❢

✶✶✿ ❡♥❞ ❢♦r

✶✷✿ ❡♥❞ ✐❢

✶✸✿ ❈♦♥✈❡rt❡ v ♥✉♠❛ ❢♦❧❤❛❀

✶✹✿ ❡♥❞ ✐❢

✶✺✿ ❡♥❞ ❢✉♥❝t✐♦♥

❱❛❧❡ r❡ss❛❧t❛r q✉❡ ♦ ✐♥t❡✐r♦ max ❞❛❞♦ ❝♦♠♦ ❡♥tr❛❞❛ ❞♦ ❛❧❣♦r✐t♠♦ ❛❝✐♠❛ ♥ã♦ ❡st❛❜❡✲

❧❡❝❡ ♦ ♥ú♠❡r♦ ♠á①✐♠♦ ❞❡ ✈ért✐❝❡s ❞❛ ár✈♦r❡✱ ♠❛s s✐♠ ✉♠❛ ❛♣r♦①✐♠❛çã♦ ♣❛r❛ ♦ ♥ú♠❡r♦

♠á①✐♠♦✳ P♦✐s ❞❡♣❡♥❞❡♥❞♦ ❞♦ s♦rt❡✐♦ ♣♦❞❡ ♦❝♦rr❡r ❞❡ ❛❧❣✉♥s ✈ért✐❝❡s ❛ ♠❛✐s s❡❥❛♠ ✐♥✲

s❡r✐❞♦s✳ ❖ t❡st❡ ❞❡ ✈❡r✐✜❝❛çã♦ ❞❛ ❛✜r♠❛çã♦ s❡ ❜❛s❡✐❛ ❡♠ t♦❞♦s ♦s ❛❧❣♦r✐t♠♦s ❞❡s❝r✐t♦s

♥❡st❡ ❝❛♣ít✉❧♦✱ ❝✉❥❛ ♦r❞❡♠ ❞❡ ❡①❡❝✉çã♦ é ❞❡s❝r✐t❛ ♣❡❧♦ ❛❧❣♦r✐t♠♦ ❛❜❛✐①♦✳ ◗✉❡ r❡t♦r♥❛ ✉♠

❝♦♥tr❛✲❡①❡♠♣❧♦ ♣❛r❛ ❛ ❛✜r♠❛çã♦✱ s❡ ❡♥❝♦♥tr❛❞♦✳



✹✳✹ ❱❡r✐✜❝❛çã♦ ❞❛ ❛✜r♠❛çã♦ (∆1) ✻✺

❆❧❣♦r✐t❤♠ ✹✳✷✸ ❱❛❧✐❞❛çã♦ ❞❛ ❛✜r♠❛çã♦ (∆1)

■♥♣✉t✿ ◆ú♠❡r♦ ❛♣r♦①✐♠❛❞♦ ❞❡ ✈ért✐❝❡s m

❖✉t♣✉t✿ ❈♦ár✈♦r❡ T q✉❡ ♥ã♦ s❛t✐s❢❛③ ❛ ❛✜r♠❛çã♦ (∆1)

✶✿ ♣r♦❝❡❞✉r❡ BuscaContraExemplo✭m✮

✷✿ r❡♣❡❛t

✸✿ ❙❡❥❛ v ✉♠ ✈ért✐❝❡ ⊲ r❛✐③

✹✿ T ← GeraCoarvoreAleatoria(v,m)

✺✿ ■♥s❡r❡ ❛❧❡❛t♦r✐❛♠❡♥t❡ ♦ ❣r❛❢♦ 2D ♦✉ 3P3 ❝♦♠♦ ✐♥❞✉③✐❞♦

✻✿ ❙❡❥❛ T ′ ❝ó♣✐❛ ❞❡ T

✼✿ x← Bcromatico(T ′)− 1

✽✿ ✉♥t✐❧ !(IndiceMaiorQue(T, x))

✾✿ r❡t✉r♥ T

✶✵✿ ❡♥❞ ❢✉♥❝t✐♦♥

❆ ♦♣❡r❛çã♦ r❡❛❧✐③❛❞❛ ♥❛ ❧✐♥❤❛ ✺ t♦r♥❛ ♦ ❝♦❣r❛❢♦ ♥ã♦ ❜✲♣❡r❢❡✐t♦✱ ♣♦✐s ❝♦♠♦ ❥á ♦❜s❡r✈❛❞♦

❛♥t❡r✐♦r♠❡♥t❡✱ ❝❛s♦ ♦ ❝♦❣r❛❢♦ s❡❥❛ ❜✲♣❡r❢❡✐t♦✱ ❛ ❛✜r♠❛çã♦ (∆1) é tr✐✈✐❛❧♠❡♥t❡ s❛t✐s❢❡✐t❛✳

◆❛ ❧✐♥❤❛ ✻ é ♥❡❝❡ssár✐❛ ✉♠❛ ❝ó♣✐❛ ❞❛ ❝♦ár✈♦r❡ ♣❛r❛ ❛♣❧✐❝❛r ♥♦ ❛❧❣♦r✐t♠♦ ❞❡ ❝á❧❝✉❧♦ ❞♦

❜✲❝r♦♠át✐❝♦✱ ✉♠❛ ✈❡③ q✉❡ ♦ ♣r♦❝❡❞✐♠❡♥t♦ ❝❤❛♠❛❞♦ ♥❛ ❧✐♥❤❛ s❡❣✉✐♥t❡ tr❛♥s❢♦r♠❛ ♥✉♠❛

ár✈♦r❡ ❜✐♥ár✐❛✱ t♦r♥❛♥❞♦✲❛ ✐♥✉t✐❧✐③á✈❡❧ ♣❛r❛ ♦ ❛❧❣♦r✐t♠♦ ❞❡ ❞✐❛❣♦♥❛❧✐③❛çã♦✳

❋♦r❛♠ ❣❡r❛❞♦s ❡ t❡st❛❞♦s ❝♦❣r❛❢♦s ❝♦♠ ❛té ✷✵ ✈ért✐❝❡s ✭❛♣r♦①✐♠❛❞❛♠❡♥t❡✮✱ ♣♦✐s ❝❛s♦

✉♠ ❝♦♥tr❛✲❡①❡♠♣❧♦ ❢♦ss❡ ❡♥❝♦♥tr❛❞♦✱ s❡r✐❛ ♣♦ssí✈❡❧ ♦❜s❡r✈❛r ❝♦♠ ♠❛✐s ❝❧❛r❡③❛ s✉❛ ❡str✉✲

t✉r❛✳ ❉❡♣♦✐s ❞❡ ❣❡r❛❞♦s ♠❛✐s ❞❡ ✹✵✵✳✵✵✵ ❝♦❣r❛❢♦s ❛❧❡❛tór✐♦s✱ ♦ ❛❧❣♦r✐t♠♦ ❡♥❝♦♥tr♦✉ ✉♠

❝♦♥tr❛✲❡①❡♠♣❧♦✿ ♦ ❝♦❣r❛❢♦ q✉❡ ❞❡♥♦t❛r❡♠♦s ♣♦r Ga✱ ✐❧✉str❛❞♦ ♥❛ ✜❣✉r❛ ✹✳✽ ❡ ♣♦ss✉✐ ❛s

s❡❣✉✐♥t❡s ❝❛r❛❝t❡ríst✐❝❛s✿

❼ P♦ss✉✐ 2D ❝♦♠♦ ✐♥❞✉③✐❞♦❀

❼ λ(Ga) ≈ 6, 9618❀

❼ χb(G) = m(G) = 8❀

❼ χb(G)− (λ(G) + 1) < 0, 04✳



✹✳✹ ❱❡r✐✜❝❛çã♦ ❞❛ ❛✜r♠❛çã♦ (∆1) ✻✻

❋✐❣✉r❛ ✹✳✽✿ ❈♦♥tr❛✲❡①❡♠♣❧♦ Ga

❊♥tã♦ ❛ ❛✜r♠❛çã♦ (∆1) ♣r♦♣♦st❛ ♥❛ ❞✐ss❡rt❛çã♦ ❬✸✵❪ é ❢❛❧s❛✳

✹✳✹✳✶✳✶ ❋♦r♠✉❧❛çã♦ ❞❡ ✉♠❛ ♥♦✈❛ ❛✜r♠❛çã♦

❈♦♠ ♦ ❝♦♥tr❛✲❡①❡♠♣❧♦ ❡♥❝♦♥tr❛❞♦✱ ♦❜s❡r✈❛♠♦s q✉❡ Ga ♥❡❣❛ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❛ ❛✜r♠❛çã♦

♣♦r ♠❡♥♦s ❞❡ ✉♠ ❞é❝✐♠♦✳ ❖ q✉❡ ♥♦s ♠♦t✐✈❛ ❛ ✐♥tr♦❞✉çã♦ ❞❡ ✉♠❛ ♥♦✈❛ ❛✜r♠❛çã♦✿

❚♦❞♦ ❝♦❣r❛❢♦ ❝♦♥❡①♦ G s❛t✐s❢❛③ χb(G) ≤ ⌈λ(G)⌉+ 1✳ ∆2

❖♥❞❡ ✉s❛♠♦s ♦ ♣❛râ♠❡tr♦ ⌈λ(G)⌉ ❛♦ ✐♥✈és ❞❡ λ(G)✳

◆❡st❛ r❡❢♦r♠✉❧❛çã♦ ♦ ❣r❛❢♦ Ga ♥ã♦ é ♠❛✐s ✉♠ ❝♦♥tr❛✲❡①❡♠♣❧♦✳

❆❣♦r❛ ♣r❡❝✐s❛♠♦s ❞❡ ✉♠❛ ❢♦r♠❛ ❡✜❝✐❡♥t❡ ❞❡ ❝❛❧❝✉❧❛r ♦ t❡t♦ ❞♦ í♥❞✐❝❡ ❞❡ ✉♠ ❣r❛❢♦✱

♥♦✈❛♠❡♥t❡ ♣♦❞❡♠♦s ✉s❛r ♦ ❛❧❣♦r✐t♠♦ ❞❡ ❞✐❛❣♦♥❛❧✐③❛çã♦ ❡ ❢❛③❡r ✉s♦ ❞♦ s❡❣✉✐♥t❡ t❡♦r❡♠❛

♣❛r❛ ♦t✐♠✐③❛r ♦ ♣r♦❝❡ss♦✳

❚❡♦r❡♠❛ ✹✳✹✳✶✳ ❬✶✸❪ ❚♦❞♦ ❣r❛❢♦ G s❛t✐s❢❛③ δ ≤ d ≤ λ(G) ≤ ∆✱ ♦♥❞❡ δ✱ d ❡ ∆ sã♦ ♦s

❣r❛✉s ♠í♥✐♠♦✱ ♠é❞✐♦ ❡ ♠á①✐♠♦ ❞❡ G✱ ♥❡st❛ ♦r❞❡♠✳



✹✳✹ ❱❡r✐✜❝❛çã♦ ❞❛ ❛✜r♠❛çã♦ (∆1) ✻✼

❆❧❣♦r✐t❤♠ ✹✳✷✹ ❈á❧❝✉❧♦ ❞♦ t❡t♦ ❞♦ í♥❞✐❝❡
■♥♣✉t✿ ❈♦ár✈♦r❡ T ❞♦ ❝♦❣r❛❢♦ G✳

❖✉t♣✉t✿ ❱❛❧♦r ⌈λ(G)⌉✳
✶✿ ♣r♦❝❡❞✉r❡ TetoDoIndice✭T ✮

✷✿ ❙❡❥❛ k =
⌈
d(G)

⌉

✸✿ ✇❤✐❧❡ IndiceMaiorQue(T, k) ❞♦

✹✿ k ← k + 1

✺✿ ❡♥❞ ✇❤✐❧❡

✻✿ r❡t✉r♥ k

✼✿ ❡♥❞ ❢✉♥❝t✐♦♥

❖ t❡♦r❡♠❛ ✹✳✹✳✶ é út✐❧ ♣❛r❛ ♦t✐♠✐③❛r ♦ ❛❧❣♦r✐t♠♦ ✹✳✷✹✱ ♣♦✐s ✐♥✐❝✐❛♠♦s ❛ ❜✉s❝❛ ❞♦ t❡t♦

❞♦ í♥❞✐❝❡ ♥♦ ✈❛❧♦r k =
⌈
d(G)

⌉
✱ ♥ã♦ ❤❛✈❡♥❞♦ ♥❡❝❡ss✐❞❛❞❡ ❞❡ ✐♥✐❝✐❛r♠♦s ♥♦ k = 0✱ ♦ q✉❡

❡✈✐t❛ ❡❢❡t✉❛r
⌈
d(G)

⌉
✈❡③❡s ♦ ♣r♦❝❡❞✐♠❡♥t♦ IndiceMaiorQue(T, k)✳ ◆♦t❡ q✉❡ ♥♦ ♠❡❧❤♦r

❝❛s♦✱ ❡❢❡t✉❛r❡♠♦s ❛ ❝❤❛♠❛❞❛ s♦♠❡♥t❡ ✉♠❛ ✈❡③✳

❉❡ ❢♦r♠❛ s❡♠❡❧❤❛♥t❡ ❛♦ ❢❡✐t♦ ♥♦ ❛❧❣♦r✐t♠♦ ✹✳✷✸✱ ♣♦❞❡♠♦s ❡❢❡t✉❛r ♣r♦❝❡❞✐♠❡♥t♦ s❡♠❡✲

❧❤❛♥t❡ ♣❛r❛ ✈❛❧✐❞❛r ❛ ❛✜r♠❛çã♦ ∆2✳ ❋♦r❛♠ t❡st❛❞♦s ♠❛✐s ❞❡ ✷ ♠✐❧❤õ❡s ❞❡ ❝♦❣r❛❢♦s ♥ã♦

❜✲♣❡r❢❡✐t♦s ❡ ♥❡♥❤✉♠ ❝♦♥tr❛ ❡①❡♠♣❧♦ ❢♦✐ ❡♥❝♦♥tr❛❞♦✱ ♦ q✉❡ ♥♦s ❧❡✈❛ ❛ ❛❝r❡❞✐t❛r q✉❡ t❛❧

❛✜r♠❛çã♦ é ✈❡r❞❛❞❡✐r❛✳ P♦ré♠ ❝♦♠ ❡st❡s t❡st❡s ♥ã♦ ♣♦❞❡♠♦s ❧❡✈❛♥t❛r ♥❡♥❤✉♠❛ ✐❞❡✐❛ ♦✉

❢❛t♦✱ ✉♠❛ ✈❡③ q✉❡ ♦s ❝♦❣r❛❢♦s sã♦ ❣❡r❛❞♦s ❞❡ ❢♦r♠❛ ❛❧❡❛tór✐❛ ❡ ❡st❛♠♦s s✉❥❡✐t♦s✱ ✐♥❝❧✉s✐✈❡✱

❛ ✉♠❛ ❣❡r❛çã♦ ❞❡ ♠✐❧❤❛r❡s ❞❡ ❝♦❣r❛❢♦s ✐s♦♠♦r❢♦s✳

❊♥tã♦ ❢♦✐ ❡①❛t❛♠❡♥t❡ ❡st❡ ♣♦♥t♦✱ q✉❡ ♠♦t✐✈♦✉ ♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞❡ t♦❞♦ ❡st❡ tr❛✲

❜❛❧❤♦✳ ■♥✐❝✐❛❧♠❡♥t❡ ♦s t❡st❡s ❡r❛♠ ❡♠ ❝♦❣r❛❢♦s ❛❧❡❛tór✐♦s✱ s❡♠ ♥❡♥❤✉♠❛ ❢♦r♠❛çã♦ s✐st❡✲

♠át✐❝❛✱ ❡♥tã♦ ♥♦s ❞❡♣❛r❛♠♦s ❝♦♠ ❛ ♥❡❝❡ss✐❞❛❞❡ ❞❡ ❡❧❛❜♦r❛r ✉♠❛ ❣❡r❛çã♦ ❞♦s ❝♦❣r❛❢♦s

♣❛r❛ ♦❜t❡r r❡s✉❧t❛❞♦s ♠❛✐s ♣r❡❝✐s♦s✳ ❆ s♦❧✉çã♦ ♣❛r❛ ❡st❡ ♣r♦❜❧❡♠❛ ❢♦✐ ♦ ❛❧❣♦r✐t♠♦ ✸✳✶✶✿

GeracaoCografosConexos(n)✱ ❝✉❥❛ ♣r✐♠❡✐r❛ ❛♣❧✐❝❛çã♦ ♦❝♦rr❡ ♥❛ ✈❡r✐✜❝❛çã♦ ❞❛ ❛✜r♠❛çã♦

(∆2)

✹✳✹✳✷ ■♠♣❧❡♠❡♥t❛çã♦ ❞♦ GeracaoCografos(n)

◆❡st❛ s❡çã♦ r❡❧❛t❛r❡♠♦s ♦s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s ❛♦ ✈❡r✐✜❝❛r ❛ ❛✜r♠❛çã♦ ✉t✐❧✐③❛♥❞♦ ♦ ❛❧❣♦✲

r✐t♠♦ ❣❡r❛❞♦r ❞❡ ❝♦❣r❛❢♦s ✸✳✶✵✳

❆♥t❡s ❞❡ ✈❡r✐✜❝❛r ❛ ❛✜r♠❛çã♦ ∆2✱ ♦❜s❡r✈❛♠♦s q✉❡ ♦ ♣❛râ♠❡tr♦ ♠✲❣r❛✉ ♣♦❞❡r✐❛ ❛ss✉✲

♠✐r ♦ ♣❛♣❡❧ ❞♦ ❜✲❝r♦♠át✐❝♦ ♥❡st❛ ❛✜r♠❛çã♦✱ ✉♠❛ ✈❡③ q✉❡ ❝♦♠♦ ✈✐st♦ ♥❛ ♣r♦♣♦s✐çã♦ ✹✳✶✳✶✱

t♦❞♦ ❣r❛❢♦ G s❛t✐s❢❛③ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ χb(G) ≤ m(G)✱ ❡♥tã♦ ♣r♦♣♦♠♦s ❛ s❡❣✉✐♥t❡ r❡❧❛çã♦



✹✳✹ ❱❡r✐✜❝❛çã♦ ❞❛ ❛✜r♠❛çã♦ (∆1) ✻✽

♣❛r❛ t♦❞♦ ❝♦❣r❛❢♦ ❝♦♥❡①♦✿

m(G) ≤ ⌈λ(G)⌉+ 1 ✭✹✳✷✮

❙❡ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ✹✳✷ ❢♦r ♠❛♥t✐❞❛✱ ♦❜t❡r❡♠♦s tr✐✈✐❛❧♠❡♥t❡ ❛ ✈❡r❛❝✐❞❛❞❡ ❞❛ ❛✜r♠❛çã♦ ∆2✳

❖ ♣❛râ♠❡tr♦ ♠✲❣r❛✉ é ♠❛✐s s✐♠♣❧❡s ❞❡ tr❛❜❛❧❤❛r✱ ✐♥❝❧✉s✐✈❡ ❝♦♠♣✉t❛❝✐♦♥❛❧♠❡♥t❡✱ ✉♠❛

✈❡③ q✉❡ s✉❛ ❞❡✜♥✐çã♦ ❡♥✈♦❧✈❡ ❛♣❡♥❛s ❛ s❡q✉ê♥❝✐❛ ❞❡ ❣r❛✉s ❞♦ ❣r❛❢♦✳ ❊♠ ♣❛rt✐❝✉❧❛r✱

♥♦ ❝♦❣r❛❢♦ ♣♦❞❡♠♦s ♦❜t❡r ♦ ♠✲❣r❛✉ ❞✐r❡t❛♠❡♥t❡ ❞❛ s✉❛ ❝♦ár✈♦r❡✱ ❝♦♥❢♦r♠❡ ❞❡s❝r✐t♦ ♥♦

❛❧❣♦r✐t♠♦ ❛❜❛✐①♦✿

❆❧❣♦r✐t❤♠ ✹✳✷✺ ❈á❧❝✉❧♦ ❞♦ m✲❣r❛✉ ❞❡ ✉♠ ❝♦❣r❛❢♦
■♥♣✉t✿ ❈♦❛r✈♦r❡ T ❝♦♠ n ❢♦❧❤❛s

❖✉t♣✉t✿ ♠✲❣r❛✉ ❞♦ ❝♦❣r❛❢♦ r❡❢❡r❡♥t❡ à T

✶✿ ♣r♦❝❡❞✉r❡ Mgrau✭❚✮

✷✿ ❙❡❥❛ seq ✈❡t♦r q✉❡ ❛r♠❛③❡♥❛ v.Grau ♣❛r❛ ❝❛❞❛ ❢♦❧❤❛ v

✸✿ ❖r❞❡♥❡ seq ❞❡❝r❡s❝❡♥t❡

✹✿ r❡t✉r♥ max{i; seq[i] ≥ i− 1; 1 ≤ i ≤ n}
✺✿ ❡♥❞ ❢✉♥❝t✐♦♥

❖ ♣r♦❝❡ss♦ ❛❝✐♠❛ é ♠✉✐t♦ ♠❛✐s ❡✜❝✐❡♥t❡ ❞♦ q✉❡ ♦ ❝á❧❝✉❧♦ ❞♦ b✲❝r♦♠át✐❝♦ q✉❡ ❡♥✈♦❧✈❡

❞✐✈❡rs❛s ❝❤❛♠❛❞❛s r❡❝✉rs✐✈❛s✱ ❝♦♥❢♦r♠❡ ✈✐♠♦s ♥❛ s✉❜s❡çã♦ ✹✳✸✳✷✳

❉❛q✉✐ ❡♠ ❞✐❛♥t❡✱ ❛ ✜♠ ❞❡ ♥ã♦ s♦❜r❡❝❛rr❡❣❛r ❛ ❡s❝r✐t❛✱ ❛♦ ❡s❝r❡✈❡r♠♦s s♦❜r❡ ✉♠

♣❛râ♠❡tr♦ ❞❛ ❝♦ár✈♦r❡✱ ♥♦s r❡❢❡r✐♠♦s ❛♦ ❞♦ ❝♦❣r❛❢♦ ❝♦rr❡s♣♦♥❞❡♥t❡✳

❊♥tã♦ ✐♠♣❧❡♠❡♥t❛♠♦s ♦ ♣r♦❝❡❞✐♠❡♥t♦ q✉❡ ✉t✐❧✐③❛ ♦ ❛❧❣♦r✐t♠♦ ✸✳✶✶ ♣❛r❛ ✈❡r✐✜❝❛r s❡ ❛

❞❡s✐❣✉❛❧❞❛❞❡ ✹✳✷ é ♠❛♥t✐❞❛✳

❆❧❣♦r✐t❤♠ ✹✳✷✻ ❱❡r✐✜❝❛çã♦ ❞❛ ❞❡s✐❣✉❛❧❞❛❞❡ ✹✳✷ ❝♦♠ ❣❡r❛çã♦
❖✉t♣✉t✿ ●r❛❢♦ ❝♦♥tr❛❡①❡♠♣❧♦

✶✿ ♣r♦❝❡❞✉r❡ V alidacaoDesigualdadeMgrau

✷✿ n = 2

✸✿ r❡♣❡❛t

✹✿ ❙❡❥❛ T ❛ ♠❡♥♦r ❝♦ár✈♦r❡ ❝♦♠ n ✈ért✐❝❡s

✺✿ s❡ Mgrau(T ) > TetoDoIndice(T ) + 1 ❡♥tã♦ st♦♣❀

✻✿ T ← ArvoreSeguinte(T )

✼✿ ✉♥t✐❧ T = ♥✉❧❧

✽✿ n← n+ 1

✾✿ ❡♥❞ ❢✉♥❝t✐♦♥



✹✳✹ ❱❡r✐✜❝❛çã♦ ❞❛ ❛✜r♠❛çã♦ (∆1) ✻✾

❊ ❛❧❣✉♥s ❝♦♥tr❛✲❡①❡♠♣❧♦s ♣❛r❛ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ✹✳✷ ❢♦r❛♠ ❡♥❝♦♥tr❛❞♦s✳ ❖ ♣r✐♠❡✐r♦ ❞❡

t♦❞♦s✱ ♣♦❞❡♠♦s ❝❤❛♠❛r ❞❡ ✏♦ ♠❡♥♦r✑✱ ❢♦✐ ♦ ❣r❛❢♦ Gb := K7∨(K6 ∪ K6)✱ q✉❡ ♣♦ss✉✐ 19

✈ért✐❝❡s✱ ❝✉❥❛s ❝❛r❛❝t❡ríst✐❝❛s ❡ ❡s❜♦ç♦ s❡❣✉❡♠ ❛❜❛✐①♦✿

❼ ⌈λ(Gb)⌉ = 11

❼ m(G) = 13

❼ χ(G) = χb(G) = 7

❋✐❣✉r❛ ✹✳✾✿ ❈♦♥tr❛✲❡①❡♠♣❧♦ Gb

❈♦♠♦ ♣♦❞❡♠♦s ❣❡r❛r ♦s ❝♦❣r❛❢♦s ❝♦♠ ✜①❛❞♦ ♥ú♠❡r♦ ❞❡ ✈ért✐❝❡s✱ ♣♦❞❡♠♦s ♥❛t✉r❛❧✲

♠❡♥t❡ ❡❢❡t✉❛r ❛ ❝♦♥t❛❣❡♠ ❞❡ q✉❛♥t♦s ❝♦❣r❛❢♦s ❡①✐st❡♠✳ ❊ ❛❧é♠ ❞✐ss♦ ♦❜s❡r✈❛r ❛ q✉❛♥t✐❞❛❞❡

❞❡ ❝♦❣r❛❢♦s q✉❡ ♥ã♦ s❛t✐s❢❛③❡♠ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ✹✳✷✳ ❆♣ós r❡❛❧✐③❛❞♦s ♦s t❡st❡s ♦❜t❡♠♦s r❡✲

s✉❧t❛❞♦s s✉r♣r❡❡♥❞❡♥t❡s✿ ❝♦♥st❛t❛♠♦s q✉❡ ❡①✐st❡ ✉♠ ♥ú♠❡r♦ ✐♥s✐❣♥✐✜❝❛♥t❡ ❞❡ ❝♦❣r❛❢♦s q✉❡

♥ã♦ s❛t✐s❢❛③❡♠ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ♣r♦♣♦st❛✱ ❝♦♠♣❛r❛❞♦ à q✉❛♥t✐❞❛❞❡ ❞❡ ❝♦❣r❛❢♦s ❡①✐st❡♥t❡s✱

❝♦♥❢♦r♠❡ ♣♦❞❡ s❡r ✈✐st♦ ♥❛ t❛❜❡❧❛ ❛❜❛✐①♦✿



✹✳✹ ❱❡r✐✜❝❛çã♦ ❞❛ ❛✜r♠❛çã♦ (∆1) ✼✵

❱ért✐❝❡s ◗t❞✳ ❝♦❣r❛❢♦s ❝♦♥❡①♦s ◆ã♦ ✈❛❧❡ ❞❡s✐❣✉❛❧❞❛❞❡ ✹✳✷ ♣r♦♣♦rçã♦ ❚❡♠♣♦

✷ ✶ ✵ ✵ ✪ < ✵✱✶s

✸ ✷ ✵ ✵ ✪ < ✵✱✶s

✹ ✺ ✵ ✵ ✪ < ✵✱✶s

✺ ✶✷ ✵ ✵ ✪ < ✵✱✶s

✻ ✸✸ ✵ ✵ ✪ < ✵✱✶s

✼ ✾✵ ✵ ✵ ✪ < ✵✱✶s

✽ ✷✻✶ ✵ ✵ ✪ < ✵✱✶s

✾ ✼✻✻ ✵ ✵ ✪ < ✵✱✶s

✶✵ ✷✸✶✷ ✵ ✵ ✪ < ✵✱✶s

✶✶ ✼✵✻✽ ✵ ✵ ✪ < ✵✱✶s

✶✷ ✷✶✾✻✺ ✵ ✵ ✪ < ✶♠✐♥

✶✸ ✻✽✳✾✺✹ ✵ ✵ ✪ < ✶♠✐♥

✶✹ ✷✶✽✼✺✶ ✵ ✵ ✪ < ✶♠✐♥

✶✺ ✻✾✾✺✸✹ ✵ ✵ ✪ ✶✸ ♠✐♥

✶✻ ✷✷✺✸✻✼✻ ✵ ✵ ✪ ✺✵ ♠✐♥

✶✼ ✼✸✵✺✼✽✽ ✵ ✵ ✪ ✸❤

✶✽ ✷✸✽✶✻✼✹✸ ✵ ✵ ✪ ✾❤

✶✾ ✼✽✵✷✸✻✵✷ ✸ 4, 146× 10−8 ✪ ✸✵❤

✷✵ ✷✺✻✼✸✽✼✺✶ ✷✶ 8, 919× 10−8 ✪ ✸ ❞✐❛s

✷✶ ✽✹✽✶✺✷✽✻✹ ✽✽ 1, 127× 10−7 ✪ ✾ ❞✐❛s

❚❛❜❡❧❛ ✹✳✶✿ ◗✉❛♥t✐❞❛❞❡ ❞❡ ❈♦❣r❛❢♦s ❈♦♥❡①♦s

❊♠ ❝♦♥tr❛✲♣❛rt✐❞❛✱ ❡①❡❝✉t❛♠♦s ❛ ✈❛❧✐❞❛çã♦ ❞❛ ❛✜r♠❛çã♦ ∆2 ❡ ♦❜t✐✈❡♠♦s ót✐♠♦s

r❡s✉❧t❛❞♦s✳ ❖ ❛❧❣♦r✐t♠♦ ✐♠♣❧❡♠❡♥t❛❞♦ é s❡♠❡❧❤❛♥t❡ ❛♦ ✹✳✷✻✱ ♦♥❞❡ ❜✉s❝❛♠♦s ♦t✐♠✐③❛r ♦s

t❡st❡s ❝♦♥❢♦r♠❡ ♣♦❞❡ s❡r ✈✐st♦ ♥♦ s❡❣✉✐♥t❡ ❛❧❣♦r✐t♠♦✿



✹✳✹ ❱❡r✐✜❝❛çã♦ ❞❛ ❛✜r♠❛çã♦ (∆1) ✼✶

❆❧❣♦r✐t❤♠ ✹✳✷✼ ❱❡r✐✜❝❛çã♦ ❞❛ ❛✜r♠❛çã♦ ∆2
❖✉t♣✉t✿ ●r❛❢♦ ❝♦♥tr❛❡①❡♠♣❧♦

✶✿ ♣r♦❝❡❞✉r❡ V alidacaoConjecturaGerador

✷✿ n = 2

✸✿ r❡♣❡❛t

✹✿ ❙❡❥❛ T ❛ ♠❡♥♦r ❝♦ár✈♦r❡ ❝♦♠ n ✈ért✐❝❡s

✺✿ m←Mgrau(T )

✻✿ ✐❢ m > TetoDoIndice(T ) + 1 t❤❡♥

✼✿ ✐❢ Bcromatico(T ) 6= Cromatico(raiz(T )) t❤❡♥

✽✿ ✐❢ Bcromatico(T ) > TetoDoIndice(T ) + 1 t❤❡♥

✾✿ st♦♣

✶✵✿ ❡♥❞ ✐❢

✶✶✿ ❡♥❞ ✐❢

✶✷✿ ❡♥❞ ✐❢

✶✸✿ T ← ArvoreSeguinte(T )

✶✹✿ ✉♥t✐❧ T = ♥✉❧❧

✶✺✿ n← n+ 1

✶✻✿ ❡♥❞ ❢✉♥❝t✐♦♥

❈♦♠♦ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ✹✳✷ ✐♠♣❧✐❝❛ ♥❛ ✈❡r❛❝✐❞❛❞❡ ❞❛ ❛✜r♠❛çã♦ ∆2✱ ❛ ✈❡r✐✜❝❛çã♦ ❡①❡✲

❝✉t❛❞❛ ♥❛ ❧✐♥❤❛ ✻ ❛✉♠❡♥t❛ ❝♦♥s✐❞❡r❛✈❡❧♠❡♥t❡ ❛ ❡✜❝✐ê♥❝✐❛ ❞♦ ❛❧❣♦r✐t♠♦✱ ♣♦r ❞♦✐s ♠♦t✐✈♦s✿

❼ ♦ ❝á❧❝✉❧♦ ❞♦ ♠✲❣r❛✉ é ♥♦t❛✈❡❧♠❡♥t❡ ♠❛✐s ❡✜❝✐❡♥t❡ ❞❡ s❡r ♦❜t✐❞♦ ❡♠ ❝♦♠♣❛r❛çã♦ ❛♦

❜✲❝r♦♠át✐❝♦❀

❼ ❈♦♥❢♦r♠❡ ✈✐st♦ ♥❛ t❛❜❡❧❛ ✹✳✹✳✷ é ✐♥s✐❣♥✐✜❝❛♥t❡ ❛ q✉❛♥t✐❞❛❞❡ ❞❡ ❝♦❣r❛❢♦s ❝♦♥❡①♦s

q✉❡ ♥ã♦ ❛ s❛t✐s❢❛③❡♠✳

◆♦s ♣♦✉q✉íss✐♠♦s ❝♦❣r❛❢♦s q✉❡ s❛t✐s❢❛③❡♠ ❛ ❝♦♥❞✐❝✐♦♥❛❧ ♥❛ ❧✐♥❤❛ ✻✱ ✈❡r✐✜❝❛♠♦s ♥❛

❧✐♥❤❛ ✼ s❡ ♦s ♥ú♠❡r♦s ❝r♦♠át✐❝♦ ❡ ❜✲❝r♦♠át✐❝♦ ❝♦✐♥❝✐❞❡♠✱ ❝❛s♦ ❛✜r♠❛t✐✈♦ ❡♥tã♦ é ❝❧❛r♦

q✉❡ ❛ ❛✜r♠❛çã♦ ❞❡✈❡ s❡r s❛t✐s❢❡✐t❛✱ ♣❡❧♦ t❡♦r❡♠❛ ✹✳✷✳✶✳ ❈❛s♦ ♥❡❣❛t✐✈♦✱ ♣♦r ✜♠ ✈❡r✐✜❝❛♠♦s

❛ ❛✜r♠❛çã♦ ♥❛ ❧✐♥❤❛ ✽✳

❊①❡❝✉t❛♠♦s ♦ ❛❧❣♦r✐t♠♦ ❛❝✐♠❛ ❡ ♥ã♦ ❢♦✐ ❡♥❝♦♥tr❛❞♦ ♥❡♥❤✉♠ ❝♦♥tr❛✲❡①❡♠♣❧♦ ♣❛r❛ ❛

❛✜r♠❛çã♦ ∆2 ♣❛r❛ ❝♦❣r❛❢♦s ❝♦♥❡①♦s ❞❡ ❛té ✷✶ ✈ért✐❝❡s✱ ❝♦♥t❛❜✐❧✐③❛♥❞♦ ♠❛✐s ❞❡ ✶ ❜✐❧❤ã♦

❞❡ ❣r❛❢♦s✳ ❙❡❣✉❡ ♦ r❡s✉❧t❛❞♦ ❝✉❥❛ ❞❡♠♦♥str❛çã♦ ❢♦✐ ❢❡✐t❛ ❝♦♠♣✉t❛❝✐♦♥❛❧♠❡♥t❡✳

Pr♦♣♦s✐çã♦ ✹✳✹✳✶✳ ❆ ❛✜r♠❛çã♦ ∆2 é s❛t✐s❢❡✐t❛ ♣❛r❛ ❝♦❣r❛❢♦s ❝♦♥❡①♦s ❞❡ ❛té ✷✶ ✈ért✐❝❡s✳



✹✳✹ ❱❡r✐✜❝❛çã♦ ❞❛ ❛✜r♠❛çã♦ (∆1) ✼✷

❊ ♣r♦♣♦♠♦s ❛ s❡❣✉✐♥t❡ ❝♦♥❥❡❝t✉r❛✿

❛❢✐r♠❛çã♦ ✹✳✹✳✶✳ ❚♦❞♦ ❝♦❣r❛❢♦ ❝♦♥❡①♦ G s❛t✐s❢❛③ χb(G) ≤ ⌈λ(G)⌉+ 1✳



❈❛♣ít✉❧♦ ✺

P❛rt✐çã♦ ❞❡ ❛r❡st❛s ❡♠ ❝❧✐q✉❡s

◆❡st❡ ❝❛♣ít✉❧♦ tr❛t❛r❡♠♦s ❞♦ ♣r♦❜❧❡♠❛ ❞❡ ♣❛rt✐çã♦ ❞❡ ❛r❡st❛s ❡♠ ❝❧✐q✉❡s✱ q✉❡ é ✉♠ ❞♦s

❞✐✈❡rs♦s ♣r♦❜❧❡♠❛s ❞❡ ♣❛rt✐çã♦ ❡ ❝♦❜❡rt✉r❛ ❞❡ ❛r❡st❛s ❡♠ ❣r❛❢♦s✳ ❊ss❡s ♣r♦❜❧❡♠❛s ❢♦r❛♠

✐♥tr♦❞✉③✐❞♦s ♣♦r ❊r❞ós✱ ●♦♦❞♠❛♥ ❡ Pós❛ ❬✶✼❪✱ ❡♠ ✶✾✻✻ ❡ ▲♦✈ás③ ❬✹✵❪✱ ✶✾✻✽✳ ❆♣r❡s❡♥t❛♠♦s

❛❜❛✐①♦ ❛ ❞❡✜♥✐çã♦ ❞♦ ♣r♦❜❧❡♠❛ ❡♠ q✉❡stã♦✳

❉❡✜♥✐çã♦ ✺✳✵✳✶✳ ❙❡❥❛ G(V,E) ✉♠ ❣r❛❢♦✱ ✉♠❛ ❝♦❜❡rt✉r❛ ❞❛s ❛r❡st❛s ❞❡ G é ✉♠❛ ❢❛♠í❧✐❛

Ω ❢♦r♠❛❞❛ ♣♦r s✉❜❝♦♥❥✉♥t♦s ❞❡ E t❛❧ q✉❡ ❝❛❞❛ s✉❜❝♦♥❥✉♥t♦ ✐♥❞✉③ ✉♠❛ ❝❧✐q✉❡ ❡♠ G ❡
⋃

C∈Ω = E✳ ❯♠❛ ❝♦❜❡rt✉r❛ Ω é ❞✐t❛ ♠í♥✐♠❛ s❡ q✉❛❧q✉❡r ♦✉tr❛ ❝♦❜❡rt✉r❛ Ω′ ❞❡ G s❛t✐s❢❛③

|Ω′| ≥ |Ω|✱ ♥❡st❡ ❝❛s♦ ❞❡♥♦t❛♠♦s |Ω| ♣♦r cc(G)✳

❊①❡♠♣❧♦ ✺✳✵✳✶✳ ◆♦ ❣r❛❢♦ ✐❧✉str❛❞♦ ❛❜❛✐①♦ ✈❡♠♦s q✉❡ cc(G) = 4✳

❋✐❣✉r❛ ✺✳✶✿ ❊①❡♠♣❧♦ ❞❡ ❝♦❜❡rt✉r❛ ❞❛s ❛r❡st❛s ❞❡ G ❡♠ ❝❧✐q✉❡s



✺ P❛rt✐çã♦ ❞❡ ❛r❡st❛s ❡♠ ❝❧✐q✉❡s ✼✹

❉❡✜♥✐çã♦ ✺✳✵✳✷✳ ❙❡❥❛ G(V,E) ✉♠ ❣r❛❢♦✱ ✉♠❛ ♣❛rt✐çã♦ ❞❛s ❛r❡st❛s ❞❡ G é ✉♠❛ ❢❛♠í❧✐❛

Ω ❢♦r♠❛❞❛ ♣♦r s✉❜❝♦♥❥✉♥t♦s ❞❡ E t❛❧ q✉❡ ❝❛❞❛ s✉❜❝♦♥❥✉♥t♦ ✐♥❞✉③ ✉♠❛ ❝❧✐q✉❡ ❡♠ G ❡ Ω

é ✉♠❛ ♣❛rt✐çã♦ ❞❡ E✱ ♦✉ s❡❥❛✱ ❝❛❞❛ ❛r❡st❛ ❞❡ G ♣❡rt❡♥❝❡ à ❡①❛t❛♠❡♥t❡ ✉♠ ❡❧❡♠❡♥t♦ ❞❡

Ω✳ ❯♠❛ ♣❛rt✐çã♦ Ω é ❞✐t❛ ♠í♥✐♠❛ s❡ q✉❛❧q✉❡r ♦✉tr❛ ♣❛rt✐çã♦ Ω′ ❞❡ G s❛t✐s❢❛③ |Ω′| ≥ |Ω|✱
♥❡st❡ ❝❛s♦ ❞❡♥♦t❛♠♦s |Ω| ♣♦r cp(G)✳

❊①❡♠♣❧♦ ✺✳✵✳✷✳ ❆❜❛✐①♦ ✐❧✉str❛♠♦s ❞✉❛s ♣♦ssí✈❡✐s ♣❛rt✐çõ❡s Ω ❡ Ω′ ♥❡st❛ ♦r❞❡♠✱ ❞❛s ❛r❡s✲

t❛s ❞♦ ❣r❛❢♦ ❡♠ ❝❧✐q✉❡s✳ ➱ ❢á❝✐❧ ✈❡r✐✜❝❛r q✉❡ cp(G) = |Ω′| = 6✳

Ω = {E(G[1, 2, 3, 4]), {(1, 8)}, {(4, 8)}, {(4, 7)}{(3, 7)}, {(2, 6)}, {(3, 6)}, {(5, 1)}, {(5, 2)}}✳
Ω′ = {E(G[1, 2, 5]), E(G[1, 4, 6]), E(G[3, 4, 7]), E(G[2, 3, 6]), {(1, 3)}, {(1, 4)}}✳

❋✐❣✉r❛ ✺✳✷✿ P♦ssí✈❡✐s ♣❛rt✐çõ❡s ❞❡ ❛r❡st❛s ❡♠ ❝❧✐q✉❡ ❡♠ ✉♠ ❣r❛❢♦

❱❛❧❡ r❡ss❛❧t❛r ❛ ❞✐❢❡r❡♥ç❛ ❡♥tr❡ ❛s ❉❡✜♥✐çõ❡s ✺✳✵✳✶ ❡ ✺✳✵✳✷✱ ♦♥❞❡ ♥❛ ♣r✐♠❡✐r❛ ❛s ❛r❡s✲

t❛s ♣♦❞❡♠ s❡r r❡♣❡t✐❞❛s ❞❡♥tr❡ ❞✐❢❡r❡♥t❡s ❝❧✐q✉❡s✱ ❡♥q✉❛♥t♦ ♥❛ s❡❣✉♥❞♦ ❛s ❝❧✐q✉❡s ♥ã♦

❛♣r❡s❡♥t❛♠ ✐♥t❡rs❡çã♦✳ ❖❜s❡r✈❡ q✉❡ ✉♠❛ ♣❛rt✐çã♦ ❞❛s ❛r❡st❛s ❡♠ ❝❧✐q✉❡s t❛♠❜é♠ é

✉♠❛ ❝♦❜❡rt✉r❛✱ ❡♥tã♦ ❝♦♠♦ ❝♦♥s❡q✉ê♥❝✐❛ ✐♠❡❞✐❛t❛ t❡♠♦s q✉❡✱ ♣❛r❛ t♦❞♦ ❣r❛❢♦ G ✈❛❧❡

cc(G) ≤ cp(G)✳

❯♠❛ ✈❛r✐❛çã♦ ❞♦ ♣r♦❜❧❡♠❛ é ♣❛rt✐❝✐♦♥❛r ♦s ✈ért✐❝❡s ❡♠ ❝❧✐q✉❡s✿ ❉❛❞♦ ✉♠ ❣r❛❢♦ G✱

❞❡✜♥✐♠♦s ♦ ♥ú♠❡r♦ ❝❧✐q✉❡ ❞❡ ❝♦❜❡rt✉r❛ ❝♦♠♦ s❡♥❞♦ ♦ t❛♠❛♥❤♦ ❞❛ ♠❡♥♦r ♣❛rt✐çã♦ ❞❡

V (G) t❛❧ q✉❡ ❝❛❞❛ ❡❧❡♠❡♥t♦ ❞❛ ♣❛rt✐çã♦ ✐♥❞✉③❛ ✉♠❛ ❝❧✐q✉❡ ❡♠ G✳ P♦ré♠ t❛❧ ♣r♦❜❧❡♠❛

é ♦ ❝♦♠♣❧❡♠❡♥t❛r ❞♦ ♣r♦❜❧❡♠❛ ❞❛ ❝♦❧♦r❛çã♦ ❞❡ ✈ért✐❝❡s✱ ❡♥tã♦ é ♠❛✐s ❝♦♠✉♠ ❡♥❝♦♥tr❛r

tr❛❜❛❧❤♦s ❝♦♠ ❡st❛ s❡❣✉♥❞❛ ❛❜♦r❞❛❣❡♠✳ ❆ s❛❜❡r✱ ❡st❡ é ✉♠ ❞♦s ✷✶ ♣r♦❜❧❡♠❛s ❧✐st❛❞♦s

♣♦r ❘✐❝❤❛r❞ ❑❛r♣ ❡♠ ❬✸✸❪✳



✺✳✶ ❊st✉❞♦ ❞❛ ❧✐t❡r❛t✉r❛ s♦❜r❡ ❛ ♣❛rt✐çã♦ ❞❛s ❛r❡st❛s ❡♠ ❝❧✐q✉❡s ✼✺

❉✐✈❡rs♦s tr❛❜❛❧❤♦s ❡♥✈♦❧✈❡♥❞♦ ❝♦❜❡rt✉r❛ ❞❡ ❛r❡st❛s ❡♥❝♦♥tr❛♠✲s❡ ♣✉❜❧✐❝❛❞♦s t❛♥t♦ ♥❛

ár❡❛ ❞❡ ❝♦❜❡rt✉r❛ q✉❛♥t♦ ❡♠ ♣❛rt✐çã♦ ❞♦ ❣r❛❢♦ ♣♦r ❝❧✐q✉❡s ❡♠ ❛r❡st❛s✳ ◆❛ s❡çã♦ s❡❣✉✐♥t❡

❢❛r❡♠♦s ✉♠❛ ❜r❡✈❡ r❡✈✐sã♦ ❞❛ ❧✐t❡r❛t✉r❛ ❡ ♠❛✐s ❛❞✐❛♥t❡ ♠♦str❛r❡♠♦s ♥♦ss❛s ❝♦♥tr✐❜✉✐çõ❡s

♣❛r❛ ❡ss❡ ♣r♦❜❧❡♠❛✳

✺✳✶ ❊st✉❞♦ ❞❛ ❧✐t❡r❛t✉r❛ s♦❜r❡ ❛ ♣❛rt✐çã♦ ❞❛s ❛r❡st❛s
❡♠ ❝❧✐q✉❡s

◆❡st❛ s❡çã♦ tr❛t❛r❡♠♦s ❛❧❣✉♥s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s ❛❝❡r❝❛ ❞♦ ♣r♦❜❧❡♠❛ ❞❡ ♣❛rt✐çã♦ ❞❛s

❛r❡st❛s ❡♠ ❝❧✐q✉❡s✳ ■st♦ s❡rá ❢❡✐t♦ ❡♠ ❞✉❛s s✉❜s❡çõ❡s✿ ❛ ♣r✐♠❡✐r❛ tr❛t❛rá ❞❡ r❡s✉❧t❛❞♦s

q✉❡ ❢♦r♥❡❝❡♠ ♣r♦♣r✐❡❞❛❞❡s✱ ❝♦t❛s ❡ ❛té ♦ ✈❛❧♦r ❞❡ cp(G) ❞❡ ❛❧❣✉♠❛s ❝❧❛ss❡s❀ ❛ s❡❣✉♥❞❛

❛♣r❡s❡♥t❛rá ♦ ❡st❛❞♦ ❞❛ ❛rt❡ s♦❜ ♦ ♣♦♥t♦ ❞❡ ✈✐st❛ ❞❡ ❝♦♠♣❧❡①✐❞❛❞❡ ❝♦♠♣✉t❛❝✐♦♥❛❧✳

✺✳✶✳✶ ❈♦t❛s ❡ ♣r♦♣r✐❡❞❛❞❡s ♥❛ ❧✐t❡r❛t✉r❛

❖ ♣r✐♠❡✐r♦ t❡♦r❡♠❛ ❛ s❡r ❛♣r❡s❡♥t❛❞♦ ❢♦r♥❡❝❡ ✉♠❛ ❝♦t❛ s✉♣❡r✐♦r ♣❛r❛ ♦ ♥ú♠❡r♦ cp(G) ❡♠

❢✉♥çã♦ ❞♦ ♥ú♠❡r♦ ❞❡ ✈ért✐❝❡s✳

❚❡♦r❡♠❛ ✺✳✶✳✶✳ ❬✶✼❪ ❙❡ G é ✉♠ ❣r❛❢♦ ❝♦♠ n ✈ért✐❝❡s ❡♥tã♦ ❡①✐st❡ ✉♠❛ ♣❛rt✐çã♦ ❞❛s ❛r❡s✲

t❛s ❡♠ ❝❧✐q✉❡ ❞❡ G ❝♦♠ t❛♠❛♥❤♦ ♠á①✐♠♦
⌊
n2

4

⌋

✱ ❝♦♠♣♦st❛ ❛♣❡♥❛s ♣♦r ❛r❡st❛s ❡ tr✐â♥❣✉❧♦s✳

❖✉ s❡❥❛✱

cp(G) ≤
⌊
n2

4

⌋

,

❝♦♠ ✐❣✉❛❧❞❛❞❡ ♠❛♥t✐❞❛ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ G∼=K⌊n2 ⌋,⌈n2 ⌉✳

◆♦ ♣ró①✐♠♦ r❡s✉❧t❛❞♦ ♣♦❞❡♠♦s ♦❜s❡r✈❛r q✉❡ ❛♦ ❡❢❡t✉❛r♠♦s ❛♦ ♣❛rt✐❝✐♦♥❛r♠♦s ❛s ❛r❡s✲

t❛s ❞❡ ✉♠❛ ❝❧✐q✉❡ ❞❡ t❛♠❛♥❤♦ n t❡♠♦s ❛♣❡♥❛s ❞✉❛s ♦♣çõ❡s✿ ♣❛rt✐❝✐♦♥❛r ❡♠ ✉♠❛ ú♥✐❝❛

❝❧✐q✉❡ ♦✉ ♣❛rt✐❝✐♦♥❛r ❡♠ ♣❡❧♦ ♠❡♥♦s n ❝❧✐q✉❡s✳

❚❡♦r❡♠❛ ✺✳✶✳✷✳ ❬✹✽❪ ❙❡ Ω é ✉♠❛ ♣❛rt✐çã♦ ❞❡ Kn ❡♠ ❝❧✐q✉❡s ❡♥tã♦ ✉♠❛✱ ❡ ❛♣❡♥❛s ✉♠❛✱

❞❛s ❛✜r♠❛çõ❡s é ✈á❧✐❞❛✿

❼ |Ω| > n❀

❼ |Ω| = 1✱ ♦♥❞❡ Ω = {Kn}❀
❼ |Ω| = n✱ ♦♥❞❡ Ω ❝♦♥s✐st❡ ❞❡ ✉♠❛ (n − 1)−❝❧✐q✉❡ ❡ (n − 1) 2−❝❧✐q✉❡s ✐♥❝✐❞✐♥❞♦ ❡♠

✉♠ ú♥✐❝♦ ✈ért✐❝❡✳



✺✳✶ ❊st✉❞♦ ❞❛ ❧✐t❡r❛t✉r❛ s♦❜r❡ ❛ ♣❛rt✐çã♦ ❞❛s ❛r❡st❛s ❡♠ ❝❧✐q✉❡s ✼✻

❼ |Ω| = n✱ ♦♥❞❡ Ω ❝♦♥s✐st❡ ❞❡ n ❝ó♣✐❛s ❞❡ Km+1 ♣❛r❛ n = m2 +m+ 1✳

❈♦r♦❧ár✐♦ ✺✳✶✳✶✳ ❬✹✽❪ ❙❡ n > 2 ❡♥tã♦ cp(Kn− e) = n− 1✱ ♦♥❞❡ e r❡♣r❡s❡♥t❛ ✉♠❛ ❛r❡st❛✳

❊♠ ✶✾✼✼✱ ❖r❧✐♥ ❬✹✻❪ ♠♦str♦✉ q✉❡ ♦ ❝á❧❝✉❧♦ ❞❡ cp(G) ❡ cc(G) ❞❡ ✉♠ ❣r❛❢♦ ❧✐♥❤❛ é ♦❜t✐❞♦

❞✐r❡t❛♠❡♥t❡ ❞♦ ♥ú♠❡r♦ ❞❡ ✈ért✐❝❡s ❞❡ ❣r❛✉ 2 ❞♦ s❡✉ ❣r❛❢♦ r❛✐③✳ ❆❜❛✐①♦ ❞❡t❛❧❤❛♠♦s ❛s

❞❡✜♥✐çõ❡s ❡♥✈♦❧✈✐❞❛s ♥♦ t❡♦r❡♠❛ q✉❡ s❡rá ❞❡s❝r✐t♦ à s❡❣✉✐r✳

❉❡✜♥✐çã♦ ✺✳✶✳✶✳ ❉❛❞♦ G(V,E) ❞❡✜♥✐♠♦s ♦ ❣r❛❢♦ ❧✐♥❤❛ ℓ(G) ❝♦♠♦ ♦ ❣r❛❢♦ ❝✉❥♦s ✈ért✐❝❡s

sã♦ ❛s ❛r❡st❛s ❞❡ G ❡ ❞♦✐s ✈ért✐❝❡s sã♦ ❛❞❥❛❝❡♥t❡s ❡♠ ℓ(G) s❡ ❛s r❡s♣❡❝t✐✈❛s ❛r❡st❛s ❡♠ G

✐♥❝✐❞❡♠ ❡♠ ✉♠ ✈ért✐❝❡ ❝♦♠✉♠✳

❉❡✜♥✐çã♦ ✺✳✶✳✷✳ ❯♠ ❣r❛❢♦ G é ✉♠ ❣r❛❢♦ ❧✐♥❤❛ s❡ ❡①✐st❡ ❣r❛❢♦ H t❛❧ q✉❡ ℓ(H)∼=G✱ ♦♥❞❡
H é ❝❤❛♠❛❞♦ ❣r❛❢♦ ❧✐♥❤❛✲r❛✐③ ❞❡ G✳

◆♦t❡ q✉❡ ❛s ❛r❡st❛s ❡♠ ℓ(G) sã♦ ✐♥❞✉③✐❞❛s ♣♦r ✉♠ ♣❛r ❞❡ ❛r❡st❛s ❡♠G ❝♦♠♣❛rt✐❧❤❛♥❞♦

✉♠ ✈ért✐❝❡✱ ♣♦rt❛♥t♦ ❝❛❞❛ ✈ért✐❝❡ v ∈ V (G) ❝♦♠ d(v) ≥ 2 ❣❡r❛ ✉♠❛ ❝❧✐q✉❡ Q(v) ❡♠ ℓ(G)✱

❝✉❥❛ ♦r❞❡♠ é dG(v)✳ ❊♥tã♦ ♦ {Q(v); v ∈ V (G)edG(v) ≥ 2} é ✉♠❛ ♣❛rt✐çã♦ ❞❛s ❛r❡st❛s ❞❡

ℓ(G) ❡♠ ❝❧✐q✉❡s✳ ▼❛✐s ❞❡t❛❧❤❡s ♣♦❞❡♠ s❡r ✈✐st♦s ❡♠ ❬✹✻❪✱ ♦♥❞❡ t❡♠♦s ♦ s❡❣✉✐♥t❡ t❡♦r❡♠❛✳

❚❡♦r❡♠❛ ✺✳✶✳✸✳ ❬✹✻❪ ❙❡❥❛ G ✉♠ ❣r❛❢♦ ❝♦♥❡①♦ ♥ã♦ ✐s♦♠♦r❢♦ à K3✱ ❝♦♥s✐❞❡r❡ ❛✐♥❞❛ V2(G)

♦ ❝♦♥❥✉♥t♦ ❞❡ ✈ért✐❝❡s ❞❡ ❣r❛✉ ♣❡❧♦ ♠❡♥♦s ✷ ❡ t ♦ ♥ú♠❡r♦ ❞❡ tr✐â♥❣✉❧♦s ❝♦♠ ❡①❛t❛♠❡♥t❡

❞♦✐s ✈ért✐❝❡s ❞❡ ❣r❛✉ ❡①❛t❛♠❡♥t❡ ✷ ❡♠ G✳ ❊♥tã♦

cp(ℓ(G)) = |V2(G)| ❡ cc(ℓ(G)) = |V2(G)| − t.

❊①❡♠♣❧♦ ✺✳✶✳✶✳ ◆❛ ❋✐❣✉r❛ ✺✳✸ ✐❧✉str❛♠♦s ✉♠ ❣r❛❢♦ G ❡ ❛❜❛✐①♦ ♦ s❡✉ ❣r❛❢♦ ❧✐♥❤❛ ❝♦♠

✉♠❛ ♣❛rt✐çã♦ ❡ ✉♠❛ ❝♦❜❡rt✉r❛ ❞❛s ❛r❡st❛s ❡♠ ❝❧✐q✉❡s✱ ♥❡st❛ ♦r❞❡♠✳ P❡❧♦ ❚❡♦r❡♠❛ 5.1.3

t❡♠♦s cp(ℓ(G)) = 6 ❡ cc(ℓ(G)) = 5✳ ❱❛❧❡ r❡ss❛❧t❛r q✉❡ sã♦ ❣r❛❢♦s s❡♠ ❛r❡st❛s ❞✉♣❧❛s✱ ❛

❡s❜♦ç♦ é ❛♣❡♥❛s ♣❛r❛ r❡tr❛t❛r q✉❡ ✉♠❛ ❛r❡st❛ ❢♦✐ ❡s❝♦❧❤✐❞❛ ❡♠ ❞✉❛s ❝❧✐q✉❡s ❞❛ ❝♦❜❡rt✉r❛✳



✺✳✶ ❊st✉❞♦ ❞❛ ❧✐t❡r❛t✉r❛ s♦❜r❡ ❛ ♣❛rt✐çã♦ ❞❛s ❛r❡st❛s ❡♠ ❝❧✐q✉❡s ✼✼

❋✐❣✉r❛ ✺✳✸✿ ●r❛❢♦ G ❡ ❣r❛❢♦ ℓ(G) ❝♦♠ ♣❛rt✐çã♦ ❡ ❝♦❜❡rt✉r❛ ❡♠ ❝❧✐q✉❡s

❊①✐st❡♠ ❞✐✈❡rs❛s ❣❡♥❡r❛❧✐③❛çõ❡s ❞❛ ♦♣❡r❛çã♦ ❣r❛❢♦ ❧✐♥❤❛✱ ✈❡❥❛ ❬✸❪✱ ❞❡st❛❝❛r❡♠♦s ❛q✉✐

❛ tr❛❜❛❧❤❛❞❛ ♥♦s ❛rt✐❣♦s ❝♦♠♦ ❬✸✼❪ ❬✸✹❪✳

❉❡✜♥✐çã♦ ✺✳✶✳✸✳ ❉❛❞♦ ✐♥t❡✐r♦ k ≥ 1✱ ♦ ❣r❛❢♦ k − linha ℓk(G) ❞❡ ✉♠ ❣r❛❢♦ t❡♠ s❡✉s

✈ért✐❝❡s r❡♣r❡s❡♥t❛♥❞♦ k✲❝❧✐q✉❡s ❞❡ G ❡ ❞♦✐s ✈ért✐❝❡s sã♦ ❛❞❥❛❝❡♥t❡s ❡♠ ℓk(G) s❡ ❛s ❝❧✐q✉❡s

❝♦rr❡♣♦♥❞❡♥t❡s s❡ ✐♥t❡r❝❡♣t❛♠ ❡♠ ✉♠❛ (k − 1)✲❝❧✐q✉❡✳

◆♦t❡ q✉❡ ♣❛r❛ k = 1 t❡♠♦s ℓ1(G) = Kn ♣❛r❛ t♦❞♦ ❣r❛❢♦ G ❞❡ ♦r❞❡♠ n❀ ♣❛r❛ k = 2

t❡♠♦s ℓ2(G) = ℓ(G) ❛ ♥♦çã♦ ✉s✉❛❧ ❞❡ ❣r❛❢♦ ❧✐♥❤❛❀ ♣❛r❛ k = 3 ♦❜t❡♠♦s ♦ ❝❤❛♠❛❞♦ ❣r❛❢♦

tr✐❛♥❣✉❧❛r ❧✐♥❤❛✳ ❯♠ ❣r❛❢♦ é tr✐❛♥❣✉❧❛r ❧✐♥❤❛ s❡ é ♦ 3✲❧✐♥❤❛ ❞❡ ❛❧❣✉♠ ❣r❛❢♦✳ ❊♠

❡s♣❡❝✐❛❧ ❞❡♥♦t❛♠♦s ♦ ♦♣❡r❛❞♦r ℓ3 ♣♦r T ✱ ❡ ♣♦❞❡♠♦s ❢❛③❡r r❡❢❡rê♥❝✐❛ s✐♠♣❧❡s♠❡♥t❡ ♣♦r

❣r❛❢♦ tr✐❛♥❣✉❧❛r✳ ❊st❡s ❢♦r❛♠ ❡st✉❞❛❞♦s ❡♠ ❞✐✈❡rs♦s ❛rt✐❣♦s✱ ❞❡♥tr❡ ❡❧❡s ❬✸✺❪✱ ❬✷❪✱❬✹✾❪✳

❊♠ ❡s♣❡❝✐❛❧✱ P✉❧❧♠❛♥ ❬✹✾❪✱ ♦❜t❡✈❡ ❛❧❣✉♠❛s ♣r♦♣r✐❡❞❛❞❡s r❡❧❛❝✐♦♥❛♥❞♦ ❣r❛❢♦ tr✐â♥❣✉❧♦

❡ ❛ ♣❛rt✐çã♦ ❞❛s ❛r❡st❛s ❡♠ ❝❧✐q✉❡s✱ ❝♦♥❢♦r♠❡ ❡♥✉♥❝✐❛❞♦ ♥♦ ❝♦r♦❧ár✐♦ ❛❜❛✐①♦✱ ❝✉❥❛ ❞❡♠♦♥s✲

tr❛çã♦ s❡rá ❛♣r❡s❡♥t❛❞❛ ♥❛ ♣r♦✈❛ ❞♦ ▲❡♠❛ ✺✳✷✳✶ ♥❛ s❡çã♦ ✺✳✷✳✶ ❝♦♠♦ ❝♦♥tr✐❜✉✐çã♦ ❞❡st❡

tr❛❜❛❧❤♦✱ ♣♦✐s ❢♦✐ ♦❜t✐❞❛ ✐♥❞❡♣❡♥❞❡♥t❡♠❡♥t❡ ❞♦ ❛rt✐❣♦ ❝✐t❛❞♦✳

❈♦r♦❧ár✐♦ ✺✳✶✳✷✳ ❬✹✾❪ ❙❡ G é K4✲❧✐✈r❡✱ ❡♥tã♦ cp(G) = |E(G)| − 2α(ℓ3(G))✱ ♦♥❞❡ α(G) é

♦ ♥ú♠❡r♦ ❞❡ ✐♥❞❡♣❡♥❞ê♥❝✐❛ ❞❡ G✱ ✐st♦ é✱ ♦ t❛♠❛♥❤♦ ❞♦ ♠❛✐♦r ❝♦♥❥✉♥t♦ ❡stá✈❡❧ ❞♦ ❣r❛❢♦✳

❊①❡♠♣❧♦ ✺✳✶✳✷✳ ❆❜❛✐①♦ ✐❧✉str❛♠♦s G k4✲❧✐✈r❡ ❡ s❡✉ ❣r❛❢♦ tr✐â♥❣✉❧♦ ℓ3(G)✱ ♥❡st❛ ♦r❞❡♠✳

P❡❧♦ ❝♦r♦❧ár✐♦ ♦❜t❡♠♦s

cp(G) = |E(G)| − 2α(ℓ3(G)) = 14− 2 · 4 = 6

✳



✺✳✶ ❊st✉❞♦ ❞❛ ❧✐t❡r❛t✉r❛ s♦❜r❡ ❛ ♣❛rt✐çã♦ ❞❛s ❛r❡st❛s ❡♠ ❝❧✐q✉❡s ✼✽

❋✐❣✉r❛ ✺✳✹✿ ●r❛❢♦ G k4✲❧✐✈r❡ ❝♦♠ ♣❛rt✐çã♦ ❞❛s ❛r❡st❛s ✉s❛♥❞♦ ℓ3(G)

❊①✐st❡♠ ✈❛r✐❛çõ❡s ❞♦ ♣r♦❜❧❡♠❛ ❞❡ ❝♦❜❡rt✉r❛ ❡ ♣❛rt✐çã♦ ❞❡ ❛r❡st❛s✱ ✉♠❛ ❞❡❧❛s é ♦❜t❡r

♦ ♠❡♥♦r ♥ú♠❡r♦ ❞❡ ❝❧✐q✉❡s ♠❛①✐♠❛✐s ♥❡❝❡ssár✐❛s ♣❛r❛ ♣❛rt✐❝✐♦♥❛r ❛s ❛r❡st❛s ❞❡ ✉♠ ❣r❛❢♦✱

t❛❧ ✈❛❧♦r é ❞❡♥♦t❛❞♦ ♣♦r mcp(G)✳ ❆ s❛❜❡r ✉♠❛ ❝❧✐q✉❡ é ❞✐t❛ ♠❛①✐♠❛❧ s❡ ♥ã♦ ❡stá ❝♦♥t✐❞❛

❡♠ ♥❡♥❤✉♠❛ ♦✉tr❛ ❝❧✐q✉❡ ♠❛✐♦r✳ ❱❛❧❡ ♦❜s❡r✈❛r q✉❡ t♦❞♦ ❣r❛❢♦ ♣♦ss✉✐ ✉♠❛ ♣❛rt✐çã♦ ✭❡

❝♦❜❡rt✉r❛✮ ❞❡ ❛r❡st❛s ♣♦r ❝❧✐q✉❡s✱ ❜❛st❛ t♦♠❛r ❝❛❞❛ ❛r❡st❛ ✐s♦❧❛❞❛♠❡♥t❡✳ ❈♦♥t✉❞♦ ♥❡♠

t♦❞♦ ❣r❛❢♦ ♣♦ss✉✐ ✉♠❛ ♣❛rt✐çã♦ ♣♦r ❝❧✐q✉❡s ♠❛①✐♠❛✐s✱ ♦ ❣r❛❢♦ ❞✐❛♠♦♥❞ ✭♦❜t✐❞♦ ♣♦r K4−e✮
é ✉♠ ❡①❡♠♣❧♦ ♦♥❞❡ ❡st❡ ♣r♦❜❧❡♠❛ ♥ã♦ t❡♠ s♦❧✉çã♦✳ ❊♠ ❣❡r❛❧✱ ✈❛❧❡ ❛ r❡❧❛çã♦ cc(G) ≤
cp(G) ≤ mcp(G)✱ ❝❛s♦ mcp(G) ❡①✐st❛✳

❲❛❧❧✐s ❡ ▼❛ ♣r♦✈❛r❛♠ ❡♠ ❬✺✸❪ q✉❡ s❡ G é ✉♠ ❣r❛❢♦ t❤r❡s❤♦❧❞ ❡♥tã♦ cc(G) = cp(G) =

mcp(G)✳ ❆ s❛❜❡r✿

❉❡✜♥✐çã♦ ✺✳✶✳✹✳ ❯♠ ❣r❛❢♦ t❤r❡s❤♦❧❞ é ❞❡✜♥✐❞♦ ❞❡ ❢♦r♠❛ r❡❝✉rs✐✈❛✿

❼ ✭✶✮ ❯♠ ✈ért✐❝❡ ✐s♦❧❛❞♦ é ✉♠ t❤r❡s❤♦❧❞

❼ ✭✷✮ ❙❡ G é t❤r❡s❤♦❧❞✱ ❡♥tã♦ G ∪ {v} é t❤r❡s❤♦❧❞✳

❼ ✭✸✮ ❙❡ G é t❤r❡s❤♦❧❞✱ ❡♥tã♦ G∨{v} é t❤r❡s❤♦❧❞✳

❙❡❥❛ G ✉♠ ❣r❛❢♦ t❤r❡s❤♦❧❞✳ P❛r❛ ♦❜t❡r ❛ ♣❛rt✐çã♦ ♠í♥✐♠❛ ❞❛s ❛r❡st❛s ❡♠ ❝❧✐q✉❡ ❞❡ G

❜❛st❛ t♦♠❛r ❛s ❝❧✐q✉❡s ♠❛①✐♠❛✐s ❞♦ ❣r❛❢♦✱ ♦✉ s❡❥❛✱ ❛ ♣❛rt✐çã♦ é ❞❛❞❛ ♣❡❧❛ ❝❧✐q✉❡ ♠á①✐♠❛ ❡

❝ó♣✐❛s ❞♦ K2✱ s❛❜❡♥❞♦ q✉❡ t❛❧ ❝❧✐q✉❡ ♠á①✐♠❛ é ❝♦♥str✉í❞❛ ♣❡❧❛ ♦♣❡r❛çã♦ ✭✸✮ ❞❛ ❞❡✜♥✐çã♦

❞❛ ❝❧❛ss❡✳ ▲♦❣♦✱ ♦❜t❡r ❛ ♠❡♥♦r ♣❛rt✐çã♦ ❞❛s ❛r❡st❛s ❡♠ ❝❧✐q✉❡s ❞❡ ✉♠ t❤r❡s❤♦❧❞ é ❢❡✐t♦

❡♠ t❡♠♣♦ ♣♦❧✐♥♦♠✐❛❧✳



✺✳✶ ❊st✉❞♦ ❞❛ ❧✐t❡r❛t✉r❛ s♦❜r❡ ❛ ♣❛rt✐çã♦ ❞❛s ❛r❡st❛s ❡♠ ❝❧✐q✉❡s ✼✾

❉✐✈❡rs❛s ♦✉tr❛s ♣r♦♣r✐❡❞❛❞❡s ♣♦❞❡♠ s❡r ✈✐st❛s ♥♦s ❛rt✐❣♦s ❝✐t❛❞♦s ❛❝✐♠❛✱ ♥♦s s✉r✈❡②s

❬✹✽❪ ❬✹✺❪ ❡ ♦✉tr♦s tr❛❜❛❧❤♦s✱ tr❛t❛♥❞♦ ❝❧❛ss❡s ❝♦♠♦ ❣r❛❢♦s k−r❡❣✉❧❛r❡s✱ ❣r❛❢♦s Kn\Km✱ Pn✱

Cn✱ ❣r❛❢♦s ❧✐♠✐t❛❞♦s ♣❡❧♦ ❣r❛✉ ♠á①✐♠♦✱ ❞❡♥tr❡ ♦✉tr♦s✳

✺✳✶✳✷ ❈♦♠♣❧❡①✐❞❛❞❡ ❊❈P ♥❛ ❧✐t❡r❛t✉r❛

◆❡st❛ s✉❜s❡çã♦ ❡st✉❞❛r❡♠♦s ♦s r❡s✉❧t❛❞♦s ❡①✐st❡♥t❡s ♥❛ ❧✐t❡r❛t✉r❛ s♦❜ ♦ ♣♦♥t♦ ❞❡ ✈✐st❛ ❞❡

❝♦♠♣❧❡①✐❞❛❞❡ ❝♦♠♣✉t❛❝✐♦♥❛❧✱ ❛♣r❡s❡♥t❛♥❞♦ ♦ ❡st❛❞♦ ❞❛ ❛rt❡ ❞❡st❡ ♣r♦❜❧❡♠❛✳ ■♥✐❝✐❛❧♠❡♥t❡

❢♦r♠❛❧✐③❛r❡♠♦s ♦s ♣r♦❜❧❡♠❛s ❡♠ q✉❡stã♦✿

Pr♦❜❧❡♠❛ ✺✳✶✳✶✳ ✭❊❈P✮

■◆❙❚➶◆❈■❆✿ ●r❛❢♦ G ❡ ✐♥t❡✐r♦ k ≥ 0✳

◗❯❊❙❚➹❖✿ ❱❛❧❡ cp(G) ≤ k ❄

Pr♦❜❧❡♠❛ ✺✳✶✳✷✳ ✭❊❈❈✮

■◆❙❚➶◆❈■❆✿ ●r❛❢♦ G ❡ ✐♥t❡✐r♦ k ≥ 0✳

◗❯❊❙❚➹❖✿ ❱❛❧❡ cc(G) ≤ k ❄

❊♠ ✶✾✼✼✱ ❖r❧✐♥ ❬✹✻❪ ♣r♦✈♦✉ q✉❡ ♦s ♣r♦❜❧❡♠❛s ❊❈P ❡ ❊❈❈ sã♦ NP✲❝♦♠♣❧❡t♦ ♣❛r❛

❣r❛❢♦s ❣❡r❛✐s✳ ❏á ❡♠ ✶✾✽✽✱ ▼❛✱ ❲❛❧❧✐s ❡ ❲✉ ❬✹✶❪ ♣r♦✈❛r❛♠ q✉❡ ❊❈P é NP✲❝♦♠♣❧❡t♦ ♣❛r❛

❝❧❛ss❡ ❞❡ ❣r❛❢♦s ❧✐✈r❡s ❞❡ K4 ❡ ❣r❛❢♦s ❝♦r❞❛✐s✱ ♣♦ré♠ é ♣♦❧✐♥♦♠✐❛❧ s❡ r❡str✐t♦ à ✐♥t❡rs❡çã♦

❞❡st❛s ❝❧❛ss❡s✳

P♦st❡r✐♦r♠❡♥t❡ ❡♠ ✶✾✾✶ ❢♦✐ ♣r♦✈❛❞♦ ♣♦r ❲❛❧❧✐s ❡ ❲✉ ❬✺✻❪ q✉❡ ♦ ♣r♦❜❧❡♠❛ ♣❡r♠❛♥❡❝❡

NP✲❝♦♠♣❧❡t♦ ♣❛r❛ ♦s ❣r❛❢♦s s♣❧✐t✱ ❛✐♥❞❛ q✉❡ ♦s ✈ért✐❝❡s ❞♦ ❝♦♥❥✉♥t♦ ❡stá✈❡❧ t❡♥❤❛♠ ❣r❛✉

✷✳ ◆♦t❡ q✉❡ ❛ ❝❧❛ss❡ ❞♦s s♣❧✐t ✭♦✉ (1, 1)✮ é ✉♠❛ s✉❜❝❧❛ss❡ ❞♦s ❣r❛❢♦s ❝♦r❞❛✐s✳

❙♦❜ ♦ ♣♦♥t♦ ❞❡ ✈✐st❛ ❞❡ ❣r❛✉ ♠á①✐♠♦✱ ❡♠ ✶✾✽✶✱ P✉❧❧♠❛♥ ❬✹✾❪ ♣r♦✈♦✉ q✉❡ ♦s ♣r♦❜❧❡♠❛s

❊❈P ❡ ❊❈❈ sã♦ ♣♦❧✐♥♦♠✐❛✐s ♣❛r❛ ❣r❛❢♦s ❝♦♠ ∆(G) ≤ 4✱ ❛♣r❡s❡♥t❛♥❞♦ ❛❧❣♦r✐t♠♦ ♣❛r❛ ❛

♦❜t❡♥çã♦ ❞♦s ✈❛❧♦r❡s ❡ ❞❛ ♣❛rt✐çã♦✴❝♦❜❡rt✉r❛✳ ❊♠ ✶✾✾✷✱ ❍♦♦✈❡r ❬✷✺❪ ❛♣r❡s❡♥t♦✉ ✉♠

❛❧❣♦r✐t♠♦ ♣♦❧✐♥♦♠✐❛❧ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ❊❈❈ ♣❛r❛ ❣r❛❢♦s ❝♦♠ ∆(G) ≤ 5 ❡ ❛✐♥❞❛ ❣❛r❛♥t✐✉

q✉❡ ♦ ♣r♦❜❧❡♠❛ é NP✲❝♦♠♣❧❡t♦ ♣❛r❛ ∆(G) ≤ 6✱ q✉❛♥t♦ ❛♦ ❊❈P ♥❡st❡ ♠❡s♠♦ ❛rt✐❣♦

♣r♦✈♦✉ q✉❡ ♦ ♣r♦❜❧❡♠❛ é NP✲❝♦♠♣❧❡t♦ ♣❛r❛ ∆(G) ≤ 5✳ ❆✐♥❞❛ ♥❛s ❝❧❛ss❡s ❞❡✜♥✐❞❛s ♣♦r

❣r❛✉✱ ❋❧❡✐s❝❤❡r ❡ ❲✉ ❬✶✾❪ ♣r♦✈❛r❛♠ q✉❡ ♦ ♣r♦❜❧❡♠❛ é ♣♦❧✐♥♦♠✐❛❧ ♣❛r❛ ❣r❛❢♦s ❝ú❜✐❝♦s✱ ✐st♦

é✱ t♦❞♦s ✈ért✐❝❡s ♣♦ss✉❡♠ ❣r❛✉ ✸✳

❆❜❛✐①♦ ❧✐st❛♠♦s ✉♠ r❡s✉♠♦ ❞❛s ❝♦♠♣❧❡①✐❞❛❞❡s ❝✐t❛❞❛s ❛♥t❡r✐♦r♠❡♥t❡ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛

❊❈P ❡♠ ❛❧❣✉♠❛s ❝❧❛ss❡s ❞❡ ❣r❛❢♦s✳

❼ ●r❛❢♦s ❣❡r❛✐s✿ NP✲❝♦♠♣❧❡t♦ ❬✹✻❪❀



✺✳✷ ❊❈P ❡♠ ❣r❛❢♦s ✭❦✱❧✮ ✽✵

❼ ❈♦r❞❛✐s✿ NP✲❝♦♠♣❧❡t♦ ❬✹✶❪❀

❼ K4✲❧✐✈r❡✿ NP✲❝♦♠♣❧❡t♦ ❬✹✶❪❀

❼ ❈♦r❞❛✐s ❡ K4✲❧✐✈r❡✿ ♣♦❧✐♥♦♠✐❛❧ ❬✹✶❪❀

❼ ❙♣❧✐t✿ NP✲❝♦♠♣❧❡t♦ ❬✺✻❪❀

❼ ❚❤r❡s❤♦❧❞✿ ♣♦❧✐♥♦♠✐❛❧ ❬✺✸❪

❼ ∆(G) ≤ 4✿ ♣♦❧✐♥♦♠✐❛❧ ❬✹✾❪❀

❼ ∆(G) ≤ 5✿ NP✲❝♦♠♣❧❡t♦ ❬✷✺❪✳

❼ 3✲r❡❣✉❧❛r✿ ♣♦❧✐♥♦♠✐❛❧ ❬✶✾❪

❼ ●r❛❢♦ ▲✐♥❤❛✿ ♣♦❧✐♥♦♠✐❛❧ ❬✹✻❪

❆❧é♠ ❞♦s ❛rt✐❣♦s ❝✐t❛❞♦s ♥❛s s✉❜s❡çõ❡s ✺✳✶✳✶ ❡ ✺✳✶✳✷ t❛♠❜é♠ ✈❛❧❡ ❝✐t❛r ❛s s❡❣✉✐♥t❡s

t❡s❡s✿ ✏ ❚❤❡ ◆P✲❝♦♠♣❧❡t❡♥❡ss ♦❢ s♦♠❡ ❡❞❣❡✲♣❛rt✐t✐♦♥✐♥❣ ♣r♦❜❧❡♠ ✑ ❬✶✵❪ ❞❡ ✷✵✵✷ q✉❡

❡st✉❞❛ ❛ ❝♦♠♣❧❡①✐❞❛❞❡ ❞❡ ❊❈P ❡ ❊❈❈ ❡♠ ❣r❛❢♦s ❝♦♠ ❣r❛✉ ♠á①✐♠♦ ✜①♦❀ ✏ ▼❛①✐♠❛❧✲❝❧✐q✉❡

♣❛rt✐t✐♦♥s ✑ ❬✺✺❪ q✉❡ ❛❜♦r❞❛ ♦ ♣r♦❜❧❡♠❛ ❞❡ ♣❛rt✐çã♦ ❞❛s ❛r❡st❛s ❡♠ ❝❧✐q✉❡s ♠❛①✐♠❛✐s ❡♠

❣r❛❢♦s ❧✐♥❤❛ ❡ ❛ ❡①✐stê♥❝✐❛ ❞❡ ❣r❛❢♦s q✉❡ s❛t✐s❢❛③❡♠ cc(G) = cp(G) < mcp(G) ❡ ♦ ❝❛s♦

cc(G) < cp(G) < mcp(G)✳

✺✳✷ ❊❈P ❡♠ ❣r❛❢♦s ✭❦✱❧✮

❋♦❝❛r❡♠♦s ♥♦ss♦ ❡st✉❞♦ ♥♦ ♣r♦❜❧❡♠❛ ❞❡ ❊❈P s♦❜ ♦ ♣♦♥t♦ ❞❡ ✈✐st❛ ❞❡ ❣r❛❢♦s (k, l)✳ ❆❜❛✐①♦

❧✐st❛r❡♠♦s ♦s r❡s✉❧t❛❞♦s ❞❡ ❝♦♠♣❧❡①✐❞❛❞❡ ✐♠❡❞✐❛t♦s✳

❖❜s❡r✈❛çã♦ ✺✳✷✳✶✳ ❖ ♣r♦❜❧❡♠❛ ❞❡ ❊❈P ❡♠ ❣r❛❢♦s (1, 0) ♦✉ (0, 1) é tr✐✈✐❛❧✱ ♣♦rt❛♥t♦

❛♣r❡s❡♥t❛ s♦❧✉çã♦ ♣♦❧✐♥♦♠✐❛❧ ♥♦ t❛♠❛♥❤♦ ❞♦ ❣r❛❢♦✳

❖❜s❡r✈❛çã♦ ✺✳✷✳✷✳ ❖s ❣r❛❢♦s (2, 0) ❢♦r♠❛♠ ❛ ❝❧❛ss❡ ❞♦s ❣r❛❢♦s ❜✐♣❛rt✐❞♦s✱ ♦♥❞❡ ❛ ♣❛rt✐çã♦

❞❡ ❛r❡st❛s ❡♠ ❝❧✐q✉❡s é ❞❛❞❛ ♣♦r ❝ó♣✐❛s ❞❡ K2✱ ❡♥tã♦ cp(G) = |E(G)|✳

❆♣r❡s❡♥t❛r❡♠♦s ❛❣♦r❛ ❛ t❡♦r✐❛ ❡ ♦s r❡s✉❧t❛❞♦s ❞❡s❡♥✈♦❧✈✐❞♦s ♥❡st❡ tr❛❜❛❧❤♦✳ ■♥✐❝✐✲

❛❧♠❡♥t❡ ✈❛❧❡ ♦❜s❡r✈❛r q✉❡ ❝♦♥❢♦r♠❡ ♠❡♥❝✐♦♥❛❞♦ ❛❝✐♠❛✱ ❲❛❧❧✐s ♣r♦✈♦✉ q✉❡ ❊❈P é ✉♠

♣r♦❜❧❡♠❛ NP✲❝♦♠♣❧❡t♦ ♣❛r❛ ❛ ❝❧❛ss❡ ❞♦s ❣r❛❢♦s (1, 1)✱ ♣♦rt❛♥t♦ ♣♦❞❡♠♦s ❣❛r❛♥t✐r q✉❡ ♦

♣r♦❜❧❡♠❛ é NP✲❝♦♠♣❧❡t♦ ♣❛r❛ ❣r❛❢♦s (k, ℓ)✱ ❝♦♠ k, ℓ ≥ 1 ✜①❛❞♦s✱ ✉♠❛ ✈❡③ q✉❡ tr❛t❛✲s❡



✺✳✷ ❊❈P ❡♠ ❣r❛❢♦s ✭❦✱❧✮ ✽✶

❞❡ ✉♠❛ s✉♣❡r❝❧❛ss❡✱ ❝♦♥❢♦r♠❡ ✈✐st♦ ♣❡❧♦ ❋❛t♦ ✷✳✹✳✶✳ ❖ q✉❡ ❞✐r❡❝✐♦♥❛ ♥♦ss♦ ❡st✉❞♦ ♣❛r❛ ❛s

❝❧❛ss❡s ❞❡ ❣r❛❢♦s (0, ℓ) ❡ (k, 0) ♣❛r❛ k ≥ 2 ❡ ℓ ≥ 3

❯♠ ❣r❛❢♦ ✭✵✱✷✮ é ❛q✉❡❧❡ ❝✉❥♦ ❝♦♥❥✉♥t♦ ❞❡ ✈ért✐❝❡s ♣♦❞❡ s❡r ♣❛rt✐❝✐♦♥❛❞♦ ❡♠ ❞✉❛s

❝❧✐q✉❡s✱ ❝❤❛♠❛❞♦ ❞❡ ❣r❛❢♦s ❝♦✲❜✐♣❛rt✐❞♦s✳

❊①❡♠♣❧♦ ✺✳✷✳✶✳ ❖ ❣r❛❢♦ ✐❧✉str❛❞♦ ❛❜❛✐①♦ é ✭✵✱✷✮

❋✐❣✉r❛ ✺✳✺✿ ❊①❡♠♣❧♦ ❣r❛❢♦ ✭✵✱✷✮

❆ ♣r✐♠❡✐r❛ ❝♦♥tr✐❜✉✐çã♦ ❞❡st❡ tr❛❜❛❧❤♦ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ❞❡ ❊❈P é ❛ ♣r♦♣♦s✐çã♦ s❡✲

❣✉✐♥t❡✱ q✉❡ ❢♦r♥❡❝❡ ❛ ❝♦♠♣❧❡①✐❞❛❞❡ ❞❡ t❡♠♣♦ ♣❛r❛ ✉♠ ❣r❛❢♦ (0, 2)✳

Pr♦♣♦s✐çã♦ ✺✳✷✳✶✳ ❖ ♣r♦❜❧❡♠❛ ❞❡ ♣❛rt✐çã♦ ❞❡ ❛r❡st❛s ❡♠ ❝❧✐q✉❡ ❡♠ ❣r❛❢♦s (0, 2) é NP ✲

❝♦♠♣❧❡t♦✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ G(V,E) ✉♠ ❣r❛❢♦ s♣❧✐t ❝♦♠ n ✈ért✐❝❡s✱ ❞✐❣❛♠♦s q✉❡ V é ♣❛rt✐❝✐♦♥❛❞♦

❡♠ ❞♦✐s ❝♦♥❥✉♥t♦s V = A ∪ B t❛✐s q✉❡ A é ✉♠ ❝♦♥❥✉♥t♦ ✐♥❞❡♣❡♥❞❡♥t❡ ❡ B ✉♠❛ ❝❧✐q✉❡✳

❈♦♥s✐❞❡r❡ N = n(n−1)
2

❡ s❡❥❛ G′(V ′, E ′) ♦♥❞❡ V ′ é ♣❛rt✐❝✐♦♥❛❞♦ ♥♦s ❝♦♥❥✉♥t♦s A′ ❡ B′

t❛✐s q✉❡ A′ = A ∪ {u1, . . . , uN} ❡ B′ = B✱ ❛s ❛r❡st❛s ♣♦r s✉❛ ✈❡③ ❢♦r♠❛♠ ♦ ❝♦♥❥✉♥t♦

E ′ = E ∪ {(x, y); x, y ∈ A′}✱ ❝♦♥❢♦r♠❡ ✐❧✉str❛❞♦ ♥❛ ❋✐❣✉r❛ ✺✳✻✳



✺✳✷ ❊❈P ❡♠ ❣r❛❢♦s ✭❦✱❧✮ ✽✷

❋✐❣✉r❛ ✺✳✻✿ ●r❛❢♦ G′ ❝♦♥str✉í❞♦ ❛ ♣❛rt✐r ❞♦ s♣❧✐t G

❖❜s❡r✈❡ q✉❡ G′ é ✉♠ ❣r❛❢♦ (0, 2) ❝♦♠ n +N ✈ért✐❝❡s✱ ♦♥❞❡ N é ♦ ♥ú♠❡r♦ ❞❡ ❛r❡st❛s

❞❡ ✉♠❛ n✲❝❧✐q✉❡✳ ❙❡❥❛♠ Ω ❡ Ω′ ❛s ❢❛♠í❧✐❛s ❝♦♠ ♠❡♥♦r ♥ú♠❡r♦ ❞❡ ❝❧✐q✉❡s q✉❡ ♣❛rt✐❝✐♦♥❛♠

❛s ❛r❡st❛s ❞❡ G ❡ G′✱ ♥❡st❛ ♦r❞❡♠✳ ❉❡♥♦t❛r❡♠♦s ♦ ❝♦♥❥✉♥t♦ ❞❛s ❛r❡st❛s ❞❡ A′ ♣♦r C1✳

❙❡ C1 /∈ Ω′ ❡♥tã♦ ♣❡❧♦ ❚❡♦r❡♠❛ ✺✳✶✳✷ ✈❛❧❡

|Ω′| ≥ N + |A| = n(n− 1)

2
+ |A| ≥ cp(G) + 1,

❖♥❞❡ ❛ ú❧t✐♠❛ ❞❡s✐❣✉❛❧❞❛❞❡ é ♦❜t✐❞❛ ♣❡❧♦ ❢❛t♦ ❞❡ Ω ♥ã♦ s❡r ❢♦r♠❛❞❛ ❛♣❡♥❛s ♣♦r ❛r❡st❛s

✐s♦❧❛❞❛s✱ ♦✉ s❡❥❛✱ cp(G) = |Ω| ≤ n(n−1)
2

✱ ✉♠❛ ✈❡③ q✉❡ G ♣♦ss✉✐ ❛♦ ♠❡♥♦s ✉♠ tr✐â♥❣✉❧♦✳

❙❡ C1 ∈ Ω′ ❡♥tã♦ r❡st❛ ❛♣❡♥❛s ♣❛rt✐❝✐♦♥❛r ❛s ❛r❡st❛s ❞❡ G✱ ❝✉❥♦ ♠í♥✐♠♦ é ❞❛❞♦ ♣♦r

Ω′ = Ω ∪ C1✱ ♦✉ s❡❥❛✱ cp(G′) = cp(G) + 1✳

▲♦❣♦✱ ❞❛❞♦ ✉♠ ❣r❛❢♦ G s♣❧✐t ❝♦♥str✉í♠♦s G′ ❣r❛❢♦ (0, 2) t❛❧ q✉❡ cp(G′) = cp(G) + 1✱

❝♦♥str✉í❞♦ ❛tr❛✈és ❞❡ ✉♠❛ r❡❞✉çã♦ ♣♦❧✐♥♦♠✐❛❧✳ ❈♦♠♦ ♦ ♣r♦❜❧❡♠❛ ❊❈P é NP ✲❝♦♠♣❧❡t♦

♣❛r❛ ❣r❛❢♦s s♣❧✐t ✭♣r♦✈❛❞♦ ❡♠ ❬✺✻❪✱ ❡♥tã♦ é NP ✲❝♦♠♣❧❡t♦ ♣❛r❛ ❣r❛❢♦s (2, 0)✳

◆❛t✉r❛❧♠❡♥t❡ ❛ ❝♦♠♣❧❡①✐❞❛❞❡ s❡ ❡st❡♥❞❡ ♣❛r❛ ❛s s✉♣❡r❝❧❛ss❡s ❞♦ (0, 2)✱ ♣❡❧♦ ❋❛t♦

✷✳✹✳✶✱ ❝♦♥❢♦r♠❡ ❡♥✉♥❝✐❛♠♦s ❛❜❛✐①♦✿

❖❜s❡r✈❛çã♦ ✺✳✷✳✸✳ ❖ ♣r♦❜❧❡♠❛ ❞❡ ♣❛rt✐çã♦ ❞❡ ❛r❡st❛s ❡♠ ❝❧✐q✉❡ ❡♠ ❣r❛❢♦s (0, ℓ) é NP ✲

❝♦♠♣❧❡t♦ ♣❛r❛ ℓ ≥ 2✳



✺✳✷ ❊❈P ❡♠ ❣r❛❢♦s ✭❦✱❧✮ ✽✸

✺✳✷✳✶ ❊❈P ❡♠ ❣r❛❢♦s ✸✲❝♦❧♦rí✈❡❧

❊st✉❞❛r❡♠♦s ❛❣♦r❛ ❛ ❝❧❛ss❡ ❞♦s ❣r❛❢♦s (3, 0) ♦✉ t❛♠❜é♠ ❝❤❛♠❛❞♦s ❞❡ 3✲❝♦❧♦rí✈❡✐s✱ ♣♦✐s

tr❛t❛♠✲s❡ ❞♦s ❣r❛❢♦s ❝♦♠ ♥ú♠❡r♦ ❝r♦♠át✐❝♦ χ(G) = 3✳

❋❛t♦ ✺✳✷✳✶✳ ❙❡❥❛ G ✉♠ ❣r❛❢♦✱ {a, b, c} ∈ E(G) ✉♠ tr✐â♥❣✉❧♦ ❡ Ω ✉♠❛ ♣❛rt✐çã♦ ❞❛s ❛r❡st❛s

❡♠ ❝❧✐q✉❡s ❞❡ G✳ ❙❡ {a}, {b}, {c} ⊂ Ω ❡♥tã♦ Ω ♥ã♦ é ♠í♥✐♠❛✳

❉❡ ❢❛t♦✱ Ω′ = Ω − {{a}{b}, {c}} ∪ {a, b, c} é ✉♠❛ ♣❛rt✐çã♦ ❞❛s ❛r❡st❛s ❞❡ G ❝♦♠

❝❛r❞✐♥❛❧✐❞❛❞❡ ♠❡♥♦r q✉❡ |Ω|✱ ♣♦rt❛♥t♦ ❡st❛ ♥ã♦ é ♠í♥✐♠❛✳

P❛r❛ ♣r♦✈❛r ❛ ❝♦♠♣❧❡①✐❞❛❞❡ ❞♦ ♣r♦❜❧❡♠❛ ❞❡ ❊❈P ❡♠ ❣r❛❢♦s 3−❝♦❧♦rí✈❡✐s✱ ♣r♦✈❛♠♦s

♦ ❧❡♠❛ ❛ s❡❣✉✐r q✉❡ r❡❧❛❝✐♦♥❛ ❡st❡ ❝♦♠ ♦ ♣r♦❜❧❡♠❛ ❞❡ ♦❜t❡r ♦ ♠❛✐♦r ♥ú♠❡r♦ ❞❡ tr✐â♥❣✉❧♦s

❞✐s❥✉♥t♦s ❡♠ ❛r❡st❛s ❞❡ ✉♠ ❣r❛❢♦s✱ ❞❡✜♥✐❞♦ ❛❜❛✐①♦✳

Pr♦❜❧❡♠❛ ✺✳✷✳✶✳ ✭▼❚❊❉ ✲ ♠❛①✐♠✉♠ tr✐❛♥❣❧❡ ❡❞❣❡✲❞✐s❥♦✐♥t✮

■◆❙❚➶◆❈■❆✿ ●r❛❢♦ G ❡ ✐♥t❡✐r♦ k ≥ 0✳

◗❯❊❙❚➹❖✿ ❊①✐st❡ ❢❛♠í❧✐❛ F ❞❡ tr✐â♥❣✉❧♦s ❞✐s❥✉♥t♦s ❡♠ ❛r❡st❛s t❛❧ q✉❡ |F| ≥ k❄

❉❛q✉✐ ❡♠ ❞✐❛♥t❡✱ ❛ ✜♠ ❞❡ s✐♠♣❧✐✜❝❛r ❛ ❡s❝r✐t❛✱❝❤❛♠❛r❡♠♦s ❞❡ ✏ tr✐â♥❣✉❧♦s ❛❞❥❛❝❡♥t❡s

✑ ❛q✉❡❧❡s q✉❡ ♣♦ss✉❡♠ ✉♠❛ ❛r❡st❛ ❡♠ ❝♦♠✉♠✳ ❈❛s♦ s❡❥❛ ♥❡❝❡ssár✐♦ ❝✐t❛r♠♦s ✐♥t❡rs❡çã♦

❡♠ ✈ért✐❝❡s✱ ❞❡✐①❛r❡♠♦s ❡①♣❧í❝✐t♦ ♥♦ t❡①t♦✳

▲❡♠❛ ✺✳✷✳✶✳ ❙❡ G é K4✲❧✐✈r❡✱ ❡♥tã♦ ♦s Pr♦❜❧❡♠❛s ❊❈P ❡ ▼❚❊❉ sã♦ ❡q✉✐✈❛❧❡♥t❡s✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ G ✉♠ ❣r❛❢♦K4✲❧✐✈r❡ ❝♦♠ n ✈ért✐❝❡s ❡m ❛r❡st❛s✱ ♦❜s❡r✈❡ q✉❡ q✉❛❧q✉❡r

♣❛rt✐çã♦ ❞♦ ❝♦♥❥✉♥t♦ ❞❡ ❛r❡st❛s ❡♠ ❝❧✐q✉❡s é ❢♦r♠❛❞❛ ❛♣❡♥❛s ♣♦r tr✐â♥❣✉❧♦s ❡ ❛r❡st❛s

✐s♦❧❛❞❛s✳

❙❡❥❛ Ω ❛ ♠❡♥♦r ♣❛rt✐çã♦ ❞❛s ❛r❡st❛s ❞❡ G ❡♠ ❝❧✐q✉❡s✱ ❢♦r♠❛❞❛ ♣♦r p tr✐â♥❣✉❧♦s ♥ã♦

❛❞❥❛❝❡♥t❡s ❡ q ❛r❡st❛s ✐s♦❧❛❞❛s✳ ❙❡ r❡♠♦✈❡r♠♦s ❞❡ G ❛s ❛r❡st❛s q✉❡ ❝♦♠♣õ❡♠ ♦s p tr✐✲

â♥❣✉❧♦s ♥ã♦ ❛❞❥❛❝❡♥t❡s ♦❜t❡♠♦s ♦ ❣r❛❢♦ G′ ❧✐✈r❡ ❞❡ K3✱ ♣♦✐s ❝❛s♦ ❝♦♥trár✐♦ t❡r✐❛ ✉♠❛

❝♦♥tr❛❞✐çã♦ ❝♦♠ ♦ ❋❛t♦ ✺✳✷✳✶✳

❈♦♠♦ Ω é ✉♠❛ ♣❛rt✐çã♦ ❞❛s ❛r❡st❛s ❞❡ G t❡♠♦s q✉❡ m = 3p + q✱ ♦✉ ❞❡ ❢♦r♠❛

❡q✉✐✈❛❧❡♥t❡✱q = m − 3p✳ ❊♥tã♦ ♦ ♣r♦❜❧❡♠❛ ❞❡ ♦❜t❡r ❛ ❊❈P ❡♠ G ✭♠✐♥✐♠✐③❛r q✮ é

❡q✉✐✈❛❧❡♥t❡ à ♦❜t❡r ♦ ♠❛✐♦r ♥ú♠❡r♦ ❞❡ tr✐â♥❣✉❧♦s ♥ã♦ ❛❞❥❛❝❡♥t❡s ❞♦ ❣r❛❢♦ ✭♠❛①✐♠✐③❛r p✮✳

◆♦t❡ q✉❡ |Ω| = p+ q = p+ (m− 3p) = m− 2p✳

❖❜s❡r✈❡ q✉❡ ❛ ♣r♦✈❛ ❞♦ ❧❡♠❛ ❛❝✐♠❛ ❝♦♥té♠ ✉♠❛ ❞❡♠♦♥str❛çã♦ ♣❛r❛ ♦ ❈♦r♦❧ár✐♦ ✺✳✶✳✷✳



✺✳✷ ❊❈P ❡♠ ❣r❛❢♦s ✭❦✱❧✮ ✽✹

P❛r❛ ♣r♦✈❛r ❛ ❝♦♠♣❧❡①✐❞❛❞❡ ❞♦ ♣r♦❜❧❡♠❛ ❞❡ ❊❈P ❡♠ ❣r❛❢♦s (3, 0) ❢❛r❡♠♦s ❛ r❡❞✉çã♦

♣♦❧✐♥♦♠✐❛❧ ❞♦ ❝❧áss✐❝♦ ♣r♦❜❧❡♠❛ ❞❡ ❝♦❜❡rt✉r❛ ❡①❛t❛✱ r❡str✐t♦ ❛♦ ❝❛s♦ ❞❡ ✸ ❡❧❡♠❡♥t♦s✱

❝♦♥❢♦r♠❡ ❞❡s❝r✐t♦ ❛❜❛✐①♦✿

Pr♦❜❧❡♠❛ ✺✳✷✳✷✳ ✭❊✸❈ ✲ ❡①❛❝t ✸ ❝♦✈❡r✮

■◆❙❚➶◆❈■❆✿ (X,ψ)✱ ♦♥❞❡ X é ✉♠ ❝♦♥❥✉♥t♦ ❝♦♠ 3q ❡❧❡♠❡♥t♦s ❡ ψ ❢❛♠í❧✐❛ ❞❡ s✉❜❝♦♥❥✉♥t♦s

❞❡ X✱ t❛❧ q✉❡ ❝❛❞❛ ❡❧❡♠❡♥t♦ ♣♦ss✉✐ ❝❛r❞✐♥❛❧✐❞❛❞❡ ✸✳

◗❯❊❙❚➹❖✿ ❊①✐st❡ ✉♠❛ s✉❜❢❛♠í❧✐❛ ψ′ ⊂ ψ ❝♦♠ q ❡❧❡♠❡♥t♦s q✉❡ é ✉♠❛ ❝♦❜❡rt✉r❛ ❡①❛t❛

♣❛r❛ X❄ ■st♦ é✱ ❝❛❞❛ ❡❧❡♠❡♥t♦ x ∈ X ♣❡rt❡♥❝❡ à ❡①❛t❛♠❡♥t❡ ✉♠ s✉❜❝♦♥❥✉♥t♦ ❞❡ ψ′✳

◆♦t❡ q✉❡ ♦ t❡r♠♦ ✏❝♦❜❡rt✉r❛ ❡①❛t❛✑ ❞❡✈❡ s❡r ✐♥t❡r♣r❡t❛❞♦ ❡①❛t❛♠❡♥t❡ ❝♦♠♦ ❛ ❞❡✜♥✐çã♦

❞❡ ♣❛rt✐çã♦✱ ♦♥❞❡ ψ′ é ❢♦r♠❛❞♦ ♣♦r s✉❜❝♦♥❥✉♥t♦s ❞✐s❥✉♥t♦s q✉❡ ✉♥✐❞♦s r❡s✉❧t❛♠ ❡♠ X✳

P❛r❛ ✉♠❛ ♠❡❧❤♦r ❝♦♠♣r❡❡♥sã♦ ❞♦ ♣r♦❜❧❡♠❛ ❊✸❈✱ ♦❜s❡r✈❡ ♦ s❡❣✉✐♥t❡ ❡①❡♠♣❧♦✿

❊①❡♠♣❧♦ ✺✳✷✳✷✳ ❈♦♥s✐❞❡r❡ ♦ ❝♦♥❥✉♥t♦ X = {1, 2, 3, 4, 5, 6} ❡ ❝♦♥s✐❞❡r❡ ♦ ♣r♦❜❧❡♠❛ ❊✸❈

❝♦♠ ❛s s❡❣✉✐♥t❡s ✐♥stâ♥❝✐❛s✿

✶✳ ❉❆❉❖❙✿ X ❡ ψ = {Si; i = 1, 2, 3, 4}✱ ♦♥❞❡ S1 = {1, 2, 4}✱ S2 = {2, 5, 6}✱ S3 =

{3, 5, 6} ❡ S4 = {4, 5, 6}✳
P♦ss✉✐ s♦❧✉çã♦ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ❊✸❈✱ t♦♠❛♥❞♦ ψ′ = {S1, S3}✳

✷✳ ❉❆❉❖❙✿ X ❡ ψ = {S1, S2, S3}✱ ♦♥❞❡ S1 = {1, 2, 3}✱ S2 = {3, 4, 5} ❡ S3 = {3, 4, 6}✳
◆ã♦ ♣♦ss✉✐ s♦❧✉çã♦ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ❊✸❈✳

❖ ♣r♦❜❧❡♠❛ ❊✸❈ é ◆P✲❝♦♠♣❧❡t♦✱ ❝♦♥❢♦r♠❡ ♣r♦✈❛❞♦ ❡♠ ❬✷✶❪✳ ❋❛r❡♠♦s ❡♥tã♦ ❛ r❡❞✉çã♦

♣♦❧✐♥♦♠✐❛❧ ❞❡st❡ ♣r♦❜❧❡♠❛ ♣❛r❛ ♣r♦✈❛r ❛ ❝♦♠♣❧❡①✐❞❛❞❡ ❞♦ ♣r♦❜❧❡♠❛ ❊✸❈ ♣❛r❛ ❣r❛❢♦s

(3, 0)✳

❚❡♦r❡♠❛ ✺✳✷✳✶✳ ❖ ❊❈P é NP ✲❝♦♠♣❧❡t♦ ♣❛r❛ ❣r❛❢♦s 3✲❝♦❧♦rí✈❡❧✳

❉❡♠♦♥str❛çã♦✳ ■♥✐❝✐❛❧♠❡♥t❡ é ❢á❝✐❧ ✈❡r q✉❡ ❊❈P r❡str✐t♦ à ❣r❛❢♦s 3✲❝♦❧♦rí✈❡❧ ❡stá ❡♠ NP ✱
♣♦✐s ❞❛❞❛ ✉♠❛ ♣❛rt✐çã♦ ❞❛s ❛r❡st❛s ♣♦❞❡♠♦s ✈❡r✐✜❝❛r ❡♠ t❡♠♣♦ ♣♦❧✐♥♦♠✐❛❧ ✭♥♦ t❛♠❛♥❤♦

❞❛ ❡♥tr❛❞❛✮ q✉❡ ❡st❛ ❞❡ ❢❛t♦ é ✉♠❛ s♦❧✉çã♦ ♣❛r❛ ❛ r❡s♣♦st❛ ❙■▼ ❞♦ ♣r♦❜❧❡♠❛✳ ❋❛r❡♠♦s

❛❣♦r❛ ❛ ❝♦♥str✉çã♦ ❞❛ r❡❞✉çã♦ ♣♦❧✐♥♦♠✐❛❧✳

❖❜s❡r✈❡ q✉❡ ♦ ❧❡♠❛ ✺✳✷✳✶ ❣❛r❛♥t❡ q✉❡ ♦ ♣r♦❜❧❡♠❛ ❞❡ ♣❛rt✐çã♦ ❞❡ ❛r❡st❛s ❡♠ ❝❧✐q✉❡ ❡♠

❣r❛❢♦s é ❡q✉✐✈❛❧❡♥t❡ ❛♦ ♣r♦❜❧❡♠❛ ❞❡ ♦❜t❡r ♦ ♥ú♠❡r♦ ♠á①✐♠♦ ❞❡ tr✐â♥❣✉❧♦s ♥ã♦ ❛❞❥❛❝❡♥t❡s✱

♣❛r❛ ❣r❛❢♦s 3✲❝♦❧♦rí✈❡❧✳ ❊♥tã♦ ❛ ♣r♦✈❛ ❞❡ ❝♦♠♣❧❡①✐❞❛❞❡ s❡rá ❢❡✐t❛ ❢❛③❡♥❞♦ ❛ r❡❞✉çã♦ ❞♦

♣r♦❜❧❡♠❛ ❊✸❈ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ❞❡ ♦❜t❡r ♦ ♠❛✐♦r ♥ú♠❡r♦ ❞❡ tr✐â♥❣✉❧♦s ♥ã♦ ❛❞❥❛❝❡♥t❡s✳
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❙❡❥❛ ❛ ✐♥stâ♥❝✐❛ X = {xi; i = 1, 2, . . . , 3q} ❡ ψ = {Si; i = 1, 2, . . . , p} ♦♥❞❡ Si =

{xi,1, xi,2, xi,3} ⊂ X✱ i = 1, 2, . . . , p✳

❋❛r❡♠♦s ❛ ❝♦♥str✉çã♦ ❞♦ ❣r❛❢♦ G ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿

❼ P❛r❛ ❝❛❞❛ x ∈ X ❛ss♦❝✐❛♠♦s ❞♦✐s ✈ért✐❝❡s x ❡ x′✳

❼ P❛r❛ ❝❛❞❛ i = 1, . . . , p ❛ss♦❝✐❛♠♦s Si à ✼ ✈ért✐❝❡s si,j✱ j = 1, . . . , 7✳

❼ P❛r❛ ❝❛❞❛ i = 1, . . . , p ❝♦♥str✉í♠♦s ♦ ❣r❛❢♦ Gi ❝♦♥❢♦r♠❡ ✐❧✉str❛❞♦ ♥❛ ❋✐❣✉r❛ ✺✳✼✳

❋✐❣✉r❛ ✺✳✼✿ ❈♦♥str✉çã♦ ❞♦ ●r❛❢♦ Gi r❡❢❡r❡♥t❡ à ♣r♦✈❛ ❞♦ t❡♦r❡♠❛ ✺✳✷✳✶

❊♥tã♦ ❝♦♥str✉í♠♦sG t❛❧ q✉❡ V (G) = X∪X ′∪{si,j; 1 ≤ i ≤ p ❡ 1 ≤ j ≤ 7}, ♦♥❞❡ X ′ =

{x′; x ∈ X} ❡ ❝♦♥❥✉♥t♦ ❞❡ ❛r❡st❛s E(G) =
⋃p

i=1E(Gi)✳

❱❛❧❡ ♦❜s❡r✈❛r q✉❡ ♦s ❣r❛❢♦s Gi ♥ã♦ sã♦ ❞✐s❥✉♥t♦s ❡♠ ✈ért✐❝❡s ♥❡♠ ❛r❡st❛s✱ ✉♠❛ ✈❡③

q✉❡ s❡ x ∈ Si ∩ Sj ♣❛r❛ i 6= j ❡♥tã♦ x, x′ ∈ V (Gi) ∩ V (Gj) ❡ xx′ ∈ E(Gi) ∩ E(Gj)✳

❱❛♠♦s ❛❣♦r❛ ♣r♦✈❛r q✉❡ (X,ψ) t❡♠ ✉♠❛ ❝♦❜❡rt✉r❛ ❡①❛t❛ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ G ♣♦ss✉✐

q + 5p tr✐â♥❣✉❧♦s ❞✐s❥✉♥t♦s ❡♠ ❛r❡st❛s✳

❙✉♣♦♥❤❛ ψ′ ⊂ ψ ✉♠❛ ❝♦❜❡rt✉r❛ ❡①❛t❛ ♣❛r❛ X✱ ♥❡st❡ ❝❛s♦ t❡♠♦s |ψ′| = q ≥ p ❡

❞✐❣❛♠♦s ψ′ = {S1, S2, . . . , Sq}✳

P❛r❛ i = 1, 2, . . . , q✱ ♦s ❣r❛❢♦s Gi sã♦ ❞✐s❥✉♥t♦s ❞♦✐s ❛ ❞♦✐s ✭❡♠ ✈ért✐❝❡s ❡ ❛r❡st❛s✮✱

♣♦✐s ψ′ é ✉♠❛ ❝♦❜❡rt✉r❛ ❡①❛t❛ ❞❡ X✱ ❡♥tã♦ ❝❛❞❛ Gi ♣♦ss✉✐ ✻ tr✐â♥❣✉❧♦s ❞✐s❥✉♥t♦s ❡♠

❛r❡st❛s ✭✈❡❥❛ ❛ ❋✐❣✉r❛ ✺✳✽✮✱ ♥❡st❡ ❝❛s♦ t♦❞❛s ❛s ❛r❡st❛s ❞♦ t✐♣♦ xx′ ❡stã♦ ❝♦❜❡rt❛s ♣♦r



✺✳✷ ❊❈P ❡♠ ❣r❛❢♦s ✭❦✱❧✮ ✽✻

❛❧❣✉♠ tr✐â♥❣✉❧♦✱ ✉♠❛ ✈❡③ q✉❡ ψ′ é ✉♠❛ ❝♦❜❡rt✉r❛ ❡①❛t❛ ♣❛r❛ X✳ ❖s ✻ tr✐â♥❣✉❧♦s ♣❛r❛

❝❛❞❛ Gi sã♦✿ {si,1, si,6, si,7}✱ {si,1, si,4, si,5}✱ {si,1, si,2, si,3}✱ {xi,1, x′i,1, si,7}✱ {xi,2, x′i,2, si,2} ❡
{xi,3, x′i,3, si,5}✳ ❚♦t❛❧✐③❛♥❞♦ 6q tr✐â♥❣✉❧♦s✳

❋✐❣✉r❛ ✺✳✽✿ ❚r✐â♥❣✉❧♦s ❡♠ Gi r❡❢❡r❡♥t❡ à ♣r♦✈❛ ❞♦ t❡♦r❡♠❛ ✺✳✷✳✶

P❛r❛ i = q+1, q+2, . . . , p✱ ❝❛s♦ ❡①✐st❛✱ ❝❛❞❛ Gi ♥ã♦ ♣♦ss✉✐ ✻ tr✐â♥❣✉❧♦s ❞✐s❥✉♥t♦s✱ ♣♦✐s

❛s ❛r❡st❛s xx′ ❥á ♣❡rt❡♥❝❡♠ à tr✐â♥❣✉❧♦s ❞♦ ❝❛s♦ ❛♥t❡r✐♦r✱ ♣♦rt❛♥t♦ ❝❛❞❛ Gi ♣♦ss✉✐ ✺ tr✐â♥✲

❣✉❧♦s ❞✐s❥✉♥t♦s ✭✈❡❥❛ ❛ ❋✐❣✉r❛ ✺✳✾✮✱ ❛ s❛❜❡r✿ {si,1, si,5, si,6}✱ {si,1, si,3, si,4}✱ {si,7, si,6, x′i,1}✱
{si,4, si,5, x′i,3}✱ {si,2, si,3, x′i,2}✳ ❚♦t❛❧✐③❛♥❞♦ 5(p− q) tr✐â♥❣✉❧♦s✳

❋✐❣✉r❛ ✺✳✾✿ ❚r✐â♥❣✉❧♦s ❡♠ Gi r❡❢❡r❡♥t❡ à ♣r♦✈❛ ❞♦ t❡♦r❡♠❛ ✺✳✷✳✶

❊♥tã♦ G ♣♦ss✉✐ ❛♦ t♦❞♦ 6q + 5(p− q) = q + 5p✳

❘❡❝✐♣r♦❝❛♠❡♥t❡✱ s✉♣♦♥❤❛ q✉❡ G ♣♦ss✉✐ q+5p tr✐â♥❣✉❧♦s✳ P❡❧♦ r❛❝✐♦❝í♥✐♦ ❞❡s❡♥✈♦❧✈✐❞♦
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❛❝✐♠❛ t❡♠♦s q✉❡ ❝❛❞❛ Gi ♣♦ss✉✐ ♥♦ ♠á①✐♠♦ ✻ ♦✉ ✺ tr✐â♥❣✉❧♦s ❞✐s❥✉♥t♦s ❡♠ ❛r❡st❛s✱ ♥❡st❡

❝❛s♦ ❡①✐st❡♠ q ❣r❛❢♦s Gi ❝♦♠ 6 tr✐â♥❣✉❧♦s ❡ (p−q) ❣r❛❢♦s Gi ❝♦♠ 5 tr✐â♥❣✉❧♦s✳ ◆♦t❡ q✉❡ ❛

ú♥✐❝❛ ❢♦r♠❛ ❞❡ ♦❜t❡r ✻ tr✐â♥❣✉❧♦s ❡♠ ✉♠ ❣r❛❢♦Gi é ❝♦♥❢♦r♠❡ ❞❡s❝r✐t♦ ♥♦ ❝❛s♦ ❛❝✐♠❛ ❡ ✈✐st♦

♥❛ ❋✐❣✉r❛ ✺✳✽✱ ❝♦♠ ❡ss❛ ❝♦♥✜❣✉r❛çã♦ ❝❛❞❛ Gi ❝♦♠ 6 tr✐â♥❣✉❧♦s ♣♦ss✉✐ ❞✉❛s ❝❛r❛❝t❡ríst✐❝❛s✿

❝♦❜r❡ ❡①❛t❛♠❡♥t❡ três ❡❧❡♠❡♥t♦s ❞❡ X✱ ❛ s❛❜❡r xi,1, xi,2 ❡ xi,3❀ ❡stá ❛ss♦❝✐❛❞♦ à Si✱ ❛♣❡♥❛s✳

❈♦♠♦ ❡①✐st❡♠ q ❣r❛❢♦s ❝♦♠ ❡ss❛ ❝♦♥✜❣✉r❛çã♦✱ ❝♦❜r✐♠♦s ♦s 3q ❡❧❡♠❡♥t♦s ❞❡ X✱ ✉♠❛ ✈❡③

q✉❡ ♦s tr✐â♥❣✉❧♦s sã♦ ❞✐s❥✉♥t♦s ❡ ♣♦rt❛♥t♦ ♥ã♦ ❤á r❡♣❡t✐çã♦ ❞❡ ❡❧❡♠❡♥t♦s ✭❛r❡st❛s✮✳ ▲♦❣♦

X ♣♦ss✉✐ ✉♠❛ ❝♦❜❡rt✉r❛ ❡①❛t❛✱ ❞❛❞❛ ♣❡❧♦s Gi ❝♦♠ 6 tr✐â♥❣✉❧♦s✳

❱❛♠♦s ❛❣♦r❛ ♣r♦✈❛r q✉❡ q + 5p é ♦ ♠á①✐♠♦ ❞❡ tr✐â♥❣✉❧♦s ❞✐s❥✉♥t♦s ❡♠ G✱ ❛t✐♥❣✐❞♦

❛♣❡♥❛s ♥♦ ❝❛s♦ ❡♠ q✉❡ (X,ψ) ♣♦ss✉✐ ✉♠❛ ❝♦❜❡rt✉r❛ ❡①❛t❛✳ ❉❡ ❢❛t♦✱ ❞✐❣❛♠♦s q✉❡ ❡①✐st❡♠

a ❣r❛❢♦s Gi ❝♦♠ 6 tr✐â♥❣✉❧♦s ❞✐s❥✉♥t♦s ❡ b ❣r❛❢♦s Gi ❝♦♠ 5 tr✐â♥❣✉❧♦s ❞✐s❥✉♥t♦s✱ ❡♥tã♦ G

♣♦ss✉✐ 6a+5b tr✐â♥❣✉❧♦s ❞✐s❥✉♥t♦s✱ ♦♥❞❡ a+ b = p = |ψ|✳ ❖ ♠á①✐♠♦ ❞❛ ❡①♣r❡ssã♦ 6a+5b

♦❝♦rr❡ q✉❛♥t♦ a ❛t✐♥❣❡ s❡✉ ♠á①✐♠♦ q✱ ♣♦✐s a > q ❣❡r❛r✐❛ ✉♠❛ ❝♦♥tr❛❞✐çã♦ ❝♦♠ ♦ ❢❛t♦

|X| = 3q✳ ▲♦❣♦ t❡♠♦s b = p− q ❡ ♦❜t❡♠♦s ♦ ❞❡s❡❥❛❞♦✳

❘❡st❛ ❛♣❡♥❛s ♣r♦✈❛r q✉❡ ♦ ❣r❛❢♦ G é 3✲❝♦❧♦rí✈❡❧✳ ❉❡ ❢❛t♦✱ ♦ ❣r❛❢♦ G é ❝♦♥str✉í❞♦ ♣❡❧♦s

❣r❛❢♦s Gi ❛♣ós ✐❞❡♥t✐✜❝❛çã♦ ❞♦s ✈ért✐❝❡s xi ❡ x′i ♣❛r❛ i = 1, . . . , 3q✳ ◆♦t❡ q✉❡ ❝❛❞❛ Gi

♣♦❞❡ s❡r ❝♦❧♦r✐❞♦ ❝♦♠ ❛♣❡♥❛s ✸ ❝♦r❡s ✭✈❡❥❛ ❛ ❋✐❣✉r❛ ✺✳✶✵✮✱ ❞❡ ❢♦r♠❛ q✉❡ cor(xi) ∈ {1, 2} ❡
cor(x′i) ∈ {1, 2}✱ ♣❛r❛ ❝❛❞❛ i = 1, . . . , 3q✳ ❖ q✉❡ ❣❛r❛♥t❡ q✉❡ ❛s ✐❞❡♥t✐✜❝❛çõ❡s ❞♦s ✈ért✐❝❡s

♣♦❞❡♠ s❡r ❢❡✐t❛s s❡♠ ❛❧t❡r❛r ❛ ❝♦❧♦r❛çã♦ ❞❡ ❝❛❞❛ Gi✳ ▲♦❣♦ G é 3✲❝♦❧♦rí✈❡❧✳

❋✐❣✉r❛ ✺✳✶✵✿ ❈♦❧♦r❛çã♦ ❡♠ Gi r❡❢❡r❡♥t❡ à ♣r♦✈❛ ❞♦ t❡♦r❡♠❛ ✺✳✷✳✶

❈♦♠♦ ❛ ❝♦♥str✉çã♦ ❞❡ G ❛ ♣❛rt✐r ❞❡ (X,ψ) ♣♦❞❡ s❡r ❢❡✐t❛ ❡♠ t❡♠♣♦ ♣♦❧✐♥♦♠✐❛❧ ❞♦
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t❛♠❛♥❤♦ ❞❛ ✐♥stâ♥❝✐❛ ❡ E3C é ✉♠ ♣r♦❜❧❡♠❛ NP✲❝♦♠♣❧❡t♦ ❡♥tã♦ ♦ ♣r♦❜❧❡♠❛ é NP✲
❝♦♠♣❧❡t♦ ♣❛r❛ ❣r❛❢♦s 3✲❝♦❧♦rí✈❡❧✳

❖❜s❡r✈❡ ♦ ❡①❡♠♣❧♦ ❛ s❡❣✉✐r✳

❊①❡♠♣❧♦ ✺✳✷✳✸✳ ❈♦♥s✐❞❡r❡ ♦ ♣r♦❜❧❡♠❛ ❊✸❈ ❝✉❥❛ ✐♥stâ♥❝✐❛ é X = {1, 2, 3, 4, 5, 6} ❡

ψ = {S1, S2, S3}✱ ♦♥❞❡ S1 = {1, 2, 3}✱ S2 = {1, 5, 6} ❡ S3 = {4, 5, 6}✳ ◆❛ ❋✐❣✉r❛ ✺✳✶✶

❝♦♥str✉í♠♦s G = G1 ∪ G2 ∪ G3 ❝♦♥❢♦r♠❡ ❞❡s❝r✐t♦ ♥❛ ❞❡♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛ ✺✳✷✳✶✳

❖❜s❡r✈❡ q✉❡ q = 2✱ p = 3 ❡ G ♣♦ss✉✐ q + 5p = 17 tr✐â♥❣✉❧♦s ♥ã♦ ❛❞❥❛❝❡♥t❡s✳

❋✐❣✉r❛ ✺✳✶✶✿ ❊①❡♠♣❧♦ ❞❛ r❡❞✉çã♦ ❢❡✐t❛ ♥❛ ❞❡♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛ ✺✳✷✳✶

❆❜❛✐①♦ ✐❧✉str❛♠♦s ❛ ❝❧❛ss❡ ❞♦s ❣r❛❢♦s (k, l) ❞❡ ❛❝♦r❞♦ ❝♦♠ ❛ ❝♦♠♣❧❡①✐❞❛❞❡ ❞♦ ♣r♦❜❧❡♠❛

❊❈P✳ ❖s ♥ós ♠❛r❝❛❞♦s ❝♦♠ ∗ ✐♥❞✐❝❛♠ ❝♦♥tr✐❜✉✐çã♦ ❞❡st❡ tr❛❜❛❧❤♦✳
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❋✐❣✉r❛ ✺✳✶✷✿ ❊sq✉❡♠❛ ❞❡ ❙✉❜❝❧❛ss❡s (k, l) ❞❡ ❛❝♦r❞♦ ❝♦♠ ❛ ❝♦♠♣❧❡①✐❞❛❞❡ ❞❡ ❊❈P

❖❜s❡r✈❡ q✉❡ ❛ ❝❧❛ss❡ ❞♦s ❣r❛❢♦s 3✲❝♦❧♦rí✈❡❧ é ✉♠❛ s✉❜❝❧❛ss❡ ❞♦s ❣r❛❢♦s ❧✐✈r❡s ❞❡ K4✱

❡♥tã♦ ✈❛❧❡ r❡ss❛❧t❛r q✉❡ ♦ ♥♦ss♦ ❚❡♦r❡♠❛ ✺✳✷✳✶ é ✉♠ r❡✜♥❛♠❡♥t♦ ❞♦ ❚❡♦r❡♠❛ ♦❜t✐❞♦ ♣♦r

▼❛✱ ❲❛❧❧✐s ❡ ❲✉ ❬✹✶❪ ❡♠ ✶✾✽✽✱ ♦♥❞❡ ♣r♦✈❛r❛♠ q✉❡ ❊❈P é NP✲❝♦♠♣❧❡t♦ ♣❛r❛ ❝❧❛ss❡ ❞❡

❣r❛❢♦s ❧✐✈r❡s ❞❡ K4✳

P♦r ✉♠❛ ❛♣❧✐❝❛çã♦ ❞✐r❡t❛ ❞♦ ❈♦r♦❧ár✐♦ ✺✳✶✳✷ ❡ ❚❡♦r❡♠❛ ✺✳✷✳✶ ♣r♦✈❛♠♦s ❛ ❝♦♠♣❧❡①✐❞❛❞❡

❞♦ ♣r♦❜❧❡♠❛ ❞❛ ♦❜t❡♥çã♦ ❞♦ ♥ú♠❡r♦ ✐♥❞❡♣❡♥❞❡♥t❡ ♠á①✐♠♦ ❡♠ ❣r❛❢♦s tr✐❛♥❣✉❧❛r❡s ❧✐♥❤❛✳

Pr♦❜❧❡♠❛ ✺✳✷✳✸✳ ✭▼■❙✲ ♠❛①✐♠✉♠ ✐♥❞❡♣❡♥❞❡♥t s❡t✮

■◆❙❚➶◆❈■❆✿ ●r❛❢♦ G ❡ ✐♥t❡✐r♦ k

◗❯❊❙❚➹❖✿ ❱❛❧❡ α(G) ≤ k❄

❈♦r♦❧ár✐♦ ✺✳✷✳✶✳ ❖ ♣r♦❜❧❡♠❛ ▼■❙ é NP✲❝♦♠♣❧❡t♦ ❡♠ ❣r❛❢♦s tr✐â♥❣✉❧♦s ℓ3(G)✱ ❛✐♥❞❛ q✉❡

s❡✉ ❣r❛❢♦ r❛✐③ G s❡❥❛ 3✲❝♦❧♦rí✈❡❧✳

✺✳✸ ❙✉❜❝❧❛ss❡s ❝♦♠ ❊❈P ♣♦❧✐♥♦♠✐❛❧

◆❡st❛ s❡çã♦ ❛♣r❡s❡♥t❛r❡♠♦s s✉❜❝❧❛ss❡s ♦♥❞❡ ♦ ♣r♦❜❧❡♠❛ ❊❈P ❞❡✐①❛ ❞❡ s❡r NP✲❝♦♠♣❧❡t♦

❡ s❡ t♦r♥❛ ♣♦❧✐♥♦♠✐❛❧✳

✺✳✸✳✶ ●r❛❢♦s s♣❧✐t✲✐♥❞✐❢❡r❡♥ç❛

❯♠ ❣r❛❢♦ G(V,E) é ✉♠ ❣r❛❢♦ ✐♥❞✐❢❡r❡♥ç❛ s❡ ❡①✐st❡ ✉♠❛ ❢✉♥çã♦ f : V → R ❡ ✉♠ ♥ú♠❡r♦

r❡❛❧ k t❛❧ q✉❡ ❞♦✐s ✈ért✐❝❡s u, v ∈ V sã♦ ❛❞❥❛❝❡♥t❡s s❡ |f(u)−f(v)| ≤ k✳ ❱❛❧❡ ♦❜s❡r✈❛r q✉❡
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❛ ❝❧❛ss❡ ❞♦s ❣r❛❢♦s ✐♥❞✐❢❡r❡♥ç❛ é ✉♠❛ s✉❜❝❧❛ss❡ ❞♦s ❣r❛❢♦s ❝♦r❞❛✐s✳ ❯♠ ❣r❛❢♦ q✉❡ é s♣❧✐t

❡ ❞❡ ✐♥❞✐❢❡♥ç❛ é ❞✐t♦ ❣r❛❢♦ s♣❧✐t✲✐♥❞✐❢❡r❡♥ç❛✱ ❝❧❛ss❡ ✐♥tr♦❞✉③✐❞❛ ❡♠ ❬✹✼❪ ♦♥❞❡ é ♣r♦✈❛❞❛

✉♠❛ ❝❛r❛❝t❡r✐③❛çã♦ ❞❛ ❝❧❛ss❡✱ ❝♦♥❢♦r♠❡ ❡♥✉♥❝✐❛♠♦s ♥♦ ❚❡♦r❡♠❛ ❛❜❛✐①♦✳ P❛r❛ ✉♠❛ ❧❡✐t✉r❛

♠❛✐s ❞❡t❛❧❤❛❞❛ s♦❜r❡ ❣r❛❢♦s ❝♦r❞❛✐s ❡ s✉❛s s✉❜❝❧❛ss❡s s✉❣❡r✐♠♦s ❬✹✷❪✳

❚❡♦r❡♠❛ ✺✳✸✳✶✳ ❙❡❥❛ G ✉♠ ❣r❛❢♦ ❝♦♥❡①♦✱ ❡♥tã♦ G é s♣❧✐t✲✐♥❞✐❢❡r❡♥ç❛ s❡✱ ❡ s♦♠❡♥t❡ s❡✿

✶✳ G é ✉♠ ❣r❛❢♦ ❝♦♠♣❧❡t♦❀ ♦✉

✷✳ G ♣♦ss✉✐ ❞✉❛s ❝❧✐q✉❡s ♠❛①✐♠❛✐s Q1 ❡ Q2✱ t❛✐s q✉❡ |Q1 −Q2| = 1❀ ♦✉

✸✳ G ♣♦ss✉✐ três ❝❧✐q✉❡s ♠❛①✐♠❛✐s Q1✱ Q2 ❡ Q3✱ t❛✐s q✉❡✿

• |Q1 −Q2| = |Q3 −Q2| = 1

• Q1 ∩Q3 = ∅ ♦✉ Q1 ∪Q3 = V ✳

❆ ❋✐❣✉r❛ ✺✳✶✸ ❡sq✉❡♠❛t✐③❛ ♦s ❝❛s♦s ❞♦ ❚❡♦r❡♠❛ ❛❝✐♠❛✱ ♦♥❞❡

❼ ❆ ✐❧✉str❛çã♦ ✸✲❛ s❡ r❡❢❡r❡ ❛♦ ❝❛s♦ 3 ♦♥❞❡

|Q1 −Q2| = |Q3 −Q2| = 1, Q1 ∩Q3 = ∅ ❡ Q1 ∪Q3 6= V ;

❼ ❆ ✐❧✉str❛çã♦ ✸✲❜ s❡ r❡❢❡r❡ ❛♦ ❝❛s♦ 3 ♦♥❞❡

|Q1 −Q2| = |Q3 −Q2| = 1, Q1 ∩Q3 6= ∅ ❡ Q1 ∪Q3 = V.

❼ ❆ ✐❧✉str❛çã♦ ✸✲❝ s❡ r❡❢❡r❡ ❛♦ ❝❛s♦ 3 ♦♥❞❡

|Q1 −Q2| = |Q3 −Q2| = 1, Q1 ∩Q3 = ∅ ❡ Q1 ∪Q3 = V ;



✺✳✸ ❙✉❜❝❧❛ss❡s ❝♦♠ ❊❈P ♣♦❧✐♥♦♠✐❛❧ ✾✶

❋✐❣✉r❛ ✺✳✶✸✿ ❊sq✉❡♠❛ ❞♦s ❝❛s♦s ❞♦ ❚❡♦r❡♠❛ ✺✳✸✳✶

◆♦ ♣ró①✐♠♦ r❡s✉❧t❛❞♦ ♣r♦✈❛♠♦s ❛ ❝♦♠♣❧❡①✐❞❛❞❡ ❞♦ Pr♦❜❧❡♠❛ ❊❈P ♥❡st❛ ❝❧❛ss❡ ❞❡

❣r❛❢♦s✳

Pr♦♣♦s✐çã♦ ✺✳✸✳✶✳ ❖ ♣r♦❜❧❡♠❛ ❊❈P é ♣♦❧✐♥♦♠✐❛❧ ♣❛r❛ ❛ ❝❧❛ss❡ ❞♦s ❣r❛❢♦s s♣❧✐t✲✐♥❞✐❢❡r❡♥ç❛

❝♦♥❡①♦s✳ ❆❧é♠ ❞✐ss♦ ❞❛❞♦ G ♥❡st❛ ❝❧❛ss❡✱ ✈❛❧❡♠✿

✶✳ ❙❡ G ♣♦ss✉✐ ❡①❛t❛♠❡♥t❡ ✉♠❛ ❝❧✐q✉❡ ♠❛①✐♠❛❧✱ ❡♥tã♦ cp(G) = 1❀

✷✳ ❙❡ G ♣♦ss✉✐ ❡①❛t❛♠❡♥t❡ ❞✉❛s ❝❧✐q✉❡s ♠❛①✐♠❛✐s Q1 ❡ Q2✱ t❛✐s q✉❡ |Q1 − Q2| = 1✱

❡♥tã♦ cp(G) = 1 + |Q1 ∩Q2|❀
✸✳ ❙❡ G ♣♦ss✉✐ ❡①❛t❛♠❡♥t❡ três ❝❧✐q✉❡s ♠❛①✐♠❛✐s Q1✱ Q2 ❡ Q3✱ t❛✐s q✉❡ |Q1 − Q2| =
|Q3 −Q2| = 1 ❡ Q1 ∩Q3 = ∅ ❡♥tã♦ cp(G) = 1 + |Q1 ∩Q2|+ |Q2 ∩Q3|❀

✹✳ ❙❡ G ♣♦ss✉✐ ❡①❛t❛♠❡♥t❡ três ❝❧✐q✉❡s ♠❛①✐♠❛✐s Q1✱ Q2 ❡ Q3✱ t❛✐s q✉❡ |Q1 − Q2| =
|Q3 −Q2| = 1✱ Q1 ∪Q3 = V (G) ❡ Q1 ∩Q3 6= ∅ ❡♥tã♦

cp(G) = min{1+ |Q1∩Q2|+ |Q2∩Q3|, 2+ |Q3−Q1| · (|Q1∩Q3|− 1)+ (|Q1−Q3|−
1)(|Q3 −Q1| − 1), 2 + |Q1 −Q3| · (|Q1 ∩Q3| − 1) + (|Q1 −Q3| − 1)(|Q3 −Q1| − 1)}



✺✳✸ ❙✉❜❝❧❛ss❡s ❝♦♠ ❊❈P ♣♦❧✐♥♦♠✐❛❧ ✾✷

❋✐❣✉r❛ ✺✳✶✹✿ ❊sq✉❡♠❛ ❞♦s ❝❛s♦s ❞♦ ❚❡♦r❡♠❛ ✺✳✸✳✶

❉❡♠♦♥str❛çã♦✳ ❈♦♥s✐❞❡r❡ ♦s ❝❛s♦s✿

✶✳ ❚r✐✈✐❛❧✳

✷✳ G ♣♦ss✉✐ ❞✉❛s ❝❧✐q✉❡s ♠❛①✐♠❛✐s Q1 ❡ Q2 t❛✐s q✉❡ |Q1 −Q2| = 1✳ ❊♥tã♦ G[E(G)−
E(Q2)]∼=(K1∨K|Q1∩Q2|)✳ ❙❡❥❛ Ω ❛ ♠❡♥♦r ♣❛rt✐çã♦ ❞❛s ❛r❡st❛s ❞❡ G ❡♠ ❝❧✐q✉❡s✱

❙❡ Q2 ∈ Ω ❡♥tã♦ ❛ ♣❛rt✐çã♦ é ❢♦r♠❛❞❛ ♣♦r Q2 ❡ ❛s ❛r❡st❛s ✐s♦❧❛❞❛s ❞❡ K1∨K|Q1∩Q2|✱

♦✉ s❡❥❛✱ |Ω| = 1 + |Q1 ∩Q2|✳ ❱❡❥❛ ❛ ❋✐❣✉r❛ ✺✳✶✹✭✐✐✮✳

❙❡ Q2 /∈ Ω✱ ❡♥tã♦ ♣❡❧♦ ❚❡♦r❡♠❛ ✺✳✶✳✷ ✈❛❧❡ |Ω| ≥ |Q2| ≥ |Q1 ∩Q2|+ 1✳

▲♦❣♦ ♦ ♠í♥✐♠♦ ♦❝♦rr❡ ♣❛r❛ Q2 ∈ Ω✱ ♦♥❞❡ cp(G) = 1 + |Q1 ∩Q2|✳

✸✳ ❙❡❥❛ G ❝♦♠ três ❝❧✐q✉❡s ♠❛①✐♠❛✐s Q1✱ Q2 ❡ Q3✱ t❛✐s q✉❡ |Q1 −Q2| = |Q3 −Q2| = 1

❡ Q1 ∩Q3 = ∅✳ ◆❡st❡ ❝❛s♦ G[E(G)− E(Q2)] é ❧✐✈r❡ ❞❡ tr✐â♥❣✉❧♦s✳

❙❡❥❛ Ω ❛ ♠❡♥♦r ♣❛rt✐çã♦ ❞❛s ❛r❡st❛s ❞❡ G ❡♠ ❝❧✐q✉❡s✳

❙❡ Q2 ∈ Ω ❡♥tã♦ ❛ ♣❛rt✐çã♦ é ❢♦r♠❛❞❛ ♣♦r Q2 ❡ ❛s ❛r❡st❛s ✐s♦❧❛❞❛s ❞❡ G[E(G) −
E(Q2)]✱ ♦✉ s❡❥❛✱ |Ω| = 1 + |Q1 ∩Q2|+ |Q2 ∩Q3|✳ ❱❡❥❛ ❛ ❋✐❣✉r❛ ✺✳✶✹✭✐✐✐✮✳

P♦r ♦✉tr♦ ❧❛❞♦ s❡ Q2 /∈ Ω ❡♥tã♦ ♣❡❧♦ ❚❡♦r❡♠❛ ✺✳✶✳✷ ✈❛❧❡ |Ω| ≥ |Q2| + 1 ≥ |Q1 ∩
Q2|+ |Q2 ∩Q3|+1✱ ♣♦✐s Q1 ∩Q3 = ∅✳ ❆ ♣r✐♠❡✐r❛ ❞❡s✐❣✉❛❧❞❛❞❡ t❡♠ ♦ ❛❝rés❝✐♠♦ ❞❡

✉♠❛ ✉♥✐❞❛❞❡ ♣❡❧♦ ❢❛t♦ ❞❡ G ♣♦ss✉✐r ❛r❡st❛s ❝♦♠ ❡①tr❡♠♦s ❡♠ V −Q2✳

▲♦❣♦ ♦ ♠í♥✐♠♦ ♦❝♦rr❡ ❝♦♠ Q2 ∈ Ω✱ ❞♦♥❞❡ cp(G) = 1 + |Q1 ∩Q2|+ |Q2 ∩Q3|✳
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✹✳ ❙❡❥❛ G ❝♦♠ três ❝❧✐q✉❡s ♠❛①✐♠❛✐s Q1✱ Q2 ❡ Q3✱ t❛✐s q✉❡ |Q1−Q2| = |Q3−Q2| = 1✱

Q1 ∪ Q3 = V (G) ❡ Q1 ∩ Q3 6= ∅✳ ❆ ✜♠ ❞❡ ♥ã♦ s♦❜r❡❝❛rr❡❣❛r ❛ ❡s❝r✐t❛ ❞❛ ♣r♦✈❛

❝♦♥s✐❞❡r❡✿

a := Q1∩Q2−Q3, b := |Q1∩Q3|, c := Q3∩Q2−Q1, v1 := Q1−Q2 ❡ v3 := Q3−Q2,

❝♦♥❢♦r♠❡ ✐❧✉str❛❞♦ ♥❛ ❋✐❣✉r❛ ✺✳✶✺✳

❋✐❣✉r❛ ✺✳✶✺✿ ❘❡♣r❡s❡♥t❛çã♦ ❞♦ ❈❆❙❖ ✹ ❞❛ ♣r♦✈❛ ❞♦ ❚❡♦r❡♠❛ ✺✳✸✳✶

❙❡❥❛ Ω ❛ ♠❡♥♦r ♣❛rt✐çã♦ ❞❛s ❛r❡st❛s ❞❡ G ❡♠ ❝❧✐q✉❡s✳

❈♦♥s✐❞❡r❡ ♦s q✉❛tr♦ ❝❛s♦s ❛ s❡❣✉✐r✿

❈❆❙❖ ❆✿ ❙❡ Q2 ∈ Ω ❡♥tã♦ ❛ ♣❛rt✐çã♦ é ❢♦r♠❛❞❛ ♣♦r Q2 ❡ ❛s ❛r❡st❛s ✐s♦❧❛❞❛s ❞❡

G[E − E(Q2)]✱ ♦✉ s❡❥❛✱

|Ω| = 1 + (a+ b) + (c+ b) = 1 + |Q1 ∩Q2|+ |Q3 ∩Q2|. ✭✺✳✶✮

❈❆❙❖ ❇✿ ❙❡ Q1 ∈ Ω ❡♥tã♦ ❛ ♣❛rt✐çã♦ é ❢♦r♠❛❞❛ ♣♦r ✭✈❡❥❛ ❛ ❋✐❣✉r❛ ✺✳✶✻✮✿

❼ Q1✿ ✶ ❝❧✐q✉❡❀

❼ ❈❧✐q✉❡ (Q3 −Q1) ∪ u✱ ♦♥❞❡ u ∈ Q1 ∩Q3✿ ✶ ❝❧✐q✉❡❀

❼ ❆s ❛r❡st❛s ❡♥tr❡ Q3 −Q1 ❡ (Q1 ∩Q3 − {u})✿ (c+ 1)(b− 1) ❝❧✐q✉❡s❀

❼ ❆s ❛r❡st❛s ❡♥tr❡ Q3 −Q1 − {v3} ❡ Q1 −Q3 − {v1}✿ ac ❝❧✐q✉❡s✳

❊♥tã♦

|Ω| = 1+1+(c+1)(b−1)+ac = 1+1+|Q3−Q1|·(|Q1∩Q3|−1)+(|Q1−Q3|−1)(|Q3−Q1|−1)
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❋✐❣✉r❛ ✺✳✶✻✿ ❈❛s♦ Q1 ∈ Ω ♥❛ ♣r♦✈❛ ❞♦ ❚❡♦r❡♠❛ ✺✳✸✳✶

❈❆❙❖ ❈✿ ❙❡ Q3 ∈ Ω t❡♠♦s ❝❛s♦ ❛♥á❧♦❣♦ ❛♦ ❛♥t❡r✐♦r✱ ♣♦r s✐♠❡tr✐❛✿

|Ω| = 1+1+(a+1)(b−1)+ac = 1+1+|Q1−Q3|·(|Q1∩Q3|−1)+(|Q1−Q3|−1)(|Q3−Q1|−1).

❈❆❙❖ ❉✿ ❙❡ Q1, Q2, Q3 /∈ Ω✳

P❡❧♦ ❚❡♦r❡♠❛ ✺✳✶✳✷ ✈❛❧❡ |Ω| ≥ |Q2| = a+ b+ c (∗)✳

P❛r❛ ❝❛❞❛ ❝❧✐q✉❡ C ∈ Ω q✉❡ ❝♦♥t❡♥❤❛ {v1, u1, . . . , uk}✱ ♦♥❞❡ ui ∈ Q1 ∩ Q3✱ ❛s k

❛r❡st❛s v3ui✱ 1 ≤ i ≤ k✱ ❞❡✈❡♠ s❡r t♦♠❛❞❛s s❡♣❛r❛❞❛♠❡♥t❡ ❡♠ Ω✱ ♣♦✐s ❛s ❛r❡st❛s ❞♦

t✐♣♦ uiuj ❡stã♦ ♥❛ ❝❧✐q✉❡ C❀ ❛♥❛❧♦❣❛♠❡♥t❡ ♣❛r❛ ❛s ❝❧✐q✉❡s q✉❡ ❝♦♥té♠ v3 ❡ ♦✉tr♦s

✈ért✐❝❡s ❞❛ ✐♥t❡rs❡çã♦✳ P♦rt❛♥t♦ b ❛r❡st❛s ❞♦ t✐♣♦ v1uj ♦✉ v3uj ❞❡✈❡♠ s❡r t♦♠❛❞❛s

✐s♦❧❛❞❛♠❡♥t❡ ❡♠ Ω✳ ❆ ❝♦♥t❛❣❡♠ ❞❡st❛s ❛r❡st❛s ♥ã♦ ❢❛③❡♠ ♣❛rt❡ ❞❛ ❝♦♥t❛❣❡♠ (∗)✱
♣♦✐s sã♦ ❛r❡st❛s q✉❡ ♥ã♦ ♣❡rt❡♥❝❡♠ à G[Q2]✱ ✐st♦ é✱ |Ω| ≥ |Q2| + ❜ = a + 2b + c✳

❖❜s❡r✈❡ q✉❡ ❝❛s♦ ♥ã♦ ❡①✐st❛ ❛ ❝❧✐q✉❡ C s✉♣♦st❛ ❛❝✐♠❛✱ ❡♥tã♦ ❛s ❛r❡st❛s ❡♥tr❡ v1

❡ ♦s ✈ért✐❝❡s ❞❡ Q1 ∩ Q3 ❡ ❡♥tr❡ v3 ❝♦♠ ✈ért✐❝❡s ❞❡ Q1 ∩ Q3 sã♦ t♦❞❛s t♦♠❛❞❛s

s❡♣❛r❛❞❛♠❡♥t❡ ❡♠ Ω✱ ♦ q✉❡ ♣r♦✈♦❝❛ ✉♠ ❛❝rés❝✐♠♦ ❞❡ 2b ❝❧✐q✉❡s ❡♠ Ω✱ ♦✉ s❡❥❛✱ ♦

❝❛s♦ ♠í♥✐♠♦ é ❢❡✐t♦ s✉♣♦♥❞♦ ❛ ❡①✐stê♥❝✐❛ ❞❡ C✳

❆❧é♠ ❞✐ss♦ ♣♦❞❡♠♦s s✉♣♦r q✉❡ a, b, c > 0✱ ♣♦✐s ❝❛s♦ ❝♦♥trár✐♦ ✈♦❧t❛rí❛♠♦s ❛ ❛❧❣✉♠

❞♦s ❝❛s♦s ❛♥t❡r✐♦r❡s ❞♦ ❚❡♦r❡♠❛✱ ♦ q✉❡ ♥♦s ♣❡r♠✐t❡ ❝♦♥s✐❞❡r❛r ❛s ❛r❡st❛s v1q1 ❡ v2q2✱

♦♥❞❡ q1 ∈ Q1 −Q3 ❡ q3 ∈ Q3 −Q1✳ ❈♦♠♦ t❛✐s ❛r❡st❛s t❛♠❜é♠ ♥ã♦ ❢❛③❡♠ ♣❛rt❡ ❞❛s

❝♦♥t❛❣❡♥s ❛♥t❡r✐♦r❡s✱ ❡♥tã♦ |Ω| ≥ |Q2|+ b+ 2 = a+ 2b+ c+ 2✳

◆♦t❡ q✉❡ ♦ ❈❆❙❖ ❉ é ✐♥✈✐á✈❡❧ s❡ ❝♦♠♣❛r❛❞♦ ❛♦ ❈❆❙❖ ❆✱ ✈✐st♦ q✉❡ |Ω| t❡♠ ❝❛r❞✐✲

♥❛❧✐❞❛❞❡ ♠❛✐♦r✳ ❊♥tã♦ ♦ ♠í♥✐♠♦ é ❞❛❞♦ ♣❡❧♦s ❈❆❙❖ ❆✱ ❇ ♦✉ ❈✱ ♦✉ s❡❥❛✱ q✉❛♥❞♦

Q1✱ Q2 ♦✉ Q3 ♣❡rt❡♥❝❡ à Ω✳



✺✳✸ ❙✉❜❝❧❛ss❡s ❝♦♠ ❊❈P ♣♦❧✐♥♦♠✐❛❧ ✾✺

❊①❡♠♣❧♦ ✺✳✸✳✶✳ ❈♦♥s✐❞❡r❡ ♦s ❣r❛❢♦s Ga ❡ Gb ✐❧✉str❛❞♦s ♥❛ ❋✐❣✉r❛ ✺✳✶✼✳

cp(Ga) = 2 + |Q3 −Q1| · (|Q1 ∩Q3| − 1) + (|Q1 −Q3| − 1)(|Q3 −Q1| − 1) = 9

cp(Gb) = 1 + |Q1 ∩Q2|+ |Q2 ∩Q3| = 11

❋✐❣✉r❛ ✺✳✶✼✿ ❊①❡♠♣❧♦ ❊❈P ❡♠ ●r❛❢♦s s♣❧✐t✲✐♥❞✐❢❡r❡♥ç❛

✺✳✸✳✷ ❙✉❜❝❧❛ss❡s ❞♦ (3, 0)

Pr♦✈❛♠♦s ♥❛ s✉❜s❡çã♦ ✺✳✷✳✶ q✉❡ ♦ ♣r♦❜❧❡♠❛ ❊❈P é NP✲❝♦♠♣❧❡t♦ q✉❛♥❞♦ r❡str✐t♦ à ❣r❛❢♦s

(3, 0)✳ ◆❡st❛ s❡çã♦ ❡st✉❞❛r❡♠♦s ❛ ❝♦♠♣❧❡①✐❞❛❞❡ ❞♦ ♣r♦❜❧❡♠❛ ❡♠ três ❞✐st✐♥t❛s s✉❜❝❧❛ss❡s✳

✺✳✸✳✷✳✶ 2✲ár✈♦r❡

❆ ❝❧❛ss❡ ❞❛s k✲ár✈♦r❡s ❢♦✐ ✐♥tr♦❞✉③✐❞❛ ♣♦r ❘♦s❡ ❡♠ ❬✺✷❪ ❡ é ✉♠❛ ❣❡♥❡r❛❧✐③❛çã♦ ❞❛ ❝❧❛ss❡

❞❛s ár✈♦r❡s ✭k = 1✮✱ ❝✉❥❛ ❞❡✜♥✐çã♦ é ❞❛❞❛ ❞❡ ❢♦r♠❛ r❡❝✉rs✐✈❛✳

❉❡✜♥✐çã♦ ✺✳✸✳✶✳ ❯♠ ❣r❛❢♦ ❝♦♠♣❧❡t♦ ❝♦♠ k ✈ért✐❝❡s é ✉♠❛ k✲ár✈♦r❡✳ ❯♠❛ k✲ár✈♦r❡ ❝♦♠

n+ 1 ≥ k + 1 ✈ért✐❝❡s ♣♦❞❡ s❡r ♦❜t✐❞❛ ❞❡ ✉♠ k✲ár✈♦r❡ G ❝♦♠ n ✈ért✐❝❡s ❛♣ós ✐♥s❡rçã♦ ❞❡



✺✳✸ ❙✉❜❝❧❛ss❡s ❝♦♠ ❊❈P ♣♦❧✐♥♦♠✐❛❧ ✾✻

✉♠ ✈ért✐❝❡ v ❛❞❥❛❝❡♥t❡ à ❡①❛t❛♠❡♥t❡ t♦❞♦s ♦s ✈ért✐❝❡s ❞❡ ✉♠❛ k✲❝❧✐q✉❡ Q ❞❡ G✱ ❝❤❛♠❛❞❛

❥♦✐♥t✲❝❧✐q✉❡ ❞❡ v✳

❉✐r❡t♦ ❞❛ ❞❡✜♥✐çã♦ ✈❡♠♦s q✉❡ t♦❞❛ 2✲ár✈♦r❡ é 3✲❝♦❧♦rí✈❡❧ ❡ ❝♦r❞❛❧✳

❊①❡♠♣❧♦ ✺✳✸✳✷✳ ❖ ❣r❛❢♦ ❛❜❛✐①♦ é ✉♠❛ 2✲ár✈♦r❡✳

❋✐❣✉r❛ ✺✳✶✽✿ ●r❛❢♦ 2✲ár✈♦r❡✳

❯♠ ❣r❛❢♦ é ❞✐t♦ ✉♠❛ k✲ár✈♦r❡ ♣❛r❝✐❛❧ s❡ é ✉♠ s✉❜❣r❛❢♦ ✭♥ã♦ ♥❡❝❡ss❛r✐❛♠❡♥t❡ ✐♥❞✉③✐❞♦✮

❞❡ ✉♠❛ k✲ár✈♦r❡✳

❚❛♠❜é♠ ✈❛❧❡ ❧❡♠❜r❛r ❛ ❞❡✜♥✐çã♦ ❞❡ ❣r❛❢♦ ❜❧♦❝♦✱ ♦✉ s❡❥❛✱ ❛q✉❡❧❡ q✉❡ t♦❞❛ ❝♦♠♣♦♥❡♥t❡

❜✐❝♦♥❡①❛ é ✉♠❛ ❝❧✐q✉❡✳ ❱❛❧❡ ❧❡♠❜r❛r q✉❡ ✉♠❛ ❝♦♠♣♦♥❡♥t❡ é k✲❝♦♥❡①❛ q✉❛♥❞♦ sã♦ ♥❡❝❡s✲

sár✐♦s ❛♦ ♠❡♥♦s k ✈ért✐❝❡s ♣❛r❛ t♦r♥❛r ♦ ✭s✉❜✮❣r❛❢♦ ❞❡s❝♦♥❡①♦✳ ➱ ❢á❝✐❧ ❝♦♥❝❧✉✐r q✉❡ ♦s

❣r❛❢♦s ❜❧♦❝♦s ❢♦r♠❛♠ ✉♠❛ s✉❜❝❧❛ss❡ ❞♦s ❣r❛❢♦s ❝♦r❞❛✐s✳ ❖❜s❡r✈❡ ♦ ❡①❡♠♣❧♦ ❛ s❡❣✉✐r✿

❊①❡♠♣❧♦ ✺✳✸✳✸✳ ❖ ❣r❛❢♦ ✐❧✉str❛❞♦ ❛❜❛✐①♦ é ✉♠ ❣r❛❢♦ ❜❧♦❝♦✳

❋✐❣✉r❛ ✺✳✶✾✿ ●r❛❢♦ ❇❧♦❝♦

❈♦♠♣r❡❡♥❞✐❞♦ ❛s ❞❡✜♥✐çõ❡s ❛♥t❡r✐♦r✱ ♣♦❞❡♠♦s ❛♣r❡s❡♥t❛r ♥♦ss♦ ♣ró①✐♠♦ r❡s✉❧t❛❞♦✳



✺✳✸ ❙✉❜❝❧❛ss❡s ❝♦♠ ❊❈P ♣♦❧✐♥♦♠✐❛❧ ✾✼

Pr♦♣♦s✐çã♦ ✺✳✸✳✷✳ ❖ Pr♦❜❧❡♠❛ ❊❈P é ♣♦❧✐♥♦♠✐❛❧ q✉❛♥❞♦ r❡str✐t♦ ❛ ✉♠❛ 2✲ár✈♦r❡ ♣❛r❝✐❛❧

G✳ ❆❧é♠ ❞✐ss♦ cp(G) = m− 2α(ℓ3(G)))✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ H ✉♠❛ 2✲ár✈♦r❡ ❝♦♠ n ✈ért✐❝❡s✳ ❈❛❞❛ ♥♦✈♦ ✈ért✐❝❡ z ✐♥s❡r✐❞♦ ❡♠

H ❡q✉✐✈❛❧❡ ❛ ✉♠ ♥♦✈♦ ✈ért✐❝❡ v ❡♠ ℓ3(H)✱ ❛ss♦❝✐❛❞♦ ❛♦ tr✐â♥❣✉❧♦ xyz ❡♠ H✱ ♦♥❞❡ ❛

❥♦✐♥t✲❝❧✐q✉❡ ❞❡ z é ❛ ❛r❡st❛ xy ∈ E(H)✳

P❡❧❛ ❝♦♥str✉çã♦ ❞❛ 2✲ár✈♦r❡ é ❢á❝✐❧ ✈❡r q✉❡ t♦❞❛ ❝❧✐q✉❡ ♠❛①✐♠❛❧ é ✉♠ tr✐â♥❣✉❧♦✱

♣♦rt❛♥t♦ ♣❛r❛ ❝❛❞❛ ❛r❡st❛ xy ❡①✐st❡ ✈ért✐❝❡ a t❛❧ q✉❡ axy é ✉♠ tr✐â♥❣✉❧♦ ❡♠ H✳ ❈♦♥s✐❞❡r❡

q✉❡ ♦ ♥♦✈♦ ✈ért✐❝❡ z é ✐♥s❡r✐❞♦ ❡s❝♦❧❤❡♥❞♦ ❛ ❝❧✐q✉❡ {x, y} ❝♦♠♦ s✉❛ ❥♦✐♥t✲❝❧✐q✉❡✱ ❝♦♥❢♦r♠❡

✐❧✉str❛❞♦ ♥❛ ❋✐❣✉r❛ ✺✳✷✵✳

❋✐❣✉r❛ ✺✳✷✵✿ ■♥s❡rçã♦ ❞❡ z ❡♠ ✉♠❛ 2✲ár✈♦r❡

❚❡♠♦s ❞♦✐s ❝❛s♦s ❛ ❝♦♥s✐❞❡r❛r✿

✶✳ ❖ ✈ért✐❝❡ z é ♦ ♣r✐♠❡✐r♦ ❛ ❡s❝♦❧❤❡r {x, y} ❝♦♠♦ ❥♦✐♥t✲❝❧✐q✉❡✳

◆❡st❡ ❝❛s♦ ❛r❡st❛ xy ❡stá ❝♦♥t✐❞❛ ❡♠ ❡①❛t❛♠❡♥t❡ ❞♦✐s tr✐â♥❣✉❧♦s u = axy ❡ v = zxy✱

♦ q✉❡ é r❡♣r❡s❡♥t❛❞♦ ❡♠ ℓ3(H) ♣❡❧❛ ❝r✐❛çã♦ ❞♦ ✈ért✐❝❡ v ♣❡♥❞❡♥t❡ ❛♦ u✳

✷✳ ❖ ✈ért✐❝❡ z é ♦ k✲és✐♠♦ ✭k ≥ 2✮ ✈ért✐❝❡ ❛ ❡s❝♦❧❤❡r {x, y} ❝♦♠♦ ❥♦✐♥t✲❝❧✐q✉❡✳

❉✐❣❛♠♦s q✉❡ {x, y} ❢♦✐ ❡s❝♦❧❤✐❞❛ ♣♦r z1, z2, . . . , zk = z✱ k ≥ 2✱ ♦ q✉❡ ❛❝❛rr❡t❛ ❡♠

❡①❛t❛♠❡♥t❡ (k + 1) tr✐â♥❣✉❧♦s ❡♠ H q✉❡ ❝♦♠♣❛rt✐❧❤❛♠ ❛ ❛r❡st❛ xy✳ ❊♠ ℓ3(H) t❛❧

♦♣❡r❛çã♦ é r❡♣r❡s❡♥t❛❞❛ ♣❡❧❛ ✐♥s❡rçã♦ ❞❡ ✉♠ ♥♦✈♦ ✈ért✐❝❡ xyzk ❛❞❥❛❝❡♥t❡ à ❝❧✐q✉❡

♠❛①✐♠❛❧ ❢♦r♠❛❞❛ ♣❡❧♦s ✈ért✐❝❡s r❡❢❡r❡♥t❡s ❛♦s tr✐â♥❣✉❧♦s q✉❡ ❝♦♠♣❛rt✐❧❤❛♠ xy ∈
E(H)✳ ❱❛❧❡ ❧❡♠❜r❛r q✉❡ ❛♥t❡s ❞❛ ♣r✐♠❡✐r❛ ❡s❝♦❧❤❛ ❞❡ {x, y}✱ ❡st❛ ❛r❡st❛ ❡st❛✈❛

❝♦♥t✐❞❛ ❛♣❡♥❛s ♥♦ tr✐â♥❣✉❧♦ axy✱ ❝♦♥❢♦r♠❡ ✐❧✉str❛❞♦ ♥❛ ❋✐❣✉r❛ ✺✳✷✶✳



✺✳✸ ❙✉❜❝❧❛ss❡s ❝♦♠ ❊❈P ♣♦❧✐♥♦♠✐❛❧ ✾✽

❋✐❣✉r❛ ✺✳✷✶✿ ■♥s❡rçã♦ ❞❡ z ❡♠ ✉♠❛ 2✲ár✈♦r❡ ❝✉❥❛ ❥♦✐♥t✲❝❧✐q✉❡ é r❡♣❡t✐❞❛

▲♦❣♦✱ ♣❡❧❛ ❝♦♥str✉çã♦ t❡♠♦s q✉❡ ℓ3(H) é ✉♠ ❣r❛❢♦ ❝♦♥str✉í❞♦ ♣❡❧❛s ♦♣❡r❛çõ❡s✿

❼ O1✿ ■♥s❡rçã♦ ❞❡ ✈ért✐❝❡ ♣❡♥❞❡♥t❡❀

❼ O2✿ ■♥s❡rçã♦ ❞❡ ✉♠ ✈ért✐❝❡ ❛❞❥❛❝❡♥t❡ à t♦❞♦s ♦s ✈ért✐❝❡s ❞❡ ✉♠❛ ❝❧✐q✉❡ ♠❛①✐♠❛❧✳

❖❜s❡r✈❡ q✉❡ ❛ ú♥✐❝❛ ❢♦r♠❛ ❞❡ ❝♦♥str✉✐r ✉♠❛ ❝♦♠♣♦♥❡♥t❡ ❜✐❝♦♥❡①❛ ❡♠ ℓ3(H) é ♣❡❧❛

♦♣❡r❛çã♦ O2✱ q✉❡ ♣♦r s✉❛ ✈❡③ r❡s✉❧t❛ ❡♠ ❝❧✐q✉❡✱ ✐st♦ é✱ ℓ3(H) é ✉♠ ❣r❛❢♦ ❜❧♦❝♦✳

❈♦♠♦ H é K4✲❧✐✈r❡ ❡♥tã♦ ♣❡❧♦ ▲❡♠❛ ✺✳✷✳✶ ❡ ❈♦r♦❧ár✐♦ ✺✳✶✳✷ t❡♠♦s q✉❡ ♦ Pr♦❜❧❡♠❛ ❞❡

❊❈P ❡♠ ● ❡q✉✐✈❛❧❡ ❛♦ ♣r♦❜❧❡♠❛ ▼❚❊❉✱ q✉❡ ♣♦r s✉❛ ✈❡③ é ❡q✉✐✈❛❧❡♥t❡ ❛♦ ♣r♦❜❧❡♠❛ ▼■❙

❡♠ ℓ3(H)✳ ❊♠ ❬✷✷❪ é ♣r♦✈❛❞♦ q✉❡ ❡st❡ ú❧t✐♠♦ ♣r♦❜❧❡♠❛ é ♣♦❧✐♥♦♠✐❛❧ q✉❛♥❞♦ r❡str✐t♦ à

❝❧❛ss❡ ❞❡ ❣r❛❢♦s ❝♦r❞❛✐s✱ q✉❡ ❝♦♥té♠ ♦s ❣r❛❢♦s ❜❧♦❝♦✳ ▲♦❣♦ ❊❈P é ♣♦❧✐♥♦♠✐❛❧ ❡♠ ✷✲ár✈♦r❡✳

❙❡❥❛ G s✉❜❣r❛❢♦ ❞❡ H✱ ✐st♦ é✱ G ✉♠❛ 2✲ár✈♦r❡ ♣❛r❝✐❛❧✳ ❖❜s❡r✈❡ q✉❡ ℓ3(G) é s✉❜❣r❛❢♦

✐♥❞✉③✐❞♦ ❞❡ ℓ3(H)✱ ♣♦✐s ❛ r❡♠♦çã♦ ❞❡ q✉❛❧q✉❡r ❛r❡st❛ ♦✉ ✈ért✐❝❡ ❡♠ H ✐♠♣❧✐❝❛ ♥❛ r❡♠♦çã♦

❞❡ ✉♠ ✈ért✐❝❡ ❡♠ ℓ3(H)✱ t♦r♥❛♥❞♦ ℓ3(G) t❛♠❜é♠ ❣r❛❢♦ ❜❧♦❝♦✳ ▲♦❣♦ ❊❈P é ♣♦❧✐♥♦♠✐❛❧ ❡♠

2✲ár✈♦r❡ ♣❛r❝✐❛❧ G ❡ ❛❧é♠ ❞✐ss♦ cp(G) = |E(G)| − α(ℓ3(G))✳

❊♠ ✶✾✾✽✱ ❇♦❞❧❛❡♥❞❡r ❬✹❪ ❧✐st♦✉ ✈ár✐❛s ❡q✉✐✈❛❧ê♥❝✐❛s ♣❛r❛ ❣r❛❢♦s k✲ár✈♦r❡ ♣❛r❝✐❛❧✱ ❞❡♥tr❡

❡st❛s ✈❛❧❡ r❡ss❛❧t❛r q✉❡ ❡st❛ é ❡q✉✐✈❛❧❡♥t❡ ❛♦s ❣r❛❢♦s ❝♦♠ tr❡❡✇✐❞t❤ ♥♦ ♠á①✐♠♦ k✳ ▲♦❣♦

❛ Pr♦♣♦s✐çã♦ ♦❜t✐❞❛ ❛❝✐♠❛ ❣❛r❛♥t❡ q✉❡ ❊❈P é ♣♦❧✐♥♦♠✐❛❧ ♣❛r❛ ❣r❛❢♦s ❝♦♠ tr❡❡✇✐❞t❤ ♥♦

♠á①✐♠♦ ✷✳

✺✳✸✳✷✳✷ ●r❛❞❡ ❚r✐❛♥❣✉❧❛r

❖ ❣r❛❢♦ ✐♥✜♥✐t♦ T∞ é ♦ ❣r❛❢♦ ❝✉❥♦s ✈ért✐❝❡s sã♦ r❡♣r❡s❡♥t❛❞♦s ♣♦r ♣❛r❡s ❞❡ ✐♥t❡✐r♦s (x, y)

❛ss♦❝✐❛❞♦s ❛♦ ♣♦♥t♦ x · −→v + y · −→u ❞♦ R2✱ ♦♥❞❡ −→v = (1, 0) ∈ R2 ❡ −→u = (1/2,
√
3/2) ∈ R2✳

❉♦✐s ✈ért✐❝❡s ❞❡st❡ ❣r❛❢♦ sã♦ ❛❞❥❛❝❡♥t❡s s❡ ❛ ❞✐stâ♥❝✐❛ ❡✉❝❧✐❞✐❛♥❛ é ❡①❛t❛♠❡♥t❡ ✶✱ ❢♦r♠❛♥❞♦

✉♠❛ ♠❛❧❤❛ ✐♥✜♥✐t❛ ❞❡ tr✐â♥❣✉❧♦s ❡q✉✐❧át❡r♦s✱ ❝♦♠♦ ♣♦❞❡ s❡r ♦❜s❡r✈❛❞♦ ♥❛ ❋✐❣✉r❛ ✺✳✷✷✳



✺✳✸ ❙✉❜❝❧❛ss❡s ❝♦♠ ❊❈P ♣♦❧✐♥♦♠✐❛❧ ✾✾

❋✐❣✉r❛ ✺✳✷✷✿ ●r❛❢♦ T∞

❯♠ ●r❛❢♦ ●r❛❞❡ ❚r✐❛♥❣✉❧❛r é ✉♠ s✉❜❣r❛❢♦ ✐♥❞✉③✐❞♦ ✜♥✐t♦ ❞❡ T∞✳ ➱ ❢á❝✐❧ ✈❡r q✉❡

t♦❞♦ ❣r❛❢♦ ❞❡st❛ ❝❧❛ss❡ é 3✲❝♦❧♦rí✈❡❧✱ ♣♦rt❛♥t♦ ❢♦r♠❛ ✉♠❛ s✉❜❝❧❛ss❡ ❞♦ (3, 0)✳

❊①❡♠♣❧♦ ✺✳✸✳✹✳ ❖ ❣r❛❢♦ ❛❜❛✐①♦ é ✉♠ ●r❛❢♦ ●r❛❞❡ ❚r✐❛♥❣✉❧❛r ❝♦♠ s✉❛ 3✲❝♦❧♦r❛çã♦✳

❋✐❣✉r❛ ✺✳✷✸✿ ❊①❡♠♣❧♦ ●r❛❢♦ ●r❛❞❡ ❚r✐❛♥❣✉❧❛r

❖ r❡s✉❧t❛❞♦ ❛ s❡❣✉✐r ❣❛r❛♥t❡ q✉❡ ♦ Pr♦❜❧❡♠❛ ❊❈P é ♣♦❧✐♥♦♠✐❛❧ ♥❡st❛ ❝❧❛ss❡✱ ❝✉❥❛ ♣r♦✈❛

é ❜❛s❡❛❞❛ ❡♠ ❡st✉❞❛r ♦ ❣r❛❢♦ tr✐❛♥❣✉❧❛r ❧✐♥❤❛ ✭3✲❧✐♥❤❛✮ ❞❡ ✉♠ ❣r❛❢♦ ●r❛❞❡ ❚r✐❛♥❣✉❧❛r✳

◆❛ ❋✐❣✉r❛ ✺✳✷✹ ✈❡♠♦s ❛ ❛♣❧✐❝❛çã♦ ❞❡st❡ ♦♣❡r❛❞♦r ♥♦ ❣r❛❢♦ ❞♦ ❊①❡♠♣❧♦ ✺✳✸✳✹✳



✺✳✸ ❙✉❜❝❧❛ss❡s ❝♦♠ ❊❈P ♣♦❧✐♥♦♠✐❛❧ ✶✵✵

❋✐❣✉r❛ ✺✳✷✹✿ ❊①❡♠♣❧♦ ❞❡ 3✲❧✐♥❤❛ ❛♣❧✐❝❛❞♦ ❡♠ ●r❛❞❡ ❚r✐❛♥❣✉❧❛r

Pr♦♣♦s✐çã♦ ✺✳✸✳✸✳ ❖ Pr♦❜❧❡♠❛ ❊❈P é ♣♦❧✐♥♦♠✐❛❧ q✉❛♥❞♦ r❡str✐t♦ à ❝❧❛ss❡ ❞♦s ❣r❛❢♦s

●r❛❞❡ ❚r✐❛♥❣✉❧❛r✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ G ✉♠ ❣r❛❢♦ ●r❛❞❡ ❚r✐❛♥❣✉❧❛r✱ ❝♦♠♦ G é K4✲❧✐✈r❡✱ ❡♥tã♦ ♦ Pr♦❜❧❡♠❛

❊❈P ❡♠ G é ❡q✉✐✈❛❧❡♥t❡ ❛♦ Pr♦❜❧❡♠❛ ▼■❙ ❡♠ ℓ3(G)✱ ♣❡❧♦ ❈♦r♦❧ár✐♦ ✺✳✶✳✷✳ P♦rt❛♥t♦✱

s❡♠❡❧❤❛♥t❡ à ♣r♦✈❛ ❞❛ Pr♦♣♦s✐çã♦ ✺✳✸✳✷✱ ♣r♦✈❛r❡♠♦s q✉❡ ♦ ♣r♦❜❧❡♠❛ ▼■❙ é ♣♦❧✐♥♦♠✐❛❧ ❡♠

ℓ3(G)✳

❈♦♥s✐❞❡r❡ ♦ ❣r❛❢♦ T∞ ❡ t♦♠❡ ♦s s✉❜❣r❛❢♦s ✐♥❞✉③✐❞♦s ❡♠ ✈ért✐❝❡s

T∞
i = T∞[Z× {i, i+ 1}], ♣❛r❛ ❝❛❞❛ i ∈ Z,

q✉❡ ♣♦❞❡♠ s❡r ✈✐st♦s ❝♦♠♦ ✑❢❛✐①❛s ❤♦r✐③♦♥t❛✐s ❞❡ tr✐â♥❣✉❧♦s✏✳ ❖❜s❡r✈❡ q✉❡ T∞ =
⋃

i∈Z T
∞
i ✱

❢❛③❡♥❞♦ ❛ ✐❞❡♥t✐✜❝❛çã♦ ❞♦s ✈ért✐❝❡s ❞❡ ✐♥t❡rs❡çã♦✳ P❛r❛ ❝❛❞❛ i ∈ Z✱ ✈❡♠♦s q✉❡ ♦ ❣r❛❢♦

tr✐❛♥❣✉❧❛r ℓ3(T∞
i ) é ✐s♦♠♦r❢♦ ❛ ✉♠ ❝❛♠✐♥❤♦ ✐♥✜♥✐t♦ P∞ = (v1, v2, . . .)✱ q✉❡ é 2✲❝♦❧♦rí✈❡❧✳

❆♦ ❝♦♥str✉✐r♠♦s ♦ ❣r❛❢♦ tr✐❛♥❣✉❧❛r ❞❡ ❞✉❛s ❢❛✐①❛s ❝♦♥s❡❝✉t✐✈❛s t❡♠♦s ♦ ❣r❛❢♦ ℓ3(T∞
i ∪T∞

i+1)

♦❜t✐❞♦ ♣♦r ❞♦✐s ❝❛♠✐♥❤♦s✿

P∞ = v1, v2, . . . ❡ P ′
∞ = u1, u2, . . .

❖♥❞❡ ❛s ❛r❡st❛s ❡♥tr❡ P∞ ❡ P ′
∞ ♦❝♦rr❡♠ ❝♦♥❢♦r♠❡ ✉♠ ❡♠♣❛r❡❧❤❛♠❡♥t♦ ❛❧t❡r♥❛❞♦✱ ♦✉ s❡❥❛✿

E(ℓ3(T
∞
i ∪ T∞

i+1)) = {vivi+1, uiui+1; i ∈ Z} ∪ {viui−1; i é ✐♥t❡✐r♦ ♣❛r}

❖ q✉❡ ❣❛r❛♥t❡ q✉❡ ♦ ❣r❛❢♦ ❛✐♥❞❛ é 2✲❝♦❧♦rí✈❡❧✱ ♣♦✐s ❜❛st❛ ❢❛③❡r ❛ ❛❧t❡r♥â♥❝✐❛ ❞❡ ❝♦r❡s

❡♥tr❡ ❝❛♠✐♥❤♦s ❝♦♥s❡❝✉t✐✈♦s✱ ❝♦♥❢♦r♠❡ ❛ ❋✐❣✉r❛ ✺✳✷✺✳



✺✳✸ ❙✉❜❝❧❛ss❡s ❝♦♠ ❊❈P ♣♦❧✐♥♦♠✐❛❧ ✶✵✶

❋✐❣✉r❛ ✺✳✷✺✿ ❈❛s♦ ❜❛s❡ ❞❛ Pr♦♣♦s✐çã♦ ✺✳✸✳✸

▲♦❣♦ ♦ ❣r❛❢♦ ✐♥✜♥✐t♦ ℓ3(T∞) é 2✲❝♦❧♦rí✈❡❧ ❡ ❝❧❛r❛♠❡♥t❡ ❛♦ ❝♦♥s✐❞❡r❛r♠♦s q✉❛❧q✉❡r ❣r❛❢♦

❣r❛❞❡ tr✐❛♥❣✉❧❛rG ✭s✉❜❣r❛❢♦ ✐♥❞✉③✐❞♦ ✜♥✐t♦✮✱ s❡✉ ❣r❛❢♦ tr✐❛♥❣✉❧❛r ❧✐♥❤❛ ℓ3(G) t❛♠❜é♠ s❡rá

2✲❝♦❧♦rí✈❡❧✳ ➱ ❢á❝✐❧ ✈❡r q✉❡ ♦ Pr♦❜❧❡♠❛ ▼■❙ é ♣♦❧✐♥♦♠✐❛❧ ♥❡st❛ ❝❧❛ss❡✱ ❜❛st❛ ❞❡t❡r♠✐♥❛r

♦ ♠❛✐♦r ❝♦♥❥✉♥t♦ ✐♥❞❡♣❡♥❞❡♥t❡ ❞❡♥tr❡ ♦s ❞♦✐s ú♥✐❝♦s ♠❛①✐♠❛✐s ♣♦ssí✈❡✐s✳ ❉♦♥❞❡ s❡❣✉❡ ♦

r❡s✉❧t❛❞♦ ❞❡s❡❥❛❞♦✳

✺✳✸✳✷✳✸ ●r❛❢♦ {F2, F4}✲❧✐✈r❡s (3, 0)

■♥✐❝✐❛❧♠❡♥t❡ ✐♥tr♦❞✉③✐r❡♠♦s ♦ ❝♦♥❝❡✐t♦ ❞❡ ❣r❛❢♦ ●❛❧❧❛✐ ❡ ❆♥t✐✲❣❛❧❧❛✐✱ ❝✉❥❛ ❝♦♥str✉çã♦ ❢♦✐

❢❡✐t❛ ❡♠ ✶✾✻✼✱ ❡♠ ❬✷✵❪✳

❉❡✜♥✐çã♦ ✺✳✸✳✷✳ ❉❛❞♦ ✉♠ ❣r❛❢♦ G✱ s❡✉ ❣r❛❢♦ ●❛❧❧❛✐ Γ(G) t❡♠ ❝♦♠♦ ❝♦♥❥✉♥t♦ ❞❡ ✈ért✐❝❡s

❛s ❛r❡st❛s ❞❡ G✱♦♥❞❡ ❞♦✐s ✈ért✐❝❡s sã♦ ❛❞❥❛❝❡♥t❡s ❡♠ Γ(G) s❡ ❛s r❡s♣❡❝t✐✈❛s ❛r❡st❛s sã♦

❛❞❥❛❝❡♥t❡s ❡♠ G✱ ♠❛s ♥ã♦ ❡stã♦ ❡♠ ✉♠ ♠❡s♠♦ tr✐â♥❣✉❧♦✳ ❖ ❣r❛❢♦ ❛♥t✐✲●❛❧❧❛✐ ∆(G)

t❛♠❜é♠ ♣♦ss✉✐ ❝♦♠♦ ✈ért✐❝❡s ❛s ❛r❡st❛s ❞❡ G✱ ♣♦ré♠ ❡st❡s sã♦ ❛❞❥❛❝❡♥t❡s s❡ ❛s r❡s♣❡❝t✐✈❛s

❛r❡st❛s ♣❡rt❡♥❝❡♠ ❛ ✉♠ tr✐â♥❣✉❧♦ ❞❡ G✳

P♦❞❡♠♦s ♦❜s❡r✈❛r q✉❡ ∆(G) ❡ Γ(G) sã♦ s✉❜❣r❛❢♦s ❞❡ ℓ(G)✱ ♦♥❞❡ ∆(G)∪Γ(G) = ℓ(G)✱

❝♦♥s✐❞❡r❛♥❞♦ q✉❡ ✈ért✐❝❡s ❝♦♠✉♥s sã♦ ✐❞❡♥t✐✜❝❛❞♦s✳ ❊ss❡s ❝♦♥❝❡✐t♦s sã♦ ❡st✉❞❛❞♦s ❡♠

❞✐✈❡rs♦s ❛rt✐❣♦s✱ ❞❡♥tr❡ ❡st❡s ❬✸✻❪✱ ❬✺✹❪ ❡ ❬✸✽❪✳



✺✳✸ ❙✉❜❝❧❛ss❡s ❝♦♠ ❊❈P ♣♦❧✐♥♦♠✐❛❧ ✶✵✷

❊①❡♠♣❧♦ ✺✳✸✳✺✳ ◆❛ ✜❣✉r❛ ❛❜❛✐①♦ ✐❧✉str❛♠♦s ✉♠ ❣r❛❢♦ G✱ ℓ(G)✱ ∆(G) ❡ Γ(G)✳

❋✐❣✉r❛ ✺✳✷✻✿ ❊①❡♠♣❧♦ ❣r❛❢♦ ❧✐♥❤❛✱ ●❛❧❧❛✐ ❡ ❛♥t✐✲●❛❧❧❛✐ ❞❡ G

▲❛❦s❤♠❛♥❛♥ ❡t✳ ❛❧✳ ❡♠ ❬✸✻❪ ❡①✐❜❡♠ ✉♠❛ ❧✐st❛ ❞❡ ✺ ❣r❛❢♦s ♣r♦✐❜✐❞♦s ❡♠ G ❞❡ ❢♦r♠❛

q✉❡ s❡✉ ❛♥t✐✲●❛❧❧❛✐ s❡❥❛ ❝♦❣r❛❢♦✱ ❝♦♥❢♦r♠❡ ❡♥✉♥❝✐❛❞♦ ❛❜❛✐①♦✳

❚❡♦r❡♠❛ ✺✳✸✳✷✳ ❬✸✻❪ ❙❡❥❛ G ✉♠ ❣r❛❢♦✳ ❖ ❛♥t✐✲❣❛❧❧❛✐ ∆(G) é ✉♠ ❝♦❣r❛❢♦ s❡✱ ❡ s♦♠❡♥t❡

s❡✱ G ♥ã♦ ✐♥❞✉③ ♦s s✉❜❣r❛❢♦s Fi✱ i = 1, 2, 3, 4, 5✱ ✐❧✉str❛❞♦s ♥❛ ❋✐❣✉r❛ ✺✳✷✼

❋✐❣✉r❛ ✺✳✷✼✿ ●r❛❢♦s Fi✱ i = 1, 2, 3, 4, 5 ♣r♦✐❜✐❞♦s ❞♦ ❚❡♦r❡♠❛ ✺✳✸✳✷

❖ ❛✉t♦r ❱❛♥ ❇❛♥❣ ▲❡ ♣r♦✈❛ ❡♠ ❬✸✽❪ ♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦✳



✺✳✸ ❙✉❜❝❧❛ss❡s ❝♦♠ ❊❈P ♣♦❧✐♥♦♠✐❛❧ ✶✵✸

Pr♦♣♦s✐çã♦ ✺✳✸✳✹✳ ❬✸✽❪ P❛r❛ t♦❞♦ ❣r❛❢♦ G ❝♦♠ ♥ú♠❡r♦ ❝❧✐q✉❡ ω(G) ≥ 1 ✈❛❧❡✿

ω(∆(G)) =

{

ω(G)− 1✱ s❡ ω(G) 6= 3

3 ✱ s❡ ω(G) = 3
. ✭✺✳✷✮

◆♦ ✐♥í❝✐♦ ❞❡st❡ ❝❛♣ít✉❧♦ ❝♦♠❡♥t❛♠♦s s♦❜r❡ ♦ ♥ú♠❡r♦ ♠í♥✐♠♦ ❞❡ ❝❧✐q✉❡s ♥❡❝❡ssár✐❛s

♣❛r❛ ♣❛rt✐❝✐♦♥❛r ♦s ✈ért✐❝❡s ❡♠ ❝❧✐q✉❡s✱ ❞❡s❝r✐t♦ ❛❜❛✐①♦✿

Pr♦❜❧❡♠❛ ✺✳✸✳✶✳ ✭❱❈P ✲ ✈❡rt✐❝❡ ❝❧✐q✉❡ ♣❛rt✐t✐♦♥✮

■◆❙❚➶◆❈■❆✿ ●r❛❢♦ G ❡ ✐♥t❡✐r♦ k ≥ 0✳

◗❯❊❙❚➹❖✿ ❖ ♥ú♠❡r♦ ♠í♥✐♠♦ ❞❡ ❝❧✐q✉❡s q✉❡ ♣❛rt✐❝✐♦♥❛ ♦s ✈ért✐❝❡s ❞❡ G é ♠❡♥♦r ♦✉

✐❣✉❛❧ à k❄

▼♦str❛r❡♠♦s ❛ s❡❣✉✐r ❛ r❡❧❛çã♦ ❡♥tr❡ ♦s Pr♦❜❧❡♠❛s ❊❈P ❡ ❱❈P ♣❛r❛ ❣r❛❢♦s K4✲❧✐✈r❡✳

Pr♦♣♦s✐çã♦ ✺✳✸✳✺✳ ❖ ♣r♦❜❧❡♠❛ ❊❈P ❡♠ G K4✲❧✐✈r❡ é ❡q✉✐✈❛❧❡♥t❡ ❛♦ ♣r♦❜❧❡♠❛ ❱❈P ♥♦

❛♥t✐✲●❛❧❧❛✐ ∆(G)✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ G ✉♠ ❣r❛❢♦ ❧✐✈r❡ ❞❡ K4✱ ❡♥tã♦ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✺✳✸✳✹ ❣❛r❛♥t✐♠♦s q✉❡

∆(G) t❛♠❜é♠ é ❧✐✈r❡ ❞❡ K4✱ ♣♦✐s ω(G) ≤ 3 ❣❛r❛♥t❡ q✉❡ ω(∆(G)) ≤ 3✳

❆ ❡q✉✐✈❛❧ê♥❝✐❛ ❞♦s ♣r♦❜❧❡♠❛s é tr✐✈✐❛❧ ♥♦ ❝❛s♦ ❡♠ q✉❡ G ✐♥❞✉③ ❛té ✉♠ tr✐â♥❣✉❧♦✳

❱❛♠♦s ♠♦str❛r q✉❡ ❞♦✐s tr✐â♥❣✉❧♦s ❡♠ G ❞✐s❥✉♥t♦s ❡♠ ❛r❡st❛s é ❡q✉✐✈❛❧❡♥t❡ à ❞♦✐s

tr✐â♥❣✉❧♦s ❡♠∆(G) ❞✐s❥✉♥t♦s ❡♠ ✈ért✐❝❡s✳ ❈♦♥s✐❞❡r❡ ♦ ❝❛s♦ ❡♠ q✉❡G ✐♥❞✉③ ❞♦✐s tr✐â♥❣✉❧♦s

❞✐st✐♥t♦s ✐♥❞✉③✐❞♦s ❡♠ ✈ért✐❝❡s T1 = a1, b1, c1 ❡ T2 = a2, b2, c2✳

P♦r ❞❡✜♥✐çã♦✱ ❡♠∆(G) t❡♠♦s ♦s ✈ért✐❝❡s T∆
1 = {a1b1, a1c1, b1c1} ❡ T∆

1 = {a2b2, a2c2, b2c2}
q✉❡ t❛♠❜é♠ ❢♦r♠❛♠ tr✐â♥❣✉❧♦s✳

❙❡ T1 ❡ T2 ♣♦ss✉❡♠ ✉♠❛ ❛r❡st❛ ❡♠ ❝♦♠✉♠✱ ❞✐❣❛♠♦s a1 = a2 ❡ b1 = b2✱ ❡♥tã♦ ♦s T∆
1 ❡

T∆
2 ❡♠ ∆(G) ❝♦♠♣❛rt✐❧❤❛♠ ✉♠ ✈ért✐❝❡ ❝♦♠✉♠ a1b1 = a2b2✳ ❘❡❝✐♣r♦❝❛♠❡♥t❡ s❡ T∆

1 ❡ T∆
2

♣♦ss✉❡♠ ✉♠ ✈ért✐❝❡ ❝♦♠✉♠ ❡♠ ∆(G)✱ ❞✐❣❛♠♦s a1b1 = a2b2 ❡♥tã♦ ❡①✐st❡ ✉♠❛ ❛r❡st❛ ❡♠

G q✉❡ ♣❡rt❡♥❝❡ ❛ ❞♦✐s tr✐â♥❣✉❧♦s✱ ♦✉ s❡❥❛✱ a1 = a2 ❡ b1 = b2✳

▲♦❣♦ ❞♦✐s tr✐â♥❣✉❧♦s ❡♠ G ❞✐s❥✉♥t♦s ❡♠ ❛r❡st❛s é ❡q✉✐✈❛❧❡♥t❡ à ❞♦✐s tr✐â♥❣✉❧♦s ❡♠

∆(G) ❞✐s❥✉♥t♦s ❡♠ ✈ért✐❝❡s✳ ❖ q✉❡ ❣❛r❛♥t❡ ❛ ❡q✉✐✈❛❧ê♥❝✐❛ ❞❡s❡❥❛❞❛✳

❈♦♠ ♦ ❛✉①í❧✐♦ ❞♦s r❡s✉❧t❛❞♦s ❛❝✐♠❛ ♣r♦✈❛♠♦s ❛ ❝♦♠♣❧❡①✐❞❛❞❡ ❞♦ ♣r♦❜❧❡♠❛ ❊❈P ❡♠

✉♠❛ s✉❜❝❧❛ss❡ ❞❡ ❣r❛❢♦s (3, 0)✳



✺✳✸ ❙✉❜❝❧❛ss❡s ❝♦♠ ❊❈P ♣♦❧✐♥♦♠✐❛❧ ✶✵✹

Pr♦♣♦s✐çã♦ ✺✳✸✳✻✳ ❖ ♣r♦❜❧❡♠❛ ❊❈P é ♣♦❧✐♥♦♠✐❛❧ ❡♠ ❣r❛❢♦s 3✲❝♦❧♦rí✈❡❧ {F2, F4}✲❧✐✈r❡s
✭✈❡❥❛ ❋✐❣✉r❛ ✺✳✷✼✮✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ G 3✲❝♦❧♦rí✈❡❧ {F2, F4}✲❧✐✈r❡s✱ ❡♥tã♦ ♣❡❧♦ ❚❡♦r❡♠❛ ✺✳✸✳✷ t❡♠♦s ∆(G)

❝♦❣r❛❢♦✳

❊ ❜❡♠ ❝♦♥❤❡❝✐❞♦ ♥❛ ❧✐t❡r❛t✉r❛ q✉❡ ♦ ♣r♦❜❧❡♠❛ ❞❡ ❝♦❧♦r❛çã♦ ❞❡ ✈ért✐❝❡s é ♣♦❧✐♥♦♠✐❛❧

❡♠ ❝♦❣r❛❢♦s✱ ♣♦rt❛♥t♦ ❱❈P t❛♠❜é♠ é ♥❡st❛ ❝❧❛ss❡✳ P❡❧❛ Pr♦♣♦s✐çã♦ ✺✳✸✳✺ ✈❡♠♦s q✉❡ ❡st❡

♣r♦❜❧❡♠❛ é ❡q✉✐✈❛❧❡♥t❡ à ❊❈P ♣❛r❛ G 3✲❝♦❧♦rí✈❡❧✱ ❡♠ ♣❛rt✐❝✉❧❛r✳ ▲♦❣♦ ♦ ♣r♦❜❧❡♠❛ ❞❡

❊❈P é ♣♦❧✐♥♦♠✐❛❧ ♣❛r❛ ❝❧❛ss❡ ❞❡s❡❥❛❞❛✳

✺✳✸✳✷✳✹ ❘❡❧❛çã♦ ❡♥tr❡ s✉❜❝❧❛ss❡s ❞❡ (3, 0)

◆❡st❛ s✉❜s❡çã♦ ♣r♦✈❛♠♦s q✉❡ ♦ Pr♦❜❧❡♠❛ ❊❈P s❡ t♦r♥❛ ♣♦❧✐♥♦♠✐❛❧ q✉❛♥❞♦ r❡str✐t♦ ❛

❛❧❣✉♠❛s s✉❜❝❧❛ss❡s ❞♦ (3, 0)✱ sã♦ ❡st❛s✿ 2✲ár✈♦r❡✱ ●r❛❞❡ ❚r✐❛♥❣✉❧❛r ❡ {F2, F4}✲❧✐✈r❡s∩(3, 0)✳
❖ ❡st✉❞♦ ❞❡st❛s s✉❜❝❧❛ss❡s ❢♦✐ ♠♦t✐✈❛❞♦ ♣♦r ❜✉s❝❛s ♥❛ ♣á❣✐♥❛ ✑■♥❢♦r♠❛t✐♦♥ ❙②st❡♠ ♦♥

●r❛♣❤ ❈❧❛ss❡s ❛♥❞ t❤❡✐r ■♥❝❧✉s✐♦♥s✏ ❬✶✺❪✳ ❖ ❉✐❛❣r❛♠❛ ❞❛ ❋✐❣✉r❛ ✺✳✷✽ ♠♦str❛ ❡①❡♠♣❧♦ ❞❡

❣r❛❢♦s q✉❡ ♣❡rt❡♥❝❡♠ ❛ ❡①❛t❛♠❡♥t❡ ✉♠❛ ❞❛s três s✉❜❝❧❛ss❡s ❡st✉❞❛❞❛s✳

❋✐❣✉r❛ ✺✳✷✽✿ ❉✐❛❣r❛♠❛ ♣❛r❛ s✉❜❝❧❛ss❡s ❞♦ (3, 0) ❝♦♠ ❊❈P ♣♦❧✐♥♦♠✐❛❧



❈❛♣ít✉❧♦ ✻

❈♦♥❝❧✉sã♦

◆❡st❡ tr❛❜❛❧❤♦ ❛♣r❡s❡♥t❛♠♦s ❞♦✐s ♣r✐♥❝✐♣❛✐s r❡s✉❧t❛❞♦s✳

❖ ♣r✐♠❡✐r♦ ❢♦✐ ❞❡s❡♥✈♦❧✈✐❞♦ ♥♦ ❝❛♣ít✉❧♦ ✸✱ ❝♦♠ ♦ ❛❧❣♦r✐t♠♦ ✸✳✶✵ ❝❛♣❛③ ❞❡ ❣❡r❛r t♦❞♦s

♦s ❝♦❣r❛❢♦s ❝♦♠ n ✈ért✐❝❡s ♥ã♦ ✐s♦♠♦r❢♦s✱ ❣❛r❛♥t✐❞♦ ♣❡❧♦ ❚❡♦r❡♠❛ ✸✳✹✳✶ ❡ ❝♦♠ t❡♠♣♦

❧✐♥❡❛r ❡♠ n ♣❛r❛ ❣❡r❛çã♦ ❞❡ ❞♦✐s ❝♦❣r❛❢♦s ❝♦♥s❡❝✉t✐✈♦s✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✸✳✹✳✶✳ P❛r❛

❡❧❛❜♦r❛çã♦ ❞♦ ❛❧❣♦r✐t♠♦ ✐♥tr♦❞✉③✐♠♦s ♥♦✈♦s ❝♦♥❝❡✐t♦s ❝♦♠♦ ♦r❞❡♥❛çã♦ ❞❡ ✈ért✐❝❡s ❡♠

ár✈♦r❡ ❡ ♦r❞❡♥❛çã♦ ❞❡ ❝♦❣r❛❢♦s✱ ♣✐✈ô ❞❡ ✉♠❛ ár✈♦r❡✳

◆♦ ❝❛♣ít✉❧♦ ✹ ✐♠♣❧❡♠❡♥t❛♠♦s ❡ ❛♣❧✐❝❛♠♦s ♦ ❛❧❣♦r✐t♠♦ ❞❡ ❣❡r❛çã♦ ❞❡ ❝♦❣r❛❢♦s ❡♠ ✉♠

♣r♦❜❧❡♠❛ ❡♥✈♦❧✈❡♥❞♦ ♥ú♠❡r♦ ❜✲❝r♦♠át✐❝♦ ❡ r❛✐♦ ❡s♣❡❝tr❛❧ ❡♠ ❝♦❣r❛❢♦s✳ ❈♦♥st❛t❛♠♦s q✉❡

t♦❞♦s ♦s ❝♦❣r❛❢♦s ❝♦♥❡①♦s ❛té 21 ✈ért✐❝❡s s❛t✐s❢❛③❡♠ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ χb(G) ≤ ⌈λ(G)⌉+ 1✱

♦ q✉❡ ♣❡r♠✐t✐✉ ❛ ❢♦r♠✉❧❛çã♦ ❞❡ ✉♠❛ ❝♦♥❥❡❝t✉r❛✳ ❆❧é♠ ❞✐ss♦ ✈✐♠♦s q✉❡ é ✐♥s✐❣♥✐✜❝❛♥t❡

❛ q✉❛♥t✐❞❛❞❡ ❞❡ ❝♦❣r❛❢♦s q✉❡ ♥ã♦ s❛t✐s❢❛③❡♠ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ m(G) ≤ ⌈λ(G)⌉ + 1✱ ♦ q✉❡

s✉❣❡r❡ ✉♠❛ ♣❡sq✉✐s❛ ♥❛ ❡str✉t✉r❛ ❞❡ss❡s ❝♦❣r❛❢♦s✳

❖✉tr♦ ✐♠♣♦rt❛♥t❡ r❡s✉❧t❛❞♦ ❢♦✐ ♦ ❚❡♦r❡♠❛ ✺✳✷✳✶ ❥✉♥t♦ à t❡♦r✐❛ ❞❡s❡♥✈♦❧✈✐❞❛ ♥♦ ❝❛♣í✲

t✉❧♦ ✺✱ ♠❛✐s ❡s♣❡❝✐✜❝❛♠❡♥t❡ ♥❛ ❙❡çã♦ ✺✳✷✱ ♦♥❞❡ ❡st✉❞❛♠♦s ❛ ❝♦♠♣❧❡①✐❞❛❞❡ ❞♦ ♣r♦❜❧❡♠❛

❞❡ ♣❛rt✐çã♦ ❞❡ ❛r❡st❛s ❡♠ ❝❧✐q✉❡s ♣❛r❛ ❣r❛❢♦s (k, ℓ) ♣❛r❛ ❝❛❞❛ k ≥ 0 ❡ ℓ ≥ 0✱ ❡①♣❧✐❝✐t❛♥❞♦

q✉❛♥❞♦ ♦ ♣r♦❜❧❡♠❛ ❞❡✐①❛ ❞❡ s❡r ♣♦❧✐♥♦♠✐❛❧ ❡ ♣❛ss❛ ❛ s❡rNP✲❝♦♠♣❧❡t♦ ✳ ◆♦ss♦s r❡s✉❧t❛❞♦s

❡st❡♥❞❡♠ ❛ ❝♦♠♣❧❡①✐❞❛❞❡ ♦❜t✐❞❛ ❡♠ ❬✺✻❪✱ ♦♥❞❡ é ♣r♦✈❛❞♦ q✉❡ ♦ ♣r♦❜❧❡♠❛ é NP✲❝♦♠♣❧❡t♦

♣❛r❛ ❣r❛❢♦s s♣❧✐t ✭✐st♦ é✱ (1, 1)✮✳ ❖ ❚❡♦r❡♠❛ ✺✳✷✳✶ q✉❡ ❣❛r❛♥t❡ ❝♦♠♣❧❡①✐❞❛❞❡ NP✲❝♦♠♣❧❡t♦

♣❛r❛ ❣r❛❢♦s 3✲❝♦❧♦rí✈❡❧ ✭♦✉ (3, 0)✮✱ ❝✉❥❛ ✐♠♣♦rtâ♥❝✐❛ é ♣❡❧♦ ❢❛t♦ ❞❡ ♣r♦✈❛r♠♦s q✉❡ ♦ ♣r♦✲

❜❧❡♠❛ ❊❈P ♣❡r♠❛♥❡❝❡ NP✲❝♦♠♣❧❡t♦ ❛✐♥❞❛ q✉❛♥❞♦ t♦♠❛♠♦s ✉♠❛ s✉❜❝❧❛ss❡ ❞♦s ❣r❛❢♦s

❧✐✈r❡s ❞❡K4✱ ❝✉❥❛ ❝♦♠♣❧❡①✐❞❛❞❡ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ❢♦✐ ♣r♦✈❛❞❛ ❡♠ ✶✾✽✽ ❡♠ ❬✹✶❪✳ ❆✐♥❞❛ ♥❡st❡

❝❛♣ít✉❧♦ ♦❜t❡♠♦s ❞✐✈❡rs❛s s✉❜❝❧❛ss❡s ❞♦ (3, 0) ❡ ✉♠❛ s✉❜❝❧❛ss❡ ❞♦ (1, 1) ♦♥❞❡ ♦ ♣r♦❜❧❡♠❛

❞❡✐①❛ ❞❡ s❡r NP✲❝♦♠♣❧❡t♦ ❡ s❡ t♦r♥❛ ♣♦❧✐♥♦♠✐❛❧✳
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❈♦♠♦ tr❛❜❛❧❤♦ ❢✉t✉r♦ ♣r♦♣♦♠♦s ❛ t❡♥t❛t✐✈❛ ❞❡ ❞❡♠♦♥str❛çã♦ ❞❛ ❝♦♥❥❡❝t✉r❛ ✹✳✹✳✶ ❡

❛ ❝❛r❛❝t❡r✐③❛çã♦ ❞♦s ✏ ♣♦✉❝♦s ✑ ❝♦❣r❛❢♦s ❝♦♥❡①♦s q✉❡ ♥ã♦ s❛t✐s❢❛③❡♠ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ✹✳✷✳

◗✉❛♥t♦ à s❡❣✉♥❞❛ ♣❛rt❡ ❞♦ tr❛❜❛❧❤♦ ♣r♦♣♦♠♦s ♦ ❡st✉❞♦ ❞❛ ❝♦♠♣❧❡①✐❞❛❞❡ ❞❡ ❊❈P ♥❛

❝❧❛ss❡ ❞♦s ❝♦❣r❛❢♦s✳
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